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PREFACE

TI:IE first series of Cornell University's “Messenger Lectures
on the evolution of civilization” was given by James Heory
Breasted, eminent Egyptologist and founder of the Oriental In-
stitute of the University of Chicago. Few scholars have contributed
so much to our understanding of ancient civilizations and have
attracted the interest of scholars and laymen alike to the study
of the uncient Near East. | personally feel u great debt of grati-
lude towards Breasted whose “History of Egypt” was my first
stimulus towards the study of ancient oriental civilizations, a
field of research which has oceupied me ever since and about
whase role in the history of science I shall report in the follow-
ing pages. That 1 was able to follow this road from the early
days of my graduate study in Gittingen is due to the never
fuiling encouragement and aufapurl of R. Courant, But more than
gt I owe him the experience of being introduced 10 modern
mathematies and physics as a part of intellectunl endeavor,
never isolated from cach other nor from any other field of
our civilization. In dedicating these lectures to him I only
acknowledge publicly a debt which has profoundly influenced
my own development.

The following chapters [ollow closely the arrangement of the six
lectures which 1 delivered at Cornell University in the fall of 1949. |
fully realize that this form of presentation forced me inle many
statements which actually should be qualified by many conditions
and question marks. [ also realize that the following pages will
give ample opportunities to gquole statements and to ulilize them
in o sense which I did not imply or did not foresee, Anid 1 have
no doubls that many a conclusion will have to be modified and
correeled. 1 am exceedingly sceptical of any attempl lo reach
a “‘synthesis’*—whatever this lerm may mean—and I am convineed
that specialization is the only basis of sound knowledge.
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Nevertheless | have enjoyed the possibility of being compelled
for once lo abandon all learned apparatus and to pretend 1o
know when actually T am guessing. This does not imply that 1
have ignored facts. Indeed, T have consistently tried to keep as
close as possible 1o the source material. Only in its selection,
in its arrangement, and in its coherent interpretation have |
permitted mysell much greater freedom than is usual in technieal
publications. And in order to counteract somewhat the impression
of securily which easily emerges from general discussions | have
often inserted methodological remarks to remind the reader of
the exceedingly slim basis on which, of necessity, is buill any
discussion of historical developments from which we are separated
by many centories. The common belief that we gain “historical
perspective’” with increasing distance seems 1o me utlerly (o
misrepresent the actual situation. What we gain is merely eon-
fidence in generalizations which we would never dare make
if we had necess to the real wealth of contemporary evidence.

The title *“The Exact Seiences in Antiquity’’ is nol meant lo
suggest an exhaustive discussion of this vast subject. What |
tried to present is @ survey of the historical interrelationship
between mathematics and astronomy in ancient civilizations, not
a history of these disciplines in chronologieal arrangement.
Since the works of Sir Thomas L. Heath provide an excellent
guide for Greek mathematies, | see oo need 1o summarize their
contents in n series of lectures. For Greek astronomy no similar
presentation exists, but its highly technical cliaracter makes il
impossible o discuss any details in the present book. Conse-
quently, the main emphasis is laid on mathematies and astronomy
in Babylonia and Egypl in their relationship to Hellenistic
science.

In the notes whicly lollow the single ¢haplers 1 have added
some technical details which seem o e relevant o further
study, 1 have also quoted several works which lead far away
from the direct path of the present approach because [ feql that
this hook will Buve best reached its goul i 1 convinees the reader
that he finds here only one of many ways of approach to a
subject which is much too rich to be exhausled in six chapters.
Instead of attempting completeness [ have tried 1o convev o the
reader some of the fascination which liexs in aclive work on
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historieal problems. 1 wished to confront him with one of the
ever-changing pictures which one forms as a kind of guiding
principle for lulure research.

| am keenly aware of the apparent lack of strict coherence
in my presentation. 1 have tried 1o counter this deficiency by pre-
paring a detailed index which, I hope, will help the reader fo
find a specific item. In the lranseription af oriental names,
however, 1 have not fell it necessary to adopl some consistent
“system'". It is of no significance for our purposes whether one
writes Brhat or Brihat, Battini or Battani, ete,

I am grateful to many institutions and collections for providing
me with photographs and for permission of publication: University
of Lund, Sweden, (PL 2); British Museum (Pls. 3, 9 b); Staat-
liche Museum, Berlin (Pls. 4, 6 b): Yale Babylonian Collection
(Pls. 6a, 9a); Columbia University, New York (PL 7a); Oriental
Iostitute, Chicago (PL 7b); Metropolitan Muscum, New York
(PL 10): Cornell University, Ithaca, N.Y. (Pl 12); Free Public
Museum, Liverpool (PL 13): Istituto Pontilicio Biblico, Rome
(PL 14).

My friends and colleagues, E. 5. Kennedy of the American
University of Beirut. R, A, Parker and A.J. Sachs of Brown
University, have given me their helpful advice in reading the
manuseript. In acknowledging my obligations to their helpfulness
| also have to absolve them from responsibility for any statement
which may be found untenable. | furthermore wish to acknowledyge
gratefully the generous support which my studies have found at
Brown University, al the Institule for Advaneed Stuidy, and from
the Rockefeller Foundation.

In making the final arrangements for publication Dr. Mogens
Pill was very helplul. Dr. Jean Anker and Mr. Torkil Olsen,
as well as the Publisher and the Printer, have been extremely
helpful in technical mutters. My thanks come oo late 1o reach

the best of friends; Harald Bohr.
f.N.
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“And when he resches early adolescence ho must become possessed
with sn ardent love for truth, like one inspired, nelther day nor night
may he cease lo urge and strain himsell in order to learn thoroughly
all that his been said by the most ilostrious of Lhe Ancients. Anid when
he has learnt this, then for a prolonged perfod he must test und prove
iL, observe what part is in sgreement, and what In disugreement with
ohvious facts: thus he will choose this and turn away from that. To
such a person my hope has been that my treatise would prove of the
very greatest assistunce. Still, such people may be expected fo be quite
few in pmmber, while, as for the others, this book will be us superfiluous
lo them as a tole told to an ass.”

Giarex, On the pabural focubiles, 111,10,

[ Tramsiation by Awmrmon Jooan oo, WD,
The Loab Classiodl Lilmury p I707380.)
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INTRODUCTION

The investigntion of the transmission of mathematics and
astronomy is one of the most powerful tools for the establishment
of relations between different civilizations. Stylistic molives, religi-
ous or philosophical doctrines may be developed independently
or can travel great distances through a slow and very indirect
process of dilfusion. Complicated astronomical methods, how-
ever, involving the use of accurate numerical constunts, require
for their transmission the direct use of scientific treatises and wiil
often give us very accurate information about the time and
circumstanees of contact. It will alse give us the possibility of
exactly evaluating the contributions or modifications which must
be credited to the new user of a foreign method. In shorl the
inherent aceuracy of the mathematical sciences will penetrate
to some extent into purely historical problems. Bul above and
beyond the usefulness of the history of the exact seiepees for the
history of ecivilization in general, it is the interest in the role of
aecurate knowledge in human thought that motivates the following
studies,

The center of “ancient science” les in the “Hellenistic™ period,
i. e, in the period following Alesander’s conquest of the ancient
sites of oriental civilizations (Frontispiece). In this melting pot of
“Hellenism™ a form of science was developed which later spread
over an ares reaching from India to Wistern Europe and which
was dominant until the ereation of modeérn seience in the e
of Newton. On the other hand the Hellenistic civilization had its
rools in the oriental eivilizations which fourished about equally
long before Hellenism as ils direel influence was Telt alleywards,
The origin and transmission of Hellenistic seience is therefore
the central problem of our whole discossion.

| restrict my subject to the exact sciences simply because | feel
totally incompetent 1o deal with subjects like medicine or the

The Exnct Scienoes in Antbguity 1



e d Introduction

natural sciences, though much important information could be
abtained for our problem from an investigation of these fields.
Medicine and astronomy, for example, are closely related in the
Greek medical schools; similarly, medieval medicine was deeply
affected by Hellenistic astrology, The sciences of trugs, plants,
stones, and even the animal kingdom show many points of
conlact with astronomical or astrological doctrines; our use of
the name of Mercury for a substance and for a planet is a still
living witness of this. Nor did medieval or Renaissance artists
pride themselves on being ignorant of the sciences, The sculptures
of Gothie cathedrals and the paintings and miniatures of the Middle
Ages are full of astronomical or astrological references which
were significant to the contemporary man. Thus, it is a quile
artificial restriction which we impose upon the following dis-
cussions in limiting ourselves to exacl mathematics and mathe-
matieal astronomy.

And even within these narrow limits it was necessary to lay
undue weight on the part of mathematies as compared with
astronomy. The basic mathematical concepts are simple and
much more familiar 1o the modern reader than the corresponding
astronomical facts and their ancient presentation, which often
will be rather strange even to a professional modern astronomer.,
All I could hope to do within the given framework was 1o remind
the reader on many occasions of the paramount role which
astronomy played in the history of science. 1 do not hesitate to
assert that | consider sstronomy as the most important foree in
the development of science since its origin sometime around
500 B.C. to the days of Laplace, Lagrange, and Gauss, And 1
hasten 1o say that the hislory of the origin of astronomy is one of
the most fragmentary chapters in the history of seience, however
greal our gaps may be for other periods and other problems.
Consequently I am convinced that the history of mathemuatical
sstronomy is one of the most promising ficlds of historical
research, 1 hope that this will become evident, at least to o
certain extent, to any reader of the following chapters.



CHAPTER I

Numbers.

1. When in 1416 Jean de France, Duc de Berry, died, the waork
on his “Book of the Hours” was suspended. The brothers Lim-
bourg, who were entrusted with the illuminations of this book,
left the court, never to complete what is now considered one of
the most magnificent of late medieval manuscripts which have
come (down o us.

A “Book of Hours" is a prayer book which is based on the
religious calendar of saints and festivals throughout the year.
Consequently we find in the book of the Duke of Berry twelve
folios, representing each one of the months. As an example we
may consider the illustration for the month of September. As
he work of the season the vintage is shown in the foreground
(Plate 1), In the background we see the Chitean de Saumur,
depicted with the greatest aceuracy of architectural detail. For us,
however, it is the semicircular field on top of the picture, where
we find numbers and astronomical symbols, which will give us
some Impression of the scientific background of this ealendar.
Already a superficial discussion of these representations will
demonstrate close relations between the astronomy of the late
Middle Ages and antiquity. This is indeed anly one speeilic
example of o muech more gencral phenomenon, For the history
of mathematics and astronomy the traditional division of political
history into Antiquity and Middle Ages is of no significance. In
mathematical astronomy ancient methods prevailed until Newton
and his contemporaries opened a fundamentally new age by
the introduction of dynamies into the discussion of astronomical
phenomena. One can perfectly well understand the *'Principia™
without mueh koowledge of earlier astronomy bul one cannot
rend a single chapter in Copernicus or Kepler without a thorough

3o
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or a total of 29 degrees, s can be counted directly by tallying

the spaces on the ouler rim. Because September has 30 days the
sun covers in one day =d._,.58

T
day. This corresponds very well to the facts, Because it takes the
sun slightly more than 365 days to travel the 560 degrees of the
whole zodiac, the average daily travel must be slightly less than
one degree per dav. I we repeal our compulation for all the
12 folios of vur calendar we find, however, a faster movement
of 1° per day for November, December, and January, This is
counterbalanced by a slower movement of about 56 minutes in
the months from March 1o July. This again reflects facts correctly,
The sun moves faslest in Winter, slowest in Summer; and we
shull sce that this phﬂmmenun was accurately taken into con-
sideration both in Greek and in Babylonian astronomy of the
Hellenistic period. One calls this irregularity of the solar molion
its “anomaly". It is certainly nol to be expected a priori to find
this concept carefully represented in a prayer book of the early
15th eentury,

5. An additional numerieal notation oceurs in the inner ring
of the calendar. Here we find associated with symbols of 1he
moon the following letters: b ks g fd m a1 ete. If we assign
to these letters numbers aceording to their position in the alphabet
we oblain:

210 18 7 0 4 12 1 9 17 6 14 3 11 10 8 16 5 13

degrees or 58 minutes of are per

These numbers are obviously connected by the lollowing simple
law: always add § to the preceding number in order to get the
next number: in case the tolal exceeds 1Y, subtract 19, Thus

248 =10 10 <} B =18 1848 =20; W—19 =7

The next number should be 74+ 8 = 15 = p lollowed hy
15+8=23 23—10=4=4d The text, however, has f
followed by o. Henee we must correct finto p. and this correction
is conlivmed by the calendars for the other months where we always
find the arrangement ¢ p . The remuining part of the list is
correct. In the last place we have 5 + 8 = 13 to be followed by
21 — 10 = 2 which is the first number of our lisl. Thus the list
repeats itsell after 10 steps.
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The question as to the significance of the number 19 leads us
directly back to the 5th century B.C. when a evelie seheme of
ml_.p_n].uj_uus was actually introduced in the Babylonian ealendar
and unsuccessfully proposed in Alhens by Meton, who was,
however, honored by his contemporaries with a statue and by
modern scholars with the attachment of his name to the eyele.

The basis of Lhis eyele can be LK]]'II][!.E'd Very 51mpl3.r as follows.
The lime between two consecutive conjunctions of sun and
moon is about 29} days, This interval is ealled one “lunation,™
A lunsr month-is therefore either 29 or 30 days long. Conséquently
12 lunar months amount to 354 days or about 11 days less than
ane solar year. After three years a deficiency of about 33 days
has sceumulated, making it necessary lo add a 13th menth to
one of the three lunar years in order to bring the beginning of
the lunar year roughly back to the beginning of the solur year.
More aceurale recording of the beginnings of lunur months and
the beginnings of solar years shows that 19 selar years contain
235 lunar months, i. e, 12 ordinary lunar years.of 12 months
each and 7 intercalary lunar vears of 13 months each, This
19-vear or Metonie eyele is quite securate; only after 310 J ulian
years do the eyelically computed mean new moons fall one day
earlier than they should. This simple evelieal eomputation not
only formed the basis of the calendar of the Seleucid empire
in Mesopotamia but is similurly the foundation of the Jewish
nm.l Chrislian rul.lgmu_-t calendar, especially so far as Easler is
cancerned. The CRAME CYE e appears, thongh in a slight disguise,
in the luni-solar computations of two of the carliest astronamieal
works of India, the Romaka- and the Paulisa-Siddh@inta (about
fifth -.:f-ntmj__-{“l:.l) wlum: Western origin is apparent from their
names and confirmed h} many details,

#. By means of this cycle the Middle Ages solved the problem
of establishing the dates of the new moons, at least for purposes
of the religious ealendar, though the actunl facts might différ by
several days. The “'primationes lunae’ or new moons in our
Book of the Hours are determined as follows: As the lirst year,
“a," of the eycle a year is chosen when the new moon fell on
January 19 (r[ Fig. 1). From now on we operate with alternating
lunations of 30 or 29 days respeclively, with oceasional additions
of one day such that two 30-day months follow one another, Iu
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this way on¢ obtains February 18 for the next new moon, (30
days after January 19), then March 19 (29 days) afler February
18, ete. Conlinuing this process') we reach September 13 as a
new-moon date for “vear a” and indeed the letter “a’" is given
al this date below a little creseent in our calendar miniature for
September. Continuing with alternating
i3 sEug} 29 and 30 day lunations we reach Janu-
E‘ — i:c. ary #of the second year, ealled “4.”" For

T

i

B
=
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a’i{ September we find “'5'" marked at day 2;

14 for October one finds October 1 and Oe-
I © toher 30 for vear b, ete. This procedure
leads eventually 1o an arrangement of

i"ﬂj:gg:gﬂuuuhrhli-
|
|

& -[ A letters, representing the numbers from
.i. 1 T

a= 1 to = 19, exaclly in the form which
we see in the special case of Seplember.
The scheme ends where it began, with
January 19, il we muke the two last

lunations 29 days long. This final excep-
tion 10 the rule of alternation was called
saltus lunae, the “jump of the moon”,

In order to know which date is sup-!
posed to be a new moon one need only
know which number the present vear
has in the 19-year evele, This number is
called the “golden number'™ because, as
u scholar of the 13th eenlury expressed
it. *this number excells all other lunar
ralivs as pold excells all other metals." In the twellth century
this very primitive method was considered by scholurs in Western
Europe as a miracle of accuracy, though incompurably better
resulls had been reached by Babylonian and Greek methods since
the fourth century B.C. and though these methods were ubly
handled by contemporary Islamic and Jewish astronomers,

7. Scientiic progress can perhaps be best measured by the
numbier of previously separated facts which become under-
stundable under n pew common viewpoint. By this standard the
recession from a lunar ephemeris of the thisd century B.C. 1o 4

Fig 1.

by e pair of 30-diy fomathons wik Siverled betwest Marel amd Juls. In Fiye 1
Sy [nbervals are Inidleated By solil Tives, 28day intervals by dotled Tines.
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Junar ealendar 1700 years later is rather drastic, even disregarding
all astronomy and looking at simple arithmetic only. Instead of
one uniform numerical svstem, several compuoting devices are
used side by side. This even goes so far that for the handling of
the above-mentioned lunar lefters special tricks were invenled to
estiblish theie sequence by means of the segments of the lingers
ty which these letters were assigned. Thus one has come back
to # wide-spread technique of “computing on the fingers".
These methods form a substratum of primitive mathematical
lore which has been found in the most different ancient civiliza-
tions, as well as among nations of the Near and Far East. Probably
its earliest occurrence is in Egypt in a passage of the “Book of
the Dead” which in turn is based on a spell of the “Pyramid
Texts.” In the “Spell for Obtaining a Ferry-Boat™ the deceased
king tries lo convince the ferryman to let him cross a canal of
the nether world over lo the Eastern side. To this the ferryman
objects with the words; “This august god (on the other side)
will say, ‘Did you bring me a mun who cannot number his
fingers?.'” But the deceased king is a great “magicion” and is
able 1o recite o rhyme which numbers his ten fingers anid thus
satisfies the requirements of the ferryman. It seems: obvious lo
me that we are here reaching back inte a level of civilization
where counting on the fingers was considered o difficult bit of
knowledge of magical signiflicance, similar lo being able to know
and to write the name of n god. This relation between numbers
(and number words) and magic remained alive throughout the
ages and is visible in Pythagorean and Platonic philosophy,
the Kabulla, and various other forms of religious mysticism.

4. We return once more 1o the diverse methods of wriling
numbers. Four different types of wriling can be illustrated on the
enlendar of the Douk of Hours: the place salue notation still in
use today; the Roman numerals operating with individunl symbaols
for the different groups of units; complete numbier wards ;i
finally alphabetic pnumerals, From Greek inseriplions we have
added a finh method, the “acrophonic™ wriling which consists,
however, only in an abbreviation of number words. We shall
now discuss other variants of Greek numerical notation,

The first is strictly alphabetical and s found on Athenian
coins of the second century 3., On these coins, of the so-ealled
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“New Style”, the months of issue are denoted by the lellers A
to M representing the numbers 1 1o 12 for an ordinary year,
adding N = 13 for a leap year of the Athenian lunar calendar.
The same principle is followed in Ptolemaie coins from Egypt
where the numbers AA BB I'T ele. oecur, obviously indicating

25, 26, 27 ele. alter the livst 24

167 Kerdvins bie i aiabe sbbisbe letters from Ato () were exhaust-
e = ed. It is elear how one in prin-
et s e e ciple could continue this system.
- - ¥ = - a [ -
PR AT A B R Pl = 4. Much more important, how-
A EATE) ([ 64 ! 4 5= ever, is another modification of
U (S RETRE W (ICH : L the alphabetic numeration which
0 B e el f1] ] A e is extensively used in Greek ma-
YN O AN ES :
e s SR 193 o= I‘.hmm.mcs and ;'tﬁdr«ﬂnmw:yr amnd
ol BCAMC R LSRR also in economic and literary
L LA I A L |
e reai ) S S documents, e. g. in Greek papyri.
i = e A th el |2 1A Y Though this syslem of Greek
Ao RS 3 S0 (0 numerals is often deseribed in
S R I books on the history of malhe-
=B B R [ B 1108 mulics and elsewhere, 1 shall
R LB fle] L : :: sketeh the way one might be able
e RS IR N to decipher this system in nny
o T S CEC Y =

- - 2 sufficiently elaborate mathema-
tical or astronomical text. This
can ol the same Llime serve as
an illustration of how one proceeds in similar cases with less
well known econlext.

I take as our example a table from Ptolemy's “Almagest™
(Fig. 2). The heading says “Table of straight lines in the cirelel”
ioe. table of chords, The first eolumn is deseribed as “ares.”
In this column we find in every second line the familiar Greek
letters in e werangement of the alphabel. We are obwiously
dealing with numbers; thus we make the simplest assumption
g=1 =2 y=8 =4 e =05. ThereaRer one shoukl
expect 3 = 6 bul 3 appears only one step later and we are forced
to read the imtermediate symbol § as 6. Therealler we obtain
again a regular sequence 3 =7 1 =238 8 =0 i = 10, Following
the alphabetic order one might expeet v = 11 A = 12 et
Actunlly, however, we find 1@ = 11 1P = 12 ele.; in other words,

Fig. &
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combined symbols 101, 10+ 2, ete. This s readily confirmed
by the continuation of our table (nol reproduced here) where al
the proper place 18 = 19 is followed by x =20 k&= 21 ete. Con-
tinuing in this fashion one will meet once more a disturbance of
the standard alphaliet when after s = 80 u strange sign @ significs
90, Then follows p = 100 ¢ = 200 7 = 300 unil @ = 800,
followed again by a special symbol T (or A or ) = Qi

Though the three symbols § & and = are nol members of
the classienl Greek alphabet they are well known (o the historinn
as remnants of the earliest form of the Greek alphabet which still
shows these three letters in actual use. Consequently the alphabetic
numerals were invented when e Greek alphabel bad not yet
oliminated these three sounds which it took over with the rest
of the alphabet from the Phoenicians. Consideralions of this
type allow us 1o date the origin of the Greek alphabetic number
system to about the Sth century B.C. and to localize its invention |
with great probability at the cily of Miletus in Asiu Minaor.

Returning to our table we have still omitted every second line,
[t is obvious, however, that one would guess that the sign L
represents & because we then can read

} 1 14 2 2} 3 3F e

We can conlirni this hypothesis immediotely by means of 1he
second column. This eolumn contains three subeolumns which
we already can trunseribe by means of our previous decipherment
with 1he exception of the new symbol © in the very first place,
Calling this symbol x we read

* a1 25
1 2 al
1 A e 15
2 O 10
2 37 1
4 5 28

ote. The structure of these three columns of numbers is obvious,
In the seconid and tiird column we observe alternatingly smaller
and larger numbers whereas the pumbers in the first column
ither remain unchanged or increase by one, This last olser-
vation eompels us to assign to . the value “zero.” Consequently it
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is plausible to consider the numbers in the second and third
column as fractions and to assume that e numbers as a whole
increase from 0 to 1, 2, efe. Indeed, if we look at the last numbers
we lind that they inerease from 25 to 50, then fall down to 15 but
increase again by 25 to the next 40. We would have a constant
increase by 25 if we had the sequence 25 50 60 + 15 60 -+ 40
or i 60 units of the last place would amount to 1 of the preceding
place, This is easily tested in the preceding column. The numbers
31 2 34 & 87 show again almost constant inerease if we take
a total of 60 as one higher unit:

4 M4+ = 6042 B2 L 32 =80 + 34
60 + 34 + 51 = 12045 120 + 5+ 82 = 120 4 37

ele,

The inerease is cither 31 or 82 and it is 32 when and only
when 60 units of the third column have accumulated. And when-
ever 0 units of the second column have accumulated, the number
in the first column inereases by one. Thus we have a system of
numbers which behave exactly like degrees, mim_lle!i. and seconids,
or like hours, minutes, and seconds; the fractions are sixticlhs
of the next higher unit. We call such fractions “sexagesimal
fractions™ and write numbers of this type in the following form :

0,31.25
12,50
134,15
25,40

We can say that these numbers chow n constant difference 0,31,25.
Liater in our table the differences become smaller and smaller,
but this is exactly what one should expecl. 11 the lirst eolumn
indicates ares inercasing by | degree, as is imdicated by the
numbers already known, then we must expect that the chords
do not grow simply proportionately with the ares, thongh this
might hold for very small angles at the begioning of the table,
Bul what are the units used in our table? That the Girst column
indicates degrees is obvious from the fact that the 1able ends with
180, i. ., with the steaight angle, The chord to 1505 must bo the
diameter; the table gives for this entey the value pra o = 120,00,
Thus the radius is 60. This is confirmed by the chord 60 for 60°,
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as is correct for the equilateral triangle where chord = radius.
We de' nol need lo diseuss in detail the third eolumin, ealled
“sixtieths,” of the table of chords, We know already that the
chord of 17 is 1,2,50, Hence the chord for 0:1° (or for 1 minute
ol are?)) will be 0;1,2.50 as given in the third colwmn. In general
the third column gives the coeflicients of inlerpolation for single
minutes, as is ecasily confirmed from the seetion reproduced on
p. 10,

10. Our example of a Greek numerical table familinrized vs
with several Interesting fealures of the most bmportant tvpe of
Greek numernls, The borrowing of the Greek alpbabet feom the
Phoenicians explained the symbols for 6, 90, and %00, We found
a special sign for |, a phenomenon which could be amplified
From papyrus documents and other sources, We found a speeial
sign for zero, used exactly as our zevo, And finally we have seen
the sexagesimal system in full use, both in the familiar division
of e cireumierence of the circle into 360 "“degrees™ of 60 minultes
gr 3600 secands each, and in the division of the radiys into unils
of conseculive sixtivths.

These features are not restricted to an isolated case like the
table of chords which we quoted. All Greek astronomical works,
eontaining hundreds of exlensive numerical lables, are hased on
exactly the same procedure. According to the prevailing doctrine
that Greek mathematics is essentially geometry, the historians of
mathematics have badly negleeted the enormous amount of
numerical computations which are readily accessible in works
like Ptolemy’s “Almagest” or Theon's “Handy Tables.” But
long before these elassies were wrilten, Greek  astronomical
papyri were covered with computations. While Ptolemy or Theon
are today preservod only in Byzantine manuseripts, we do have
papyri from the Ptolemaic period?) onwards, In these papyri
we ean lind, e g, the zere sign ay it was aclually writlen. An
example is a papyrus written in the second century A.D. (cf, P12

1y [ apply here a notation which will be wsed throughont In the subasguenl
pages. A semicolon separates integers from frantions, while all sther sexagesimal

plages are separaled from one mwdther by o comma. Thus 11 meais G bug
;1 = 1 + 4. Neither comma nor semlimlon hos any eoutlerpart in the actual

Lexis,
% “polemaic perind” Tefers to the dynasty of the Ptolemiles who milsd over
Egypl during the losl Uree centuries befoce our ers. Molemy the astronomer,

about 150 ADx; has nothing te do with (his dymasty.
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and the transcriplion on p. 1568). Near the end of the last line
preceding the empty line in the upper part of the papyrus, one
finds representing zero a sign which looks like ==, In other
astronomical papyri are found similar symbols varying from
forms like = or % to ™. In the form & and related variants
this zero symbol is found until the latest periods in Arabie geo-
graphical and astronomical manuseripts where numbers were
wrilten in the alphabetic notation. Only in Byzantine manu-
seripts do | know of the bare o-like shape which is usually
considered as the first letter of Greek cuBev “nothing.” The
papyri do not support this explanation but suggest an arhilrarily
invented symbol intended to indicate an empty place. This wonld
correspond exactly to the Babylonian zero symbol which is also
not a letter or a syllable but & mere separation mark.

11, In order to make this remark fully understandable, 1 have
to explain briefly a main point in the chronology of *Babylonian™
mathematical and astronomical source material. The texts of
which I speak are clay tablets, generally about the size of a hand,
inscribed with signs which were pressed into the surface of the
once soflt clay by means of a sharpened stylus. This seript is
called “cuneiform.” i e. wedge-shoped, because the individual
impressions have a deeper “head” and a liner line at the end,
thus resembling o wedge, Cuneiform tablets with mathematical |
conlents are known to us mostly from the so-called “Old-Babyl-
onian’’ period, about 1600 B.C. (cf. PL 3). No astronomical texts |
of any seientific significance exist from this period, while the II
muthematical lexts already show the highest level ever attained
in Babylonia.

The second period from which we have a larger number of
texts is the latest period of Babylonian history, when Mesopotamia
had become a parl of the empire o Alexander’s successors,
the “Seleucids.” This period, from about 300 B.C. to the beginning
of our era, has fornished us with o greasl number of astronomical
texis of a most remarkable mathematical character, fully com-
parable to the astronomy of the Almagest. Mathematical lexis
from this period are scarce, but they suffice nevertheless w
demonstrate that the knowledge of Old-Babylonian mnthematics
had not heen lost during the intervening 1300 years for which
lexts areé lacking.
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Thus il is essential v remember thal we are dealing with
mathematical texts from two periods, “Old-Babylonian™ from
about 1800 te 1600, and “Seleweid™ from 300 to 0, whereas
astronomical texts belong only to the second period.

12, The development of the numerical notations in Mesopo-
lamia took as many centuries as the development of wriling from
a crude picture seript to a well defined system of complicated
signs. We shall for the moment deal only with the final product
as it appears in the mathematical lexts of the Old-Babylonian
period. And we shall again use the most direct approach by
deciphering an actual text

PL. 4, 0 shows a tablet whose size is about 3% by 2 inches
(and about § of an inch thick). In the middle of the text is
visible a ecolumn of signs which obviously represent numbers
in ascending order. The tablet is nol quite cleaned from inerusta-
tion of salt or dirt but it is clear that the signs look about as

follows:
TTITFEFFFFE ($q4ar

Counting of the vertical wedges leads directly to the readings
1, 2, 3, ete. up to 8. Then follows < which must be 10, and
consequently we can also read the remaining signs ag 11, 12, 13,
Using this exceedingly plausible hvpothesis, we should alse be
able to read the right-hand column of signs. The first five look
as follows

(€« £ L

Ubviously we must read these signs as 10, 20, 30, 40, 50 if the
first sign represents 10 as we have established @ our first List.
But what [ollows is

TKK += « +«» TIK
which we transcribe consistently as
1 L10 1,20 = = 2« 2 210

eoch = indicating a broken line. These signs continue the previous
ones if we interpret the first 1" us 60 and then read 1,10 as
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80 4 10 = 70 and 1,20 as 0 - 20 = §0. The broken lines should
contain 00, 100, and 110. The next sign 2" should be 120, in
excellent agreement with our interpretation of 17 as 60, while
the last sign 2,10 must be 120 4+ 10 = 130. Thus we have
obtained all multiples of 10 from 10 1o 140, line by line, corres-
ponding to the numbers T to 13 In other words, our table is a
multiplieation table for 10, which we now can Iranscribe as
Follows:

1 10
2 20
4 S0
4 40
5 ol
i 1

7 1,10
8 1,20
1) 1,40
1 140
i 1,51}
12 2
13 210

The nolation 1,10 = 70 1,20 = 80 2,10 = 130 ele: s
“sexagesimal’’ in the sense that 60 units of one Kind are wrillen
as 1 of the next higher order. This is exactly the same principle
we found in Plolany's table of chords. The only dilference
consists in the fact that Old-Babylonian texts have not yet devel-
oped a special sign for “gern’’. ‘This appears, however, in bolh
mathematical and astronomical cuneiform texts of the Seleneid
period, as we shall see in later examples. Thus we have renched
complete identity of the principle of nuwmerical notation  for
astromomical tables of the Hellenistic period, whether written
it cuneiform or in Greek alphabetie numerals. Only in one point
is the Groek notation less consistent than the Babylonian method.
In the lalter all numbers were written strictly sexagesimally,
rogarﬁl'm of whether they were integers or fractions. In Greek
astronomy, however, only the fractions were wrillen sexngesim-
ally, whereas for integer degrecs or hours the ordinary alphabetic
notation remained in use also for numbers from 60 pnwards,
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Numbers 17

Thus Plolemy would write 130 17 200 where a cuneiform tabilet
would have 2 10 17 20, In other words, the Greeks already
introduced the inconsistency which is still visible in modern
astronomy, where one also would write 130°17°20". The other |
inconsisteney of the modern astronomical notation, namely, to
continue bevond the seconds with decimal fractions, is a recent
invention, I is interesting to see that it took about 2000 yvears of
migration of astronomical knowledge from Mesopolamia  via
Greeks, Hindus, and Arabs to arrive at a truly absurd numerical [
systerm.

3. The example of our present system of numeration for
degrees, hours, measures and ordinary numbers should suffice
totally to diseredit the popular idea that a number system was
“invenled” at a certain moment. Yet innumerable “reasons”
have been advanced why the Babylonians used the basis 60 for
their number system. | shall not make any attempt o discuss
here the history of the sexagesimal system in any detail, but a few
points must be mentioned because they are ol importance for the
historical approach to the development of number systems as
a whaole,

First of all, there exists 2 common misconception as lo the
generality of the use of the sexagesimal system, The very same
tablel which contains hundreds of sexagesimal numbers, column
beside eolumn, to compute: the dates of the new moons for o
given year, mighl end with a “eolophon” eontaining the name of
the owner of the tablet, the name of the seribe, and the date af
wriling of the text, the year being expressed in the form 2 me
25 "9 Jundred 25 where the main text would express the very
same date sexagesimally as 3,45, [n other words, it is only in
strictly mathematical or astronomical contexsts that the sexagesimal
svstem is consistently applied. In all other matters (dates, measures
of weight, aress, ele.), use was made of mixed systems which
have their exact parallel in the chaos of d0-division, 24-division,
19.division, 10-division, 2-division which ¢haracterizes the unils
of our own civilization. The question of the origin of the sexagesi-
inal system is therefore inexiricably related lo the much more
complex problem of the history of many concurrent numerical
notations and their innuwmerable local and ehronological varia-
lions,

The Exuct Seheriost I Authquity 2
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But it is not enough to realize that the 80-division is only one
of several contemporary norms between higher and lower units,
The essential point lies in the use of the place value notation,
regardless of the value of the ratio between consecutive units,
No historical theory of the origin of the sexagesimal system is
acceptable if it does not account also for this extraordinary feature,
namely, the use af the same small number of symbols for diferent
values, depending on the arrangement. A variety of “bases™ 1s
well known from number words and number writing all over
the world. The place value notation, however, is the most striking
feature of the Babylonian system.

A problem of this kind cannot be solved by speculation, but
only by a svstematic analvsis of the written documents. Fortun-
alely there is an abundance of source malerial available. The
early association of Assyriclogy wilth Biblical problems and the
Hellenistic and Roman concept of “Chaldacans’ as equivalent
to astrologers or magicians is loday stll reflected in the wide-
spread idea that the majority of Babylonian documents are con-
cernid with religion, magic or number mysticism. In focl, how-
ever, the overwhelming majority of cunciform fexts concern
economic items, Tens of thousands of such documents were
unearthed and, although only n small fraction has been made
available in modern publications, they suffice to obtain a fair
sampling of lhe use of numbers through all periods of Mesopota-
mian history. Especially for the earliest period of writing the
eeonomic records are almost the only class of existing documents
and the mumber signs are among those signs which one can read
with eertainty even for periods where the interpretation of the
other signs is still very problematic.

In the earliest phase of writing the signs are still recognizable
as pictures which were seralched in the soft elay with the sharp-
ened edge of a stylus, probably made of reed. The number signs,
however, wore impressed with the round end of the styvlus. A
slanted position of the stylus produces a roughly ellipse-shaped
impression; @ vertical position results in a circular sign, The
former represents ordinary units, the latter tems. Thus we can
read o A0 in the second section from the top in the second colpmn
from the left in PL 4 b, In the lirst eolumn we have a 2 in the
Tth section from the top. The subsequent sections ure damuaged
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but one can stll recognize the traces of 7, 8, and 9 in their
respective compartments preceding a 10 in the pext lo the last
section at the left lower corner,

Beside ihese basic elements, many modifications of number
symhols were in use for different classes of objects, such as
capacity measures, weights, areas, elc. Among these a vlear
decimal system has been recognized with signs for 1, 10, and
100, The numbers 1 and 10 we have already described. The
100 was wrillen as a circulir impression which looks like 10,
but is maide much bigger. Thus 100 is simply "big 107, Another
system proceeds sexagesimally, al least partially. Dislinet units
are 1 and 10 as before. A big 1 vepresents 60. Two big units
writlen in opposing directions are combined inte one sign 1o
form 120. A 10-sign added in the middle gives 1200, A very big
10 sign stands for 3600. Variations of these systems, both decimal
and more or less sexagesimal, can be established at different
localities. The main [acts, however, are cammon o all of them,
namely, the existence of a decimal substratum and the use of
bigger symbols to represent higher umits, This latter Tael is
ahviously the root for the development of the place vilue nota-
tion. When the seript slowly beeame simplified and standardized,
the distinetion between bigger and smaller signs of the same type
disappeared. Whereas originally one hig unil, menning GO, and
ane 10 svmbol were wrillen o denote 60 + 10, later a simple
17 followed by a 10 was fead 70, in contrast 1o a 10 Tollowed by
1 mexning 11,

Combined with this, another process was laking place. In
veonamic texts unils of weight, measuring silver, were of primury
importanee. These units seem 1o have been arrunged from carly
times inoa ratio 60 to 1 for the main unils “mana™ (the Greek
“mna’) and shekel, Though the details of this process eannot
be deseribed aecuralely, it is nol surprising to see this same ratio
applied to other units and then to numbers in general. Tn other
woris, any sisthieth could have been called a shekel beeanse of
the fumiliar meaning of this concept in all financial transactions.
Thus the “sexagesimal'’ order eventually became the main
numerical system and with it the place value writing derived
from the use of bigger and smaller signs. The decimal substratum,
however, always remained visible for all numbers up to 60,

4
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Similarly, olher systems of unils were never completely extin-
guished. Only the purely mathematical texts, which we find well
represented aboul 1500 years after the beginning of writing, have
fully utilized the great advantage of a consistenl sexagesimal
place value notation. Again 1000 years later, this method became
the essential tool in the development of a mathematical astronomy,
whence it spread to the Greeks and then to the Hindus, who
contributed the final step, namely, the use of the place value
notaiion also for the smaller decimal units, 1t is this system thal
we use loday,

14. The Babylonian place value notation shows in its earlier
development two disadvantages which are due to the lack of a
symbol for zero. The first difficulty consists in the possibility
of misreading a number §I 20 as 1.20 = 80 when actually
1,0.20 = 3620 was meant. Occasionally this mmbiguity is over-
come by separating the lwo numbers very clearly if 2 whole
sexagesimal place is missing. But this method is by no means
strictly applied and we have many cases where numbers are
spaced widely apart withoul any significance. In the latest period,
however, when astronomical texts were computed, a special
symbol for “zero’” was used. This symbol also oceurs carlier as
a separation mark belween sentences, and | therefore transeribe
it by a “period.” Thus we find in Seleueid astronomical texts
many instances of numbers like 1,.,20 or even 1,.,., 20 which
apply exactly the same principle as our 2001 or 2001,

But even in the final phase of Babylonian writing we do not
find any examples of zero signs at the end ol numbers. Though
there are many instances of cases like .20 there is no sale ex-
ample of a writing like 20,. known to me. In other words, in all
periods the context alone decides the absoluie value of a sexage-
simally written number, In Old-Babylonian mathematical lexts we
find several coses where a final resull was wrillen by meins of
individual symbols for the fractions, e g, 130 might be called
»1 and }" which shows that we should transeribe 1:30 = 11 and
not 1,30 =90,

The ambiguity with respeet o fractions and integers is of no
importance for the practice of compultation. Exaetly as we multiply
two numbers regardless of the position of the decimal point, one
can also operate with the Babylonian numbers and determine
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the absolute value at the end if necessary, For the numerical
process itself it is indesd a great advantage that one does not
need o worry about special values for fractions and integers.
It is precisely this feature which gave the Babylonian system its
tremendous advantage over all other number systeins in antiguity.
Though this will become more obvious in the subsequent diseus-
sion of (and comparison between) Babylonian and Egyptian
mathemalics, one example may be given now to illustrate this
point,

A muliplication by 12 would be performed by an Egyptian
seribe in two steps. First he would multiply the other factor by
10 (simply by replacing cach imdividual symbol by the next
higher one) and then he would double the other factor. Finally
he would add the two results. Thus for the multiplication of 12
by 12 he would arrange his figures as follows:

1 12
i 1] 120
{3 24
lotal 1444

giving him 144 as the result of the addition of the two jlems marked
by n stroke. Let us mow assume that the other factor was a
fraction, say the "unil fraction™ i, or; as we shonld write in
imitalion of the Egyptian nolation, 5. The seribe would again
proceed in two steps, namely, multiplicstion by 10 and by 2.
The first gives the resull 2. The seconil, however, would el
a table of duplications of unit fractions where the double of 3
appears 1o be listed as 315 (indeed 7 = 1 + 4%). Thus the com-
putation would he

1 3
|10 2
- - _ii_::

total 2 3 1

A contemporary Old-Babylonian seribe would splve the same
problems by using » multiplication table for 12 exactly of the
same type as we have deseribed above, p. 16, for 10, In line 12
Jie would directly find the result 2,24, Of course, so far we have
only established the fact of @ better organized procedure in
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Mesopotamia but nothing intrinsically inherent in the Babylonian
notation. This is different for the seeond problem, however. The
Babylonian scribe would know (or tuke this information from a
table of reciprocals) that § corresponds to 12" (012 = L in
our notation when we use a zero symbol). Henee 4 leads again
to finding the value of 12 times 12 or again to 2,24 (we would
write 2:24). In other words the Babylonian process completely
avoids special rules for computing with fractions, whether unit
fractions or not, and requires only thal one remember correctly
the place value of cach contributing number, exaclly as we
must do in placing the final decimal point. The historical con-
sequences of this simplification can scarcely be overestimated.
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todward Chiera, Thoy Wrote on Clay, Univ. of Chieago Press: several
editions since LH38,

NOTES AND REFERENCES TO CHAPTER |

ad L. *The “Book of the Hours" of the Duke of Berry was originally
publishied by Paul Durrieu, Les trés riches heares de Jean de France,
Due dee Berry, Paris 1604, The twelve calendar miniatures are repro-
duced in color in Verve No. 7 (1940), unfortunalely exeluding the
zodineal figore (“melothesin’) which followed the calendur. 1t wis dis-
cussed In detall by Harry Bober, The Zodiseal Miniature of the Trés
Riches Heures of the Duke of Berry—Its Sources and Meaning, Journal
of the Warburg and Courtauld Institutes 11 (19453 p. B
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ad 2. D E.smithand L. G Karpinskl, The Hindu-Arabic Numerals,
Bostan, 1911, Jullus Ruska. Zur Gltesten arabischen Algebra und
Rechenkunst, Sitzungsber. d. Heidelberger Akad. d. Wiss., philos.-hist.
K1 1917, 2. G. F. Hill, The Development of Arabic Nomerals In Europe
exhibited in 64 Tables. Oxford, Clarendon Press, 1915,

It is a mistake to assume that the Islamie mathematiclans and
astronomers consistently used the “Hindu-Arabic’ numerals, By and
large the Hindu-Arabie mumerals are restricted to mathematieal con-
text, wherens astronomical tables use the alphabetic numerals. InEgypl
the Grevk or Coptie alphabetic numerals remained In use for centuries
after the Arabic conguest.

ad. 3. For the development of the Greek number system and its
relation Lo Phoenicia of, Wilhelm Lurfeld, Griechische Epigraphik,
drd cd., Minchen, Beck, 134 [Handbuch der klassischen Allertums-
wissenschaft vol. 1], See esp. p. 240 1L

he scrophonic numerals are often called “Herodianie™ beeause o
grammarien Herodianus (secomil eentury A. 1.) discussed these numbers.
The name seems Lo have been introduced by Wolsin In his thesis, De
graccorum notis numeralibus, Lipsia 1886,

Recent discussion, textual evidence and bibliography in Murcus Nie-
buhlr Tod, The Greek serophonie numerals, The Annual of the Britlsh
Schonl al Athens No. 37, Sessions 1936-37, p. 236-258 (Londsn 1040).
For examples of. B. D). Meritt—H. T. Wade-Gery —M, F. MeGregor,
The Athenion Tribute Lists (Cambridge, Harvand Univ, Press, 1039)
vol. T passim; e, g the phote p. 74 Fig. 98 and corresponding copy on
Pl XXL

ad 6. W, E. van Wijk, Le nombre d'or. Etude de chironologie tech-
nique sutvie du texte de la Massa Compoti d*Alexandre de Villediew,
Ls Haye, Nijhofl, 1936, This work contains u valuable Introduction to
the medieval evelic ealendars in Europe,

ai 7. Jean-Gabriel Lemoine, Les anclens procédés de caleul sur les
doigls en orient et en occident. Revue des fluiles islamigues 6 (1932)
p. 1-58 [with extensive critleal bibliography|.

Egyptian numbering of lingers: Kurt Sethe, Ein alligyplischer
Fingerzihlrelm. Zeitschr. fiir Aegyptische Sprache 54 (1918) p. 16-44,
Battiscombe Guonn, “Fingee-Numbering™ in the Pyramid Texts: ibid.
57 (1922) p. 71 L

For the telations between alphabetic numarals, number mysticlsm,
astrology, ete., see Frunz Dornseifl, Das Alphabel in Mystik und
Magie, Stoicheln 7, 2nd ed., Leipzig, Teubner, 1925,

ad 8. Examples for Athenian coins of the New Style: Dulletin de
Correspondanee  Hellénigue 58 (1934) PL L These coins show the
Alhenian owl standing on Lhe Panathenale amphora. The numerals for
the months are often inscribed on the amphora and ure therefore called
“amphiora letlers”. For Greek coins in general see, e g, Barkley V., Head,
Historin Numorum, A Manual of Greek Numismatics, Oxlord, Claren-
don 1911,
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For the Ptolemaic coins with double letter numerais of. Reginald Stuart
Poole, Catalogue of Greek Coins, The Plolemies, Kings of Egypt. p. 44
und PL VILL, 5. These nombers seem to ropresent the vears of an era in
horar ol Gueen Arsinoé 11 (270 B.C.j: of. Head, Hist. Nom. p. 850,

ad & The Greek symbals lor 6, 90, and 900 are usually called stigma,
quppn, anl sampi 'rei[ml'lh'ch* The first is originally F (or similiry and
thwrefore alse called “digamma®™, that is double-gamma. Later, It
assumed forms which were similir Lo Che lgature of ¢ and 5 In Byzantine
manuscripts and it was Lhercfore called “stigma™ (sioce the 7L or 8th
cenl. AJIY). Its original name §s Waw. Qoppa s the Q0 of the Ploenician
alphabel. The sampl is originally written with only one middle stroke
{cf. the form in PL 5) The name “sampi” has been in use sinee the 17th
centory AD.; the Phoenleian original is an S-sound called Sade.

Thie divislon of the clreumference of the elrele into 360 parts originated
in Babylonkan astronomy ol Lhe last eenturies B.G The sexagesimal
mumber system as such s many centuries older and hos nothing Lo do
with astronomical concepts,

add 16, For an example of an Inseription with large number svinbals
in the olphabetic notation see Inseriptiones Graeecae wol. 121
{Insularum Maris Aegael) Bedin 1805, No, 913, This inscription, dating
trom the second century B.C,, lists the basic mumbers of o theory of
plunetary motion; the authoer is unknown, For a discussion of. P, Tan-
nery, Mémolres scientifiques vol. 2 p, 487 11

In the ordingry alphabetic potation the numbers 1000, 2000 ete, are
written by means of o, P, ele, which preécede the symbols of lower arder,
iMien svcenls are added in order to avoeld confusion with 1, 2, ele.
Several ceses, both from inseriptions and papyrl. are known, where Lhe
svmbol for B0, the “sampi™, with a, B, .. . a5 superseript was used for
1000, 2000, ete. (cf. Larfeld, quoted above p. 23 in Lthe note to Section
3 - 2]

In papyri of the early Plolemaic period one Nnds, tn addition 1o sampi,
plan gu == 500 (5} 400 for D00, and besides o also gv= 300 (<=1 300 for 800,
G Mahalfv, Flinders Petrle Pupyrd vol. 3 p. 8 ele, An example from
it sehoolbook of the third century BLC. i6 shown on PL 5 fram P, Caleo
Tnw, 63445 (published by O, Gudéraud el P. Jonguet. Publications de
la Soviéte Royale Egyptienme de Papyrologie, Textes ot Documents,
Vol £, Galro 1934). The coluntn on the lefl and the middie columm con-
stitute a Lable of squares of which the following part is clearly readdable:

0 i a6 10} 100 1 - 10000
7 7 A0 el 200 A4 < 10000
3. b il J0n S00 O« T
1] fi #1 Jih A0 16 « 10000
10 10 100 S} S 25 10000
a9 il E L] i) Ml 36 - 10000
30 B (i 00 ELL A0« LU

A Al 1600 BiMi Hivy B4 - 10000
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Note in Pl 5 the slgns for 6 and 900, The sign for 1000 (In 1600) is an
a with an attached loap. The multiples of 10000 are wrillen as 8 u (lirst
letter of the Greek word for 10000) with the factor wrillen over il The
lust column glves a 18t of the fractions of the drachma; preserved are
the symbols for the following unit tractions: 3, 12, 7, §, §, 1, 15 Note
thal the unit fractions are written with the erdinary number signs
plis @n aceent, The only excéptlon ks B* which does not mean | but §
denoted here by 3. Its corresponding drachma symbol is a combination
of the symbols for 3 and B Indeed, &= 34+ 0

Ordinarily the arrangermment of the alphabetic numerals is strictly
trom higher to lower numbers. In datings, however, one finds also the
inverted order: of. for examples from Mesopotamin Yale Classical Studies
3 p. 30 M. (clay bullae from Urok); Excavations In Dura-Europus, Pre-
fiminary Report [X, 1 p. 1601 Klia 9 p. 353, For Macedoniun ln-
seriptions (between 131 B.C. and 322 A D) of. Tod, The Macedonian
Era: The Annual of the British Sehool at Athens, No, 23 (1015-1911)
P 206-217 and No. 24 (1919-1621) p. 54-67.

For the zero symbol In Arabic manuscripts see Hans v. Mzik, Das
Kitah Sarat al-Ard des Abi Ga'tar Mubammad ibn Mosd al-Huwd-
rlzmi, Biblinthek arabischer Historiker und Geographen, vol. 3, Lelpzig
1926, p. XX1. The derivation from ov is: without foundation as far as
my knowledge of manuscripts reaches. For @ photographle reproduction
of this symbol see PL V in the above work, lines 11, 12, amd 135 numbers
are denoted by a horizontal bar, exactly as in Greek popyri.

ail 13, The most comprehensive vollection of the evidence on early
number signs Is found in the st edition of Anton Delmel, Sumetische
Grammatik der archabstischen Texle, Homa, Pontiicium Institutum
Bibleum, 1924 (Chapler V). More recent evidence, especially con-
cerning the decimal system, is given in A F alkenstein, Archoische
Toxle nis Urik. Leipzig 1936, (slgn list at the end), For the pieture of
o stvlus see, e.g.. 5. Langdon, Excavations at Kish, vol. 1, Parix 1924,
PlLOXXIN and Falkensteln, Lo, poB

The texts from Uruk also revealed the existence of a system of frag-
tions strietly proceeding on the principle of repeated halving. A very
impartant fealure of cunebform numerical nolation Is the existence of
special signs for 4, 1, §, and § which are in very common use also in
luter pertods, even pecasionnlly in mathemaiteal texis. These “natural
fractions” undoubtedly ploy an fmportant role in the arangement of
metrological units. Obviously one will group higher units in such & form
thet they sdmit directly the forming of these most common paris.
This lewds naturally to a greuping in 12 or 30 or 0. All these ratios
die acotr o ome or another of the parallel systems of units in Mesopo-
taminn metrology,

A strietly decimal notation oceurs oceasionally in mathematical texts,
The following is an example from an Old-Babylonian text {published
Neugebauer-Sachs, Math, Coneiform Texts, po 18). The number 1,12
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which occurs in the text Is transcribed In the heading as "4 thonsand
3 honmdred anmd 20" which is Indeed Lhe eqilvalent of 1,120, This
example shows at the same time the lack of an absolute determination
of the place value in this period of number writing. We may Integprel
112 ps 1,12,0 = 4320 or as 112 = 72 or as 1312 = 14 ete. Only the
context permits the determination of the absolute value of o number
written sexagesimally,

The lack of a botatlon which determines the absolute value of a
number made U possible to misinterpret simple tables of multiplication
or reciprocals, When Hilprecht, in 1006, published & volume of “matlie-
matical, metrological and chronological tablels from the Temple Librury
of Nippur" he was convinced that these texts showed a relution to
Plato's number mysticism, In book VIIL of the "Hepublic” Plata gives
some cabbalistic rules a5 to how guardians of his dictatoriilly ruled
community shoulil arrange for proper marriages, By some wild artifices,;
Plalo’s cabolla wos brought into relutionship with the numbers found
ot the tablels. Thus 1,10 (L e. 70 or L} ete) wis interpreted to mean
185,9505,200,000,000 and In Whis fashion whide ublets wore Lranscribred
and “‘explained".

As 1o the vrigin of the sexagesimal place value wotatlon, it may be
noled that It is quite common that fractions of monetary unils eqme
ta mean fractlons In general. As an example may be quoted the Roman
e, which I8 % of the uneia (ounce). In the mieasurement of time,
however, o §s 3 of one hour (Jahreshiclte o, oesterreichischen archaeal.
Inst. In Wien 37, 1048, p, 111).

ad 4. No definite answer can bo given o the question when the zero
sign was introduced in Babylonian mathemutics, We are sure thut (t
did not exist, sy, hefore 1500 and we find It in full use from 300 B
on. A table of squares, found at Kish, tentatively dated by the ex-
cavalor, 5. Langdon, to the period of Darius (300 B.C), contains four
cases of @ “rero” written exuctly like 30, It is omitted in one case.
GI- Nengebauer, MKT 1 p. 74 and 11 pl. 34, For the pussibility of an
earlier date {aboul 700) see MCT p. 34 note 95,

One might expeet that the Babylonian notation should often lead
to errors. e. g. by mistaking 10,2 for 12 and vice versa. Numbers of
this tyvpe are. however, ardioarily writben will very carelul spacing

such that [T is hardly ever to be tuken as T . The descriptions

of the Babylonian number systems In the current textboolks wre generally
quite misleading on Ahls very point, Nevertheless, there do exist enses
where the proper combination of tens and units becomes very doubtful.
We even have exaomples of lurge nimbers, written in two or more limes,
where, - g the 50 of o 56 was writlen ol the end of sne line anid e
fi at the beginning of the next. For such “split writings" ef. Neu-
gebouer-Sachs, Math. Can. Texts p. 13 nole 09,

In practical computations, the Babylonian scribes accasionally eumy-
mitted the same type of mistiakes which arise when we are coreless
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with the decimal point, As an exmmple may be quoted an astronomical
text which congerns the risings and setlings of Mercury during the yvears
146 1o 122 B.C. (BM 31585, Incompletely published by Kugler. Stem-
kunde T p.201). The seribe had trouble with interpolations. The table
al his disposal contained the entries

15 12
45 3

The problem consists in interpolating the value of the right-hand
column for the value 31;20 of the left-hand argument, Obviously the
answor shoold be 36 -+ 313:40 - 0;12 = 364 2:44 = 38:44. The aslmo-
numical problem requived the addition of this result to snother numboer
120, Hepce the Apal resull should be 4004, In the text, however, we
find 37:22.44. Obviously the seribe Ineorrectly determined the place
value of 1340 0:12 and wrote 0:244 instead of 2:44. This gave him
a5 the result of the interpolation 36;2,44 snd therefore as the final
ansgwer 1320 -+ 86044 = 37;22.44.

It must be said, however, thal the number of errors in the texts s
comparatively very small. | have hind thie experience that 1 commitied
many more errors in checking the anclent computstions than there
were in the origina! documents. Offen errors o a text are very helplul
because they constitute ane of the maln tools for establishing the details
of o pumerical procedure followed by the anclent computer.



CHAPTER 11

Babylonian Muathemalics.

15, The following chapter does not attempd to give a history of
Babylonian mathematics or even a complete summary of its
coplents, All that it is possible o do here is 1o mention certain
features which might be considered characleristic of our present
knowledge.

1 have remarked previously that the texts on which our study
is based belong lo two sharply limited and widely separated
periods. The greal majority of mathematical texts are "Oll-
Babylonian": that is to say, they are contemporary with the
Hammurapl dynasty, thus roughly belonging to the period from
1800 to 1600 B.C. The second, and much smaller, group is
“Selencid”, i. e. dalable to the last three centuries B.C. These
dates are arrived at on quite relinble palaeographic and linguistic
grounds, The mare than one thousand intervening vears influenced
the forms of signs and the language to such o degree that one is

' safe in assigning a lext lo either one of the two periods.

So far as the contents are conceroed, little change can be
shserved from one group ta the other. The only essential progress
which was made consists in the use of the “zero™ dign in the
Seleucid texts (efl po 200, It is further noliceable that numerical

bles, especially tables of reciprocals, were computed to o much

arger extent than known from the earlier period, though no new
principle which would not have been Tully available to the Old-
Babylonian scribes is involved, It seems plausible that the
expansion of numerical procedures is related to the development
of a mathematical sstronomy in this latest phase of Mesopotamian
seienece,

For the Olid-Babylonian texts no prehistory can be given.
We know absolutely nothing about an carlier, presumably
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Sumerian, development. All that will be _described in the sub-
sequent seclions is fully developed in the earliest texts known.
Tt is customary lo postulate a long development which is sup
posedly necessary to reach 4 high level of mathematical insight.
I do not know on what experience this judgment is bused,
All historically well known periods of great mathematical dis-
coveries have reached their climax after one or two centuries of|
rapid progress following upon, and followed by, many centuries]
of relative stagnation. It seems to me equally possible that Huh}'l-]
onian mathematics was brought to its high level in a similarly
rapid growth, based, of course, on the preceding development
of the sexagesimal place value system whose rudimentary forms
are already attested in countless economic texts from the earliest }
phases of wrilten documnents.

16. The mathematical texts can be classified inlo two major
groups: “tuble texts’ and “problem texts™. A typical representative
of the first ¢lass is the multiplication table discussed above p. 16.
The second ¢lass comprises a greal variety of texts which are all
more or less directly concerned with the form ulation or solution
of algebraie or geometrical problems, At present the number
of problem texts known lo us amounts o about one hundred
tablets, as compared with more than twice as many table texts,
The total amount of Babylonian tablets which have reached
museums might be estimated to he al feast 300,000 tablets and
this is certainly only a small fraction of the fexts which are still
buried in the ruins of Mesopotamian cilies. Our task can there-
fore properly be compared with restoring the history of mathe-
mativs from @ few torn pages which have aecidentully survived
the destruction of a greal library.

17. The table 1exts allow us to reconstrucl a small, however
insignificant, bit of historieal information. The archives from
the city of Nippur, now dispersed over at least (hree museums,
Philadelphia, Jena, and Istanbul. have given us a lurge pereentage
of table tests, many of which are clearly “school texts™, i e..
exercises written by apprentice seribes, This is evident, e.g..
fram the repetition in a different hand of the same multiplication
tahle on obverse and reverse of the same tablet. Often we also
find vocabularies written on one side of a tablet which shows
mathematical tables on the other side. These vocabularies are
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the backbone of the seribal instruction, necessary for the mastery
of the intricacies of cuneiform writing in Akkadian as well as in
Sumerian. Finally, many of our mathematical tables are comhined
with tubles of weights and measures which were needed in daily
economic life. There can be little doubt that the tables for multi-
plication and division were developed simultaneously with the
economic texts. Thus we find explicitly confirmed what eould
have been concluded indirectly from our genera knowledge of
carly Mesopolamian civilization.

18. Though a single multiplication table is rather trivial in
content, the study of a larger number of these texts soon revealed
unexpected facks. Obvivusly a complete systemn of sexagesimal
mulliplication tables would consist of 58 tables, each containing
all products from 1 to 39 with each of the numbers from 2 1o
o8. Thanks to the place value notation such a system of tables
woull suffice to carry out all possible mulliplications exactly
as it salfices to know our multiplication tables for all decimal
products. At first this expectation seemed nicely confirmed except
for the unimportant modification that each single lablet gave
all products from 1 te 20 and then only the products for 30,
40, and 50. This is obviously nothing more than a space saving
device becouse all 59 products can be oblained from such a
talilet by at most one addition of two of its numbers, Bul a mare
disturbing fuet soon became evident. On the one hand the list
of preserved tables showed not only gruve gaps but, more discon-
certingly, there turned up tables which seemed to extend the
expected scheme to an unreasonable size. Multiplicalion tables
for 1,20 1,300 1,40 3,200 3,45 ete, seemed Lo compel us to assume
the existence not of 39 single tables but of 3600 tables. The
absurdity of this hypothesis becaune evident when tables for the
multiples of 44,2640 repeatedly appesred; ohviously nobody
would operate a library of 00% = 216,000 tablets as an aid for
mulliplication, And it was against all laws of probability that we
should have several copies of multiplication tables for 44.26.40
but none for 11, 13, 14, 17, 19 ete.

The solution of this puzzle came precisely from the number
44,20,40 which alse appears in another type of tables, namely,
tables of reciprocals. Ignoring variations in small details, these
tubles of reciprocals are lists of numbers as follows
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2 a0 16 3.45 15 1,20
4 20 18 3,20 8 1,15
4 15 20 3 Al 1.12
D 12 24 280 a4 1.6,440
B 10 25 S04 1 i
& 7.30 27 2,1320  JE § 56,15
4 6,40 a0, 2 1.12 o)
10 1 32 1.52,80 1.156 48
12 B 3 1,40 1.20 45
15 -+ 40 1,30 1,21 44,26, 40

The last pair conlains the number #4.20.40 and also all the
other two-place numbers mentioned above oceur as numbers
of the second column, On the other hand, with one single excep-
linn to be mentioned presently, the gaps in our expected list of
multiplication tables correspond exactly lo the missing numbers
in our above table of reciprocals, Thus our stock of multiplica-
tion tables is not a collection of tables (or all products a - b, for
a nnd b from 1 to 59, bul tables for the produets a - b where
is a number from the right-hand side of our last list. The character
of these numbers b is conspicuous enough; they are the reciprocals
of the numbers b of the left column, written as sexagesimal frae-

linns:
= 0:30

i
i = 020
i = 0:10
ele.
= 0;0,44,26,40.

?

We ean pxpress the same fact more simply and historically more
correctly in the following form, The above “table of reciproeals™

is n list of pumbers, & and B, such that the products b- & are
1 or anv other power of 80, 1t is indeed irrelevant whether we

wrile
2400 =10
ur
2-0:830 =1
ur
0:2-30 =1
oar

01 ele.

l

=2« (130
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Experience with the mathematical problem texts demonstrates
in innumerable examples that the Babylonian mathematicians
maide full use of this Nexibility of their system.

Thus we have seen that the tables of multiplication combined
with ¢ tables of reciprocals form & complele system, ilesigned
1o compute all produets o b or. ns we now can write, all sex-

agesimal divisions :lr wilhin the range of the above-given table

of reciprocials, This talile is not anly limited bub it shows gaps.
There is no reciprocal for 7, for 11, Tor 13 or 14, cle. The reason
is obvious. 1 we divide 7 into 1 we obtain the recurrenl sexage-
simal fraction 8,34,17,8.34617, . o« .i similarly for Yy the group
5.27.16,21,49 appears in tifinite repetition. We have tables which
laconically remuark “'7 does not divide™, 11 does not divide',
e This holds true for all numbers which eantaiin prime numbers
not eontained in 60, i. e, prime numbers different from 2, 0, and
5 W shall eall these numbers “irregolar™ numbors in conlrast
to the remaining “regulae” numbers whose reciprocals can be
expressed by o sexagesimal fraction ol o Onite number of places,

We have mentioned one exeeption to our rule that all milti-
plication tubles must coneern pumbers & or, as we shall eall them
now, regalar numbers. This s the easv of the first irregular
number, namely 7, for which severnl multiplieation tables nre
preserved, The purpose of this adidition is elearly the completion
of all tables a = b at least for the lirst deeude, in which 7 would
e the only gap because all the remaining nunthiers from 1 1o 10
are regular. Thus we sce thiat our origingl assamption was correc
for the modest range from 1w 10, Instewd, however, of expunding
this lable up to 66, one chooses A sueh more useful sequence of
pumbers, numely, those which are needed not only for mullipli-
cation but alko for division. The mere multiplications eouli
alwuys be completes by one sumple addition from twe different
tablis. This system of lubles glane, as i existed in 1800 B.C.,
would pul the Babylonians ghend of all numerical computers
in antiguity. Between 350 and 400 A0, Theon Alexandrinue
wrole pages of explanations in his commentaries 1o Plolemy’s
sextigesimal computations in the Almagest. A scribe of the
pdmindstration of an estate of a Babyionian temple 2000 years
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before Theon would have rightly wondered aboul so muny words
for such u simple technigue.

The limitations of the “standard”™ table of reciprovals which
we reproduced above (p. 31) did not mean that one eoulid not
transgress them at will We have tests from the same period
teaching how to proceed in cases not contained in the standard
tahle. We alsa have tables of reciprocals for 4 complete sequence
of consecutive numbers, regular and ircegular alike. The reci
procals: of the jrregular numbers appear abibreviated o three
or four places onlv. But the real expansion came in the Seleacid
period with tables of reciprocals of regular numbers up o 7
places for b and resulting rveciprocals up W 17 places for b.
A table of this extent, containing the regular numbers up o
about 17+ 10, con be readily used also for ditermining approxi-
malely the reciproeals of irregular numbers by interpolation.
Indeed, in working with astronomical texis | have aften used this
tabile exactly for this purpose and 1 do not doubt that 1 way only
repenting. a process familiar o the Seleucid astronomers,

9. Returning to the Old-Babyloman period we find maooy
more witnesses of the numerieal skill of the seribes of this period.
We find tubles of squares sl square rools, of cubes and cube
roots; of the sums of squares and cubes needed for the numerical
solution of specinl tvpes of cubic equations, of exponential
functions, which were used for the computation of compound
interest, ete.

Very recently A. Sachs found a tablet which he recognized ax
having to do with the prohlem of evalusting the approximation of
reciprocals of irregular numbers by a finite expression in sexages-
imal fractions. The text deals with the reciprocals of 7. 11, T
14, and 17, in the last two cases in the form that b- b = 10
instead of b-Bb = 1 as usual. We here mention only the two
first lines, which serm to state that

§34.0659<7
bl B
§3418 =7,

Indeed, the correct expansion of 7 would be 8,34,17 periodieally
repeated. 1t is needless o underline the importance of a problem
The Fract Seleners o Anbigadiy 5
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which is the first step toward a mathematical analysis of infinite
arithmetical processes and of the eoncept of “number™ in general.
And it is equally needless o say that the new [ragmenl raiscs
many more questions than it solves. But it leaves no doubt that
we must recognize an interest in problems of approximations for
as early a period as Old-Babylonian limes.

This is confirmed by a small tablet, now in the Yale Babylonian
Collection (ef. PL 6 a). It shows a square with its two diagonals,
The side shows the number 30, the diagonal the numbers
1,24,51,10 and £2,25,35. The meaning of these numbers becomes
clear if we multiply 1,24,51,10 by 30, an operation which can
be easily performed by dividing 1,24.51,10 by 2 because 2 and
30 are reciprocals ol one another, The resull is 42,25,35. Thus we
have obtained from ¢ = 30 the diagonal d = 42;25,35 by using

2 = 1;24,51.10.

The nceuracy of this approximation can be checked by squaring
1:24,51,10. One finds
150, 50,589,281 10

corresponding to 4n error of less than 22/80% Expressed as a
decimal fraction we have here the approximation 1.414213..
instead of 1.414214. .. This is indeed a remarkably good approx-
imation, 1t was still used by Plolemy in computing his table of
chords almost two thousanil years laler.

Another Old-Babylonian approximation of | 2 is known to be
t:25. It is also contained in the approsimation of |'2 which we
find in the Hindu Sulva-Sttras whose present form might be
dated to the 3rd or 4th century B.C. There we find

. Lo \
V2 = 14 g oy 334

whose sexagesimal equivalent is

1:95 — 0;0,8,49,22,, .. = L24.561,10.07.. ...

|
The possibility seems to me not exeluded that both the mam lerm

ani the subtractive correction are ullimately based on the two
Babylonian approximations.
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20, The above example of the determination of the dingonal
of the square from its side is sulificient proofithal the " Pythagorean™
theorem was known more than a thousand vears before Pythagoras.
This is confirmed by many other examples of the use ol this
theorem in problem texts of the same dge, as well as from the
Seleucid period. In other words it was known during the whole
duration of Babwvlonian malhemalics that the sum of the squares
of the lengths of the sides of a right triangle equals the square of
the length of the hypotenuse. This geometrical fact having once
been discovered, it is quite natural to assume that all triples of
numbeyrs {, b, el o which satisfy the relation * 4 b = §* can
be used as sides of a right triangle. It is furthermore a normal’
step to ask the question: When do numbers 1, b, o satisfy the
above relation? Consequently it is not too surprising that we find
the Bubylonian mathematicians investigating the number-theoret-
ical problem of producing “Pythagorean numbers™. Il has often
been suggested that the Pythagorenn theorem originated from
the discoverv that 3, 4. and 5 satisfv the Pythagorean relation.
I see no motive which would lead to the idea of forming triangles
with these sides and o investigate whether they are right triangles
or not. It is only on the basis of our education in the Greek
approach 1o mathematics that we immediately think of the
possibility of a geometric representation of arithmetical or alge-
biraic relations.

To say that the discovery of the geometrical theorem led natur-
allv to the corresponding arithmetical problem is very different
from expecting that the lntter problem was aclually solved. It js
therefore of great historical interest thal we actually have a text
which clearly shows that a fur reaching insight into this problem
was obtained in Old-Babylonian times. The text in gquestion
belongs to the Plimpton Collection of Columbin University in
New York,

As is evidend from the break at the lefl-hond side, this tablet
was originally farger; amd the existence of modern glue on the
break shows that the other part was lost afler the tablel was
excavaled. Four eolumns are preserved, to be counted as usual
from left to right: Bach cobimn has a heading. The last heading
is “‘its name’” which means only “current number™, as is evident
From the Faet that the eolumn of numbers beneath it countssimply

3
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the number of lines from “1st” to “15th™. This last column is
therefore of mo mathematical interest. Columns Il and I are
headed by words which miglt be translated as “solving number
of the width™ and “solving numbier of the diagonal™ respectively.
“Solving number” is a rather unsatisfactory rendering for a term
which is used in conneelion with square Toots and similar oper-
ations and has no exacl equivalent in our modern terminology.
We shall replace these two headings simply by b and d”
respectively. The word “diagonal” occurs ulso in the heading of
the first eolumn bul the exact meaning of the remaining words
escapes s,

The numbers in columns 1, I and 111 are transeribed in the
following list. The numbers in [ | are restored. The initial
aumbers *{1]" in lines 4 . are half preserved, as is clearly seen
from the photograph (PL 7 a). A 17 is completely preserved in
line 14. In the transeription 1 have inserled zeros where they
are required; they are not indicated in the text itselll

1 1t (= b 11 (o o) v
1,50,0.]156 1,59 2,49 1
[1,36,56, 58,14,50,6.15 a6, 7 3,121 2
[1,35,7.141,15,33,45 1.16.41 1,50,49 4
{1,15{3.1]0,29,32,52,10 3.31.49 ERUN 4
[1, 4854140 1.3 1,37 B
[1,}47.0.41,40 o, 19 8.1 i
71,0439,11,56,28,26,10 38.11 301 7
[1,141,33,59,3,45 13,10 900,449 8
[1,]48.33.30,16 g, 12,49 0
1,35,10,2,28.27,24,20,40 1,22,41 2.18,1 0
1,33.45 45 115 1
1,20,21,54,2,15 27,59 18,40 12
[1.]27,0,3,45 it 7} | 1,49 13
1,25,48,51.35.6.40 20,91 33,49 14
11,]23,13,16,40 S 33 15

This text contains a few errors, In ILY we read 0.1 itistead of 8,1
which is n mere seribal ¢rror. In 11,13 the text has 7,12,1 instend
of 2,41, Here the seribe wrote the square of 2,41, which is 7,12,1
instead of 2,41 itself In TIL1S we find 53 instead of 1,46 which
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is twice 53. Finally there remains an unexplained error in II1,2
where 3,12,1 should be replaced by 1,20,25.

The relations which hold between these numbers are the
following ones. The numbers b and d in the second and third
columns are Pythagorean numbers; this means thal they are
integer solutions of

% = p* L |*

As b and d are known from our list, we can compute [ and find

Line ! Line l Line |
| 2.0 i ;5,0 11 1.0
2 57,36 T 45,0 12 40,0
3 1,20,0 5§ 16,0 13 4,0
4 3450 bt 10,0 14 45,0
71 1,12 10 1.48,0 15 1,30

[f we then form the values of ‘%: wi nbitain the numbers of column I,

Thus our text is a list of the values of dl. b, and d, for Pytha-

F
gorean numbers, It is plausible to assume that the values of 1
were contained in the missing part, That they have been explicitly

computed is obvious.

If we take the ratio f: for the first line we find 1;::’
that is, almost 1. Hence the first right triangle is very close to
half a square. Similarly one linds that the last right trinngle has
angles close to 30° and 60°, The monolonie deerease of the numbers
in column | suggests furthermore that the shape of the triangles
varies rather regulurly between these two limits. 1 one investi-

gates this general fact more closely, one finds that the values of

= 0;59,30

':: in eolumn 1 decrease almost linearly and that this holds still
more accurately for the ratios ": themselves (Fig. 3).

This observation suggests that the ancient mathematician who
composed lis text was interested not only in determining triples

of Pythagorean numbers bul also in their ratios ': . Let us inves-
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tigale the mathematical chavacter of this problem. We know that
all Pythagorean triples are obtainable in the form

= 2pg b=p—q* d=p ¢

where p and 4 are arbiteary integers subject only to the condition
that they are relatively prime and not simultancously odd and

p>q. Consequently we obtain for the ratio ': the expression

i -
R LR
where p and g are the reciprocals of p and q. This shows that -';

are expressible as finite sexagesimal fractions, as is the case in
our text, if and only if both p and ¢ are regular numbers.

This fact ean be easily checked in our list of numbers by
computing the values of p and g which correspond lo the 1, b,
and o of our text. Then one finds a very remarksble facl. The
numbers p and ¢ are not only reguiar numbers, as expected,
but they are regular oumbers contuined in e “standuard table™
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of reciprocals (p. 31) so well known 1o us from many tables of
the same period. The only apparent exeeption is p = 2,56 but
this number is again well known as the standard example for the
computation of reciprocals beyond the standard table. This
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seems to me a strong indieation that the fundamental formula
for the construction of triples of Pythagorean numbers was
known'), Whatever the case may be, the text in question remains
ont of the most remarkable documents of Old-Babylonian
mathematics. We shall presently (p. 41) return to the question
how a formula for Pythagorean numbers could have been found.

21. Pythagorean numbers were certainly not the only case of
problems concerning relations between numbers, The tables for
squares and cabes point clearly in the same direction. We also
have examples which deal with the sum of consecutive squares
or with arithmetic progressions, It would be rather surprising if
the accidentally preserved texts should also show us the exact
limits of knowledge which were reached in Babylonian mathe-
matics, There is no indication, however, that the invportant
concepl of prime number was recognized.

All these problems were probably never sharply separated
from methods which we today eall “algebraic”, In the center of
this group lies the solution of quadratic equations for two un-
knowns. As a typical example might be quoted a problem from a
Seleucid text. This problem requires the finding of & number such
that a given number is obtained if its reciprocal is added to it

Using modern notation we: eall the unknown number @, its
reciprocal ¥, and the given number b, Thus we have 1o determine
x from

2x =1 r+E =5,

I the text b lias the valie 2:0,0,33,20. The details of the solution
are described step by step in the text as follows, Form

.‘bﬁl= -
( 7 1:0,0.83,20,4.57,46,40.

Subiract 1 and find the square root

|/ (g =1 = 1/ 0:0,0,33,20,4,87,46,40 — 0:0,44,48,20.

The correctness of this result is checked by squaring. Then add

to and sublract from 2 the result, This answers the problem:

W For o detilled disausalion of 4 diferent proposal of, the votes p, 49 1L
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= -3—-‘- b= L00,16,40 + 0;0,44.45,20 = 1;0,45

= g—— J o= 1:0,0,16,40 —0:0,44,43,20 = 1;59,15,33,20.

Indeed, o and = are reciproeal numbers and their sum equals the
given number b,

This problem is typical in many respects. It shows, first of all,
the correet application of the “quadratic formula™ for the solu-
tion of quadratic equations. It demonstrates ngain the unrestricted
use of large sexagesimal numbers. Finally, it concerns the main
tvpe of quadratic problems of which we have hundreds of ex-
amples preserved, a type which 1 eall “normal form™; two numn-
bers should be found if (a) their prodoct and (b) their sum or
difference is given. 11 is abviously the purpose of countless ex-
nmples to teach the transformation of more complieated quadratic
problems 1o this “normal form”

x-=a
xdy==b

From whiclh the solution then follows as

b, /oY
T = 2—!* I.f (Ej Fu

= b"" lr; h_Ti_'_
"_t?.ﬂ-l 0 -

5

simply by transforming the two original equations into two linear

i:qu:ﬂium
erky=2=>b

xFp=)F+4a,

In other words, reducing a quadratic equation to its “normal form**
means finally reducing it to the simplest system of linear equations.

The same idea can be used for linding three numbers, a, b, ¢,
which satisfs the Pythagorean relation. Assume that one sgnin
started from a pair of linear equations

fH=x+y

h=x—y
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realizing that
=00+t H F=4xp

Assuming that r and y are integers, then a and b will be integers;
but ¢ = 2 }zy will be an integer only if | xy is an integer. This
condition is satisfied if we assume thal x and y are squares of
mtegers
r=pt 4=q
and thus we obtain the final resull that @, &, and ¢ form a Pyvtha-
garean triple if p and 4 are arbitrary integers (p == ¢) and if we
make

a=pt+q¢g* b=p—¢g* = 2pq.
This is indeed the formula which we needeod for our expianation
of the text dealing with Pythagorean numbers,

22. It is impossible to describe in the framework of these
lectures the details of the Babylonian theory of quadratic equa-
tions. Tt is not really necessary anvhow, since the whole material
is easily available in the editions gquoted in the bibliography to
this chapler. A few features of this Babylonian nlgebra, however,
deserve special emphasis because they are essential for the
eviluation of this whole svstem of early mathematics.

First of all, it is easy to show that geometrical coneepts play a
very secondary purt in Babylonian algebra, however extensively
a geometrical terminology may be used. It suffices to quote the
existence of examples in which areas and lengths are added, or
areas multiplied, thus excluding any geometrical interprelation
in the Euclidean fashion which seems so nuturnl to us, Indeed,
still more drastic examples can be quoted for the disregard of
reality. We hove many examples concerning wages to be paid for
labor secording lo a given quola per man and day. Again, problems
are seél up inveolving sums, dilferences, products of these numbers
and one does not hesilate to combine in this way the aumber of
men o the number of days. 11 is o lucky aceident if the onknown
munber of workmen, found by solving o quadralic equation, is
an integer. Obviously the algebraic relation is the only point of
interest, exactly as it is irrelevant for our algebra what the letters
may signily.

Another important observation concerns the form in which all
these algebraic problems aré presented. The texts fall into two
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major classes, One class formulates the problem and then
pnmrrda to the solution, step by step, using the speecial numbers
given at the beginning. The text often terminates with the words
“such is the procedure”. The second class contains collections
of problems only, sometimes more than 200 on o single tablot
of the size of a small printed page. These collections of problems
are usually carefully arranged, beginning with very simple cases
¢. ., guadratic equations in the normal form, and expanding
step by step to more complicated relations, but all eventually
reducible to the normal form. One standard form of such collee-
tions vonsists in keeping the condition ay = 10,0 fixed but
varving the second egquation to more and more elaborate poly-
nomials, ending up, ¢, g., with expressions like

Bae+2p) + G4 [HE+n—U+DE—)) ) (= +p°)
— ‘t-‘l"':l'ql}'

Investigaling such series, one finds thal they all have the same
pair @ = 30 y = 20 as solutions, This indicates that it was of
no concern to the teacher that the result must have been known
to the pupil., What he obviously had to learn was the method of
transforming such horrible expressions into simpler ones and to
arrive finslly at the correct solution, We have several tablets of
the first elass which solve one such example after another from
corresponding eollections of the second class.

From actually computed examples it becomes obyvious that it
was the genernl procedure, not the numerical result, which was
considered important. 1T accidentally a factor has the value 1
the multiplication by 1 will be explicitly perlormed, obviously
becuuse this step is necessary in the general ease. Similarly we
find regularly a genernl explanation of the procodure. Where
we would write @ + ¢ the text would say '3 and 3, the sum of
length and widih™, Indeed it is often possible o ransform these
examples dircetly into our symbolism simply by replacing the
ideograms which were used for “length”, "width", “add”,
“mulliply”* by our letters and symbols. The accompanying
numbers are hardly more than a convenient guide to [Dustrate
the underlying general process. Thus it is substantially incorrect
if one denies the use of a “general formula” 1o Babylonian
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algebra. The sequences of closdly related problems and the
general rules running parallel with the pumerical solution ferm
de Facto an instrument closely approuching a purely algebraic
aperation. Of course, the fact remains that the step to a consci-
ously algebraic molation was never made,

99. The extension of this **Babvlonian algebra™ is truly remark-
able. Though the quadralic equations form obviously the most
significant nucleus a great number of related problems were also
considered. Linear problems for several unknowns are conmon
in many forms, e. g, for “inheritance” problems where the shares
of several sons should be determined from linear condilions
which hold between these shares, Similar problems arise from
divisions of fields or from general conditions in the framework
of the above mentioned collections of algebraic examples.

On the other hand we know from these same colleetions
series of examples which are equivalent to special types of equa-
tions of fourth and sixth order. Usually these problems are
easily reducible to quadratic equations for &% or 2* but we have
also examples which lead lo more general relations of 5th and
ard order. In the latter case the tables for n® 4 n* seem to be useful
for the actual numerical solution of such problems, but our souree
material is oo fragmentary to give a consisten! deseription of
the procedure followed in cases which are no longer reducible to
quadratic equations.

There is finally mo doubt that problems were also investigated
which transcend, in the modern sense, the algebraic characler,
This is not only clear from problems which have to do with
compound interest but also from pumerical tables for the con-
secutive powers of given numbers. On the other hand we have
texts which concern the determination of the exponents of given
numbers. In other words one had actually experimented with
special ecases of logarithms without, however, reaching any
goneral use of this function. In the case of numerical tables the
lack of & general notation appears to be much more detrimental
than in the handling of purely slgebraic problems.

24, Compared with the algebraic and numerical component
in Babvlonian mathematics the role of “geometry™ is rathe
insignificant. This Is, in itself, not at all surprising. The central
problem in the early development of mathematics lies in the
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numerical determination of the solution which satisfies certain
conditions. Al this level there is no essential difference between
the division of a sum of money according to certain rules and the
division of a field of given size into, say, paris of equal area.
In all cases exterior comditions have 1o be observed, in one case
the conditions of the inheritance, in another case the rules for the
determination of an area, or the relations between measures or
the customs concerning wages. The mathematics of a problem is |
ils arithmetical solution; “geometry” is only one among many,
subjects of practical life to which the arithmetical procedures may
be applied.

This general attitude could be easily exemplified by long lists
of examples treated in the preserved texts. Most drastically,
however, speak special texts which were composed for the use
of the seribes who were dealing with mathematical problems and
had to know all the numerical parnmeters which were needed in
their computations. Such lists of Teoelfficients” were first identified
by Professor Goetze of Yale University in two tests of the Yale
Babylonian Collection. These lists contain in apparenily chaotic
arder numbers and explanatory remarks [or their use. One of
these lists beging with coefficients needed for “bricks™ of which
there existed muny types ol specific dimensions, then coefficients
for “walls', for “asphalt”, for a “triangle™, for a "'segment of a
girele”, for “copper’’, “silver’”, “gold”, and other metals, for a
“eargo boat™, for "barley™, ote. Then we lind coefficients for
“hricks”, for the “diagonal”, for “inheritance”, for “cul reed”
ete. Many details of these lists are still obscure to us and demon-
strate how fragmentary our knowledge of Babylonian mathematics
remains in spite of the many hundreds of examples in our texts.
But the point which interests us here at the moment beeomes very
clear, numely, that “geometry™ is no speeial mathematical disei-
pline but is treated on an equal level with any other form of
numericnl relation between practical objects.

These facts must be elearly kept in mind if we nevertheless
speak about geometrical knowledge in Babyloninn mathematies,
simply because these special facls were evenlually destined to
play o decisive role in mathematical development. 1t must also
be underlined that we have not the faintest idea about anvihing
amounting to a “proof” converning relations between geomeltrical
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magnitudes. Several tablets dealing with the division of areas
shaw figures of trapezoids or triangles but wilhout any attempt at
being metrically correct. The description of geometry as the
science of proving correct theorems from incorrect figures cer-
tainly fits Babylonian geometry so [ar s the fgures are concerned
and also with regard to the algebraic relations, But the real
“geometrie’’ part often escapes us. it is, for instance, not at all
certain whether the Iriangles and frapezoids are right-ungle
figures or not. If the texts mention the “length*” and “width" of
such a figure it is only from the context that we can determine
the exact meaning of these two terms. I the area of a triangle is
found by computing § @+ b it is plausible to assume that a and &
are perpendicular dimensions, but there exist similar eases where
only approximate formulae seem equally plausible,

There are nevertheless cases where no reasonable doubl ean
arise as 1o the correel Interpretation of geometrical relations,
The concept of similarity is utilized in numeraus examples. The ||
I’vthagorean theorem is equally well attested; the same holds
for its application to the determination of the height of a cireular
segment. On the other hand only a very ernde approximation
for the area of a circle is known so lar, corresponding to the use |
of & for . Several problems concerning vircular segments and|
similar figures are not vet fully understood and it seems to me |
qquite possible that belter approximations of 1 were known and
used in cases where the rough approximation would lead to
obviously wrong results.

As in the case of elementary areas similar relations were known
for volumes, Whaole sections of problem texts are concerned with
the digging of canals, with dams and similar works, revealing
to us exacl or approximate formulae [lor the corresponding
volumes. Bul we have no examples which deal with these objects
from 4 purely geometrical point of view.

95 a. After completion of the manuseript, new discoveries were
made which must be mentioned here because they contribule
very essentially to our knowledge of the mathematics of the Old-
Babylonian period. In 1936 a group of mathematical tablets
were excavated by French archaeologists at Susa, the capital of
ancient Elam, more than 200 miles east of Babylon. A preliminary
report was published in the Procesdings of the Amsterdam
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Academy by E. AL Bruins in 1950 and the following remarks
are based on this publication, though 1 restrict mysell to the

“most significant results only,

The main contribution lies in the direction of geometry. One
tablet computes the radius r of a circle which cireumseribes
an isosceles Irinngle of sides 50, 50, and B0 (resull r = 31;15).
Another tlablet gives the regular hexagon, and from this the
approximation |3 = 13456 can be deduced. The msin interest,
however, lies in o tablet which gives a new list of coefficients
similar to those mentioned above, p, 44, The new list contains,
among others, coefficients concerning the eguilateral triangle
{eonfirming the above approximation |3 = 1:45), the square
(2= 1;25), and the regular pentagon, hexagon, heptagon, und
the cirele, I 4, denotes the area, s, the side of o regular n-gomn,
then one ean explain the coefficients found in the list as follows:

Ay = 1340 - &
Ay = 2;37,30 -
Ay = 341 - 5.
If we, furthermore, call ¢y the cireumference of the regular
hexagon, ¢ the periphery of the circle, then we have
o = 357,36+ c.

Because ¢, = — ¢, the last coeflicient implies the approximation

| ee

e ET=131

thus confirming finally my expectation that the eomparison of the
circumference of the regular hexagon with the eircumseribed
civele must have lod 10 s betler approximation of 7 than 3,

The relations for A, Ay, sumd A, correspomd perfectly 1o the
treatment of the regular polvgon in Heran's Metrica XV 1o XX,
u work whose close relationship to pre-Greek mathematics has
beecome ohvious ever sinee the decipherment of the Babylonian
mathematical texts,

Also in many other respeets do the lablets from Susa supple-
ment and confirm what we knew from the contemporary Old-
Babvloninn sources In Mesapolamia proper. One example deals
withy the division of # trimpgle inte n similar triangle and o trapezoid
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such that the product of the partial sides and of the partial areas
are given values, the hivpotenuse of the smaller triangle being
known, This is a new variant of similar problems involving sums
of areas and lengths or the product of arens. One of the tablets
from Susa implies even a special problem of the Sth degree,
whereas until now we had only the sixth degree represented in
the Babylonian material. The new problem requires that one
find the sides = and g of a rectangle whose dingonal is d, such
that xy = 20,0 and x*-d = 14.48,53,20. This is equivalent o
a quadratic equation for x

' = afct = B*

g = 200 b= 14,48,53,20. The text proceeds 1o give the step-
by-step solution of this equation, resulting in a* = 11,51.6.40
and finally leading 1o = =40 y = 30.

25. However incomplete our present knowledge of Babylonian
mathematics may be, so much is established beyond any doubt:
we are dealing with a level of mathematieal development which
can in many aspects be compared with the mathematics, say,
of the early Renaissance. Yet one must not overestimate these
achievements, In spite of the numerical and algebraic skill and
in spite of the abstracl interest which is conspicuous in so many
examples, tho contents of Babylonian mathematics remained
profoundly elementary. In the utterly primitive framework of
Egyptian mathematics the discovery of the irrationality of |2
would be a strange miracle, But all the foundalions were laid
which could have given this result to a Babylonian mathematician,
exactly in the same arithmetical form in which it was obviously
discovered so much later by the Greeks. And even if it were only
dite to pur incomplete knowledge of the sources that we assume
that the Babylonians did not know that p* = 24 had no solution
in integer numbers p and g, even then the fact reming that the
consequences of this result were not realized. Tn other words
Babyloninn mathematics never transgressed the threshold of pre-
scientific thought. It is only in the lastthree centuries of Babylonian
history and in the ficld of mathematical astronomy that the
Babylonian mathematicians or astronomers reached parity with
their Greek conlempaoraries.
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The deseription of Babylonian mathematies given here Is for from
complele, even il messured by the frugmentary existing material, A
maore detalled deseription hiss been given in the suthor’s “Vorgriechische
Mathematik", Berlin, Springer 1934, Any seflous study must be hassd,
lowever, on the texts themsalves, in order Lo gel a proper estimate
of 1he sometimes flugnl bounduaries Detween estublished facts and
modern interpretation. The majority of the now availabie texts are
pullished in the following works:

0. Neugebouer, Mathematische Kellsehrllt-Texte, 3 vals, Berlin,
Springer, 193537 = Quellen und Studlen 2ur Geschichle der Mathe-
meatik, Abt. A, vol, 2. [Hencelorih quoteld MKT.|

O Neugebnuer—A, Sachs, Mathemaotival Cunclform Texts, Ameri-
ean Oriental Sweelety, New Haven, 1945 = Am. Orlental Series-vol. 29,
|Heneeforth quoted MCT.]

Both [hese works give pholographs, copies, transcriptions, trans-
lations, and commentaries. The muin parl of the material published
in the first-mentioned work was republished in transeription and with
translation by F. Thureau-Dangin, Textes muathémuatiques babylo-
rtlens, Lelden, Bril), 1938 = Ex Oriente Lux vol. 1.

The Dabyloniun mutecial concerning number theory |5 incorporated
In & hook by Oystein Ore, Number Theory and [Es History. MeGrow-
EIUE, 1948,

NOTES AND REFERENCES TO CHAPTER 11

ad 77, There exists o single frogment of a mathematical lext written
in Sumerlan (MKT 1 p. 234 L), Becavse Sumerian was still practiced
It the schonls of the Old-Babylonian period nothing can be conceluded
from such a text for the Sumerian origin of Mesopotamian mathomatics.
“The same holds for the exceedingly [requent use of Sumerinn words
amd phrases throughout all perinds,

That fathematics was taught in scribal schools can hardly be doubied,
AL what level such instruction started ond to what extent it was the
common kiowledge of acribes It s impossible Lo sav, There exjsts g
text, probably itsell written for use in seribal schools, In which the
trying life of a schoolboy in such a “Tublel House™ is dramatically
described. Gf. 8. 5. Kramer, Schooldays, a Sumerian I}];“Pngjﬁ.};]
Relating to the Education of & Seribe. J. Am. Oclenbal Soc. 69 (10410
p. 199-215.

wd 15, The structure ol the system of Lobles of multiplication wmi
reciprocals wos first described by the present muthor li o series of papers
entitled “Sexagesimalsystem und babylonisehe Bruchrechnung™ -1V
publisheil in Quellon und Stuhien zur Geschichte der Mitbiemat ik,
Abt. B, vols. 1 ond 2 (1030-1D32),
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The methods for the computation of reciprocals not contained in
the standard table were analyzed by A. Sachs. Babylonian Mathema-
tleal Texts I, Journal of Cunefform Studles 1 (1947) p. 210-240. The
transformation of sexagesimal fractions to unil fractions was discussed
by the same author in “Noles on Fractional Expressions in Old Baby-
lontan Mathemuatical Texts”, J. of Near Eastern Studies 5 (1946G)
p. 203-214,

That a scribe was sometimes not quite sure when o number was
regular or frregular s shown by a statement found in a text now in
the British Musenm (MET | p. 224,12 and p. 184}, to the effect Lhat
4.3 does not divide', This. 5 wrong becottse 4.3 = 31,21 and both
dand 1,21 are regular numbers whose reciprocals can be found in the
standard table. B

ad 19, Approximutions of |2 can be foumnd s [wllows. Obviousiv
| = 1:30 Is a first approximation, though larger than the correct value

becanse f-}:-}’: § =215, Consequently we obtain an approximation

which Is too small by dividing 2 by §. The resull I § = 1:20. The mean
vitllue of these two opposite approximations Is 1325 which ls one of the
two atlested values, We can repeat this process: 1:256% = 210,25 Is too
large. Thas 2 divided by 1:25 or 1;24,42.21, .- is too small. The mean
value of 1725 and 1;24,42.21 s 1:24,51,10 which is the second approxima-
tion found in our texts.

We have no proof that this was the way In which these values were
found but there Is alsa no way to disprove this possibility. CL also
below p. 53.

il 29, The historical interest of the ocourrence of Pythagorean num-
bors in an Old-Babylonian lext certainly justifles a detalled diseussion
of all possibillities of explaining the origin of these numbers. In the eriginal
publication the samo explanation was offered which s given here on
p 3T Inm 1649, however, E. M, Bruins suggested another possibllity
(Kon, Nederl. Akademic van Wetensch,, Proc, Sect. of Sciences, 52, 1944,
po G29-632) which has In some respects the advantoge of greater sime-
plicity, though T am not convineed that It represents Lhe sctusl historical
facls.

Broins' argument proceeds as follows, Let [, b, and o be Pythagorean
numbiers such hat

i1 d® = B b%,

Then B o= dE—b% = (L by (d—D).

Consider the special case { = 1. Then we have
1= (d+=0)id—b or d4+b=aT=5
where n denotes the reciprocal of o
Thus we have et
Ir — h = i
The Exaet Scirnoes (n Auliguity
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fenee d=4o4+n b= j0—%.
Consequiently we have found that
=1 h=10—% d=L(a+7%)
satisfv (1), or, more genernily, that
k = |
{2 =& b=50—N dz-j{h-e'!.-}

are @ solutlon of (1) if & and X form ooy pair of regular reciproeali:
This 5 Indeed a very simple appreach which permits the formation
of Pythagorean triples from any. table of reciprocals.

Bruios pow procesds to determine those reciprocals which lead 1o
the numbers & and o listed In the Plimplton text. We start with

A= 2y A = 025
and find for & = 2 from (2)
=2 b= A=A =150 if = A4+ X = 240,
This is indecd the first Pythagorean triple of the text, The next pair
#, A in w four-place tuble of reciprocals is

A= 2220320 R = 1251845
which leads to

t=2 b=2A—3= 10535 o =2A+A=2045325

which is o Pythagorean triple not conlained directly in the text. One
observes, however, that b and o ure both divisible by 5 and nol anly
by 5 bul also by 25 amid by 2.5, If we eliminale this greatest common
regulur factor of b and d by choosing & = I5 = 028,48 we oblain
the Pyihagorcan triple

1= (07,06 b= 5407 = 1125

anid this 15 the second Leiple of the Text.

In Lhils way one can continme, always eliminaiing the greatest common
regutne factor of b pnd o, The four-place table of reciprocals contains
S5 pairs A, A from A = 220 fo A = 148, Only 15 af these possihilitios
are utilzed In the text, Bruins tries 1o explain the omission by the
wssamption thal the talde wus complete under the conditlon Lhat

ahPhy <13 Yy =4

i a=2° 35 3 = (o, B, ¥). For three cusés this rule s vinluled,
naely,

d = 2164115 = (0,9.2)
Ao 2TLARA2 = (310,0)
A= L4021 = (0.8,0).
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He explains thelr omission by the siditional request that also the
reciprocal shiould not contain more than four places. Thus |l seems Lo
me that the relationship of the pumbers of the text to the four place
tuble of reciprocals- Is nol fedlly convincdngly established. The Hrsi
preserved coltimn of Lhe bext contains numbers which correspond to
Lhe valiues (a2 Using (2) we con also say that these numbers represent
|4 (A+ M)]* which is the value of d* for [ = | and b = b ix—aY

We can now compare Bruin's interpretation with ours. In the first
place he obtoins Pythagorenn triples diveetly from reciprocal numbers
whercas we assumed the knowledge of the complete solutlon of the
prablem fn the form

I=2py b= pt—g? d=pi4qt.

In this point Brain’s interpretation bas the advantage of supposing
only a more elenumntiary Insight inte the character of the problem,

In arder o oblain the numbers of Lhe text Bruins has secondly Lo
ussume the partidl wse of @ four place table of reciprocals between
A= 224 and A = 1,48 In ouwr inierpretation the numbers p amd g
are token from the standoard table of reciprocals to which Is added the
reciproeal of 2,5 which s the model example for a reciprocal nol con-
tained in the standard table, In this poin, it seems oo me, our inter-
pretation has the clear aldvamtage over Bruins's, His theory has the
further disadvantage thal he muost assome the elimination of common
regulur factors from & amd J and thereby loses Lhe simpliefty of the
Initial approsch which started with 1 = 1. Our interpretation leads
directly to all three numbers b, o, and § beeause we operate with the
general formuia from the very hegmmning.

Finully Hruins obtains the armumgement of the numbers of the text
ag an automatic consequence of the arrangement of the table ol recl-
procals wheress we had to assume that the problem vonsisted in deter-
mining Pythagorean sumbers sueh that d/f or 270 decreases approx-
imately linearly ®). Brofos®s mterpretation hos ogain the mlvaniage of
greaber simplicity bul he must refrain from giving @ motivation for the
extent of the numbers lsted wheress we could say ihat the problem
consisted in constructing rationnl slopes lor ungles betwern 45" and 30°.

Sommarizing, it seems to me that Bruing's hypotheshs hos the
advontage of assiming & less advanved Inltis) approsch while our
Interpretation Is closer to the known procedures in the execution of the

1y Birulns setually wesuimed thot e lest column sepresents [§ (d < A —1
becnuge he doubled the correctiess of our restoration of an initlal 1 o all lnes
The vriglunl Lext, however, us well a3 the photograpli of the nol vel cleaned text
ipublished here an 18 7 a), show that onre restorations are cortaln, ‘We were avers
inullous to brocket all ones. ln my it dopy | hod rewd otes In lines 11 and 14
without any knowledge of the meaning of thess ntmbers

T This Us siot e plice Lo dkscuss Lhe trankkation of the il eolumn proposed
by van der Meer and Hroins p. 631 and note 1. 1 may saffice to sy that (U b
sulijee] to grave philologienl objectbms which would make it untenable even I
it were eorrect Vhat po initiol ane bod to be restored In all nembers

b
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problem. Neither method lesds 1o the explanalion of an error which is
found in lne 2 of coluwmn [T where we find for d the value 3,12,1 instead
of 1,20,25. 1L seems to me that this error should be explicable as the
direct consequence of the formation of the numbers of the text. This
should be the final test for any hypothesis advanced to expluin the
underlying theory.

It may iinally be remarked that the construction of Pythagorean
triples by means of two numbers p and g from

§=2pq b= pt—¢* d = p*s gt

was well known in Hellenistic times. Diophuntus, whose relationship
to the oriental tradition Is obvious, uses it frequently (e.g. VI, 1) The
same holds for the Indinn mathematicians, ¢ g.. Mahavira (about 850
A.D.} or Bhascars (about 1150); cf. Mahavira, ed. Nangacarva p. 200
and Lilavati VI, 135 and 145, Colehrooke,

ad 22, Examples for nonhomogeneous Lerms:

MET p. ¥4: additlon of arens and volumes.

MIT L p. 243; MKT 1L p, 63: addition of lengths and arcus.
MET LI p. 64: addition of length and volume,

MKT 1 p.5613: additlon of number of days and of men,
Thureau-Dangin, TMB p. 200 f.: addition of sheep and rama

For a careful classification of quadratic equations <ee  Solomon
Gandz, The Ordgin and Development of the Quadratlc Equations in
Babyvlonlan, Greek, and Early Arabic Algebra, Osiris 3 (1037) p. 405-557.

tel 23, For cuble equations see MIKT [ p. 208 1, and vol. IIT p. 55
Fourth order; MKT T p. 4205 p. 456 and 115 p. 62; po 471 @22 p. 498,
Fifth order: MKT | p. 411, Sixth order: MKT 1 p, 460,

Tables for o MKT 1 p 77 M. For logarithms ¢f. MKT 1 p. 362,
MCT p. 35. The tables for o" were found at Kish, east of Babylon,
and at Tell Harmal near Baghdad.

An interesting table of speelal square roots is contiained In the following
text (MKT TIT p. 52

| e A s — siy
1.2,1 e 1,1 b —sly
1.2.3.2.1 e 111 b — sig

1,2.35.4.3,.2,1 e 1.1, Ity —8ig

A following “‘catch line®" points o 2 succeeding table for the cubie roots
of 1, LS ete. The knowledge of the binomial coefflclents lies, of
course, fully within the reach of Babvlonian algebra,

aed 24, 1t is of Interest to remark thal notl only were similar triangles
frequently used in the solution of problems which have geometrical
background, but that the arithmetical concept “ratio” hod a speciul
term. MET 1 p. 46011 we hove series of examples where the “ratin®
iy 15 1o be computed from gquadeatie equatlons, That the mallt of two
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numbers is treated as an entity is indeed @ very lmportant step in the
development of algebra,
The arés A of a cirele is uwsunlly delermined from its circumference

¢ In the form -
A=05-¢c*

where 0:5 = {12 is an approximation of I{r_r' For many examples cf,
MCT p, 44 or p. 9,

Problems concernlng clrcular segments are pubilished MOT 56, MIKT
[ p. 188 Cf also MKT T p. 177, p. 230: MCT 134 . All these problems
canse trouble—which §s a eertain indication that we have not vetl found
the proper key to this part of Babylonlan geometry, A vory interesting
varly texi concerning ornamental palterns of circles and squares was
published by J, G Gadd (ef. MKT @ op 137 L) Unfortunately no
soluthons are given.

For the Inacourncy of figures ef, MCT p. 46 and p. 54. For the approx-
fiate determination ol volumes see MIKT 1 p. 165, p. 176; lor aress
MCT p. 46.

For a clear case of o figure which must be exacily a right trisngle
in order to make the following similurity relations correet, of. the tublet
published by Sayvyid Taha Bagir, Sumer 6 (1950) p. 3854,

ad 2da. The paper relerred to in the text was precoded by a pre-
liminary note in the August 1950 dssue of the Freneh popalar journal
“Alomes, Tous les sspects scientiflques 'un nouvel age®, (p. 2701.),
This article also gives a photograph of o triangle wilh Its cireumscribod
vlrcle,

The wvialoe |.’:I' 2 1345 can be obtained immediately by the process

described above poAD In the case of 2. Starting with the obvious

estimate p3 = 1:40, one obiains as the next value T-?ﬁi = 2:and hence

2 130 = 145, The samme approximation Is found in. Heron,
Metrica XXV (who uses 1344 also). Metrica XX 1 contains |2 % 1:25,

The yalue m= 31 does pol seem Lo be altested in the presveved
literature of antiguity. As its Arst appeamanee, Troplke (Geschichte ol
Elementarmathematik IV(%) p, 279 quoles a pussige from Direr in
1525, In Babylonian material this value wos hesitutingly mentioned as
o possibllity in MCT p. 58 note 152k This conjeclurd i now fully
conllrmed.



CHAPTER 111

The Sources; Their Decipherment and Evaluation.

26. There are many forces which cooperate in the destruction
of source material, none more powerful than continuous peaceful
life. The lack of interest in the far remote past will invariably
change and eventually destroy whal remains from: earlier gener-
alions. Without violent eatastrophies there would hardly be any
archeology. I Mesopotamian cities hal not been turned into
desert hills we would have no chance of finding the hundreds
of thousands of documents from which Babylonian history is
wrilten.

It would be pointless 1o deseribe in any detail the unending
seguenee of disaster which provided us with the material for our
studies. We shall devote our discussion exclusively to the modern
attempts atl reviving the past and penetrating into the intellectual
life of previous generations.

“wllowing the general plan of these lectures 1 shall oot try to
deseribe familiar aspects of historical research at great length.
[ will emphasize, however, some specific methodological facis
which are directly related b our main lopie, e investigation of
ancient science.

27, Best kmown of all, of course, is Greek science. The greal
¢lassics are carefully edited and many of them are even available
in excellent translativns. For the historion Of seieoce this is very
plensant indeed, but far from suflicient. Nobody would expect a
historian of English litevature to remain satisfied with an edition
of Shakespeare or Chaucer. Also the history of a science can only
Lie wrilten if more is availabic than the “classies™. The predeces-
sors, the pupils, the related authors are shll exeeedingly diffieull
tin reach.

Let me mention only one very typical example. Plolemy’s



The Sources; Thelr Decipherment and Evaluation 55

“Almagest” was edited in Greek by Heiberg in 1888-1803, An
excellent eritieal and annotaled lranslation into German by
Manitius was published in 1912-1913. Bul the planned glossary
was never printed, making it exceedingly difficult to check
Ptolemy's terminology with other sources, a foct which left very
visible traces even in lhe best modern Greek dictionaries, nol o
mention the fact that the history of astronomical terminology in
general is practically a terra incognita. Modern editions have
plaved havoe with abbrevialions, symbols, drawings, etc. in the
original manuseripts, One has W do practically all the work over
again if one should tey to investigate the development of symbaols
like the zodiacal signs or the planetary sigla. 1t is only recently
that A. Rome and A. Delatte, both Belgian scholars, have begun
to publish editions where the figures and their lettering are taken
as part of the text. No other edition known o me can be trusted
in the least with respect to appearance, lettering or even existence
of figures. The question, for instance, how the ancients depicted
geometrical relations on a sphere cannot be seriously discussed
on the basis of the existing printed lexts,

Ptolemy’s other works are slowly being published. One volume
appeared in 1907, containing, among others, important writings
on the theory of sun dials and on stereographic projection which
is the basis of the Famous astrolabe, one of the most fumportant
instruments of medivval astronomy. The “Tetrabiblos™, the
"Bible af astrology’’, was published twice during World War 1L
One edition, by E. Boer, appeared in Germany, Greek lext only;
the other, by F. E. Robibins, Greek with English translation, in
the Loeb Classical Library. Thus once the experiment was un-
willinglv made of testing the unigueness of the modern text-
erifical methods, It is ampsing to zee that the dilferences begin
with the title and continue in varving degeee in the division of
chapters and sections. Of course in essence the results are the
same, bul for details it is wise o consull both editions.

An enormous liternture has clustered around Prolemy’s "Geo-
graphy™, one of the most influentisl books of antiquily. Never-
theless, no reliable edition exists. The task s indesd of greal
difficulty. The constant use of this work has greatly alfeeted its
tradition and it is a major enlerprise 1o restore e arigingl version
of a texst which to g large extent consists of geographical names
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and numbers uncheckable by internal evidence which is lor-

tunately available in the case of astronomical lables.

| Ta summarize, we may say that even Ptolemy’s work is only
in part available, disregarding completely lost works, fragments
of which may or may nol appear on papyri or in some obscure
vriental library.

Early Greek astronomy [rom its beginnings about 200 B.C. to
Plolemy (about 150 A.D.) is almost completely destroved, excepl
for a few very elementary works which survived for teaching

! purposes. But the rest was obliterated by Ptolemy's outstanding
work, which relegaled his predecessors to merely historically
interesting figures.

As to Plolemy’s successors we should be in a much better
position. Pappus's and Theon’s commentaries, written in the
#Hh eentury, were widely used amd have in part survived. They
are now in the process of publication by A. Rome, We are still
very badly off so far as the tables are concerned, though at least
u preliminary publication by Halma exists, more than 100 years
old and bristling with misprints and errors. Bul almost nothing
has heen dope with Byzanline or European medieval tables, Thus
all work on mathematical astronomy of the Middle Ages is most
seriousiy handicapped by the fuct that almoest oo lables are
aecessible, though lumidreds of them ean be found listed in
library eatalogs. 1 have no doubt that this fact gravely distoris
our picture of this period. The famous Alfonsine tables, 1o
mention only one example, are not available in a modern edition.
One of the most infuential works 18 thus excluded from the
discussion of Medieval astronomy,

a5, There is one group of sourees which will become of in-
¢reasing importance when systematically wlilized: the astrological
writings. During the last 50 vears a “catalogue™ in 12 volumes
of Greek astrological writings has been almost completed. The
text is Greek, the notes are Latin, the indices are restricted to
proper names and oocasionally to seleeted terminology. And the
content ean only be called repelling—hundreds and hundreds of
[rges of the deyest astrological nonsense. Nevertheless 1 think
that the scholars who hoave undedaken this publieation, foremost
of all Franz Cumont, have contributed enormonsly to the study
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of ancient civilization, far bevond the narrow limits of the history
of astrology. To quote only one work, 1 mention Cumont’s
“L'Fgypte des astrologues™ (1937). Here, stripped of all astrology,
the hackground of the daily life and of the eontemporary in-
stitutions of Hellenistic Egypt is depicted as it becomes visible
from the mishaps and fortunes predicted for the men and women
who consulled the astrologer, And another fact of greal historical
importance hecomes inereasingly clear from these rescarches,
namely, that the date of origin of this mighty astrological lore
must be fixed to the Plolemaie period in Egvpt and thus appears
as o truly Hellenistic creation.

We shall come baeck to this aspect of our problem in the last
chapter. At the moment we will only consider the astralogical
literature as a source of information for the history of astronomy.
Indeed, these tests contain innumerable sealtered fragments of
computations concerning the moon, the planets, positions of stars,
Iheir risings and settings. These computations are often almost
hopelessly distorted, Many centuries of tradition through hand-
written copies have badly affected numbers which were of Tittle
interest, if not unintelligible o the seribes, Nevertheless, we oblain
from Ihese passages many references to methods whieh belong
to the period between Hipparchus and Plolemy. One of the most
unexpected discoveries was made by W. Guadel. In an (-
French and a related Latin astrologival manuseript of the Renais-
sance he found imbedded the fragments of a star catalogue of
the time of Hipparchus, Slowly there emerges from seattered
scraps of information a whole system of astronomical miethods
which are very different from the classical " Plolemaic™ system
hut which are of primary importance for the study of the origin
and transmission of Hellenistic astronomy.

29, The majorily of manuseripts on which our knowledge of |
Greek science is based are Byzantine codices, wrillen between
500 and 1500 years after the lifetime of their authors. This
suffices for one to realize the importance of every scrap of
papyrus from a scientific or astrological trealise. Here we have
originals which were wrillen during the Hellenistic period itsell,
not vet subject to the selective editing of late centuries. It can
be said withoul anv exaggeration that the relatively voung field

\
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of papyrology has truly revolutionized elussical studies—even if
by natural inertin this has not alwavs become evident in the
standard ewrricula.

The fascinating story of the recovery of papyrus treasures from
the soil of Egypl has olten been toll and need not be repeated
here. A mensterly little book by one of the leading scholars in
the ficld, H. Idris Bell, "Egypt from Alexander the Great to the
Arab Conguest™ (Oxford, 1948), will not anly give the reader a
summary of papyrology, its history and methods, but is itself a
brilliant study of the diffusion and decay of Hellenism, the very
problem one facet of which is the subject of the present lectures.

Papyrology is one of the best organized and most pleasantly
managed fields of the humanities. An unusual spirit of cooperation
has survived two great wars. Great series of publications of texts
have appeared regularly and the intrinsic diffieulties of the Geld
and ils enormous spread into highly specialized disciplines,
especially law, agricullure, economics, ele. have created the
active cooperation of scholars of neighboring disciplines. Con-
sequently. generally usable editions were produced wilh frans-
lations, commentaries omd excellent Indices, glossaries and hand-
books—indeed a pleasant contrast W, say, the faet that the Arabic
version of Fuelid is published only in o Latin transtation (1847 -
1932) so as to make life miserable to a mathematieian who
would perhaps [or once want o look inle the Oriental tradition
of a eclassic in his field.

In spite of the very active and successful work of prpvrn-
logists their number is much too small to cope wilh the large
amoun! of material which has reachod museams and smaller
collections. Many hundreds of papyri and papyrus fragments are
rapidly disintegrating inlo dust after having been purchased ai
high prices from antiquity dealers. From my own very limited
experience I could quote several instances where papyri got lost
in smuller colleetions, which have neither facililivs nor compelent
personnel for the proper handling of these documents. Especially
well preserved texts are valuable for the anfiguities trade and
are therefore most exposed to rapid destruction. Again | might
mention one typical example, One ol the mmost Interesting astronom-
jeal papyri eventually reached in part the Carlsherg collection
of the University of Copenhagen. H. O. Lange and 1 published
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this text, which was written probably at the beginning of our era.
It contains a Demotic translation and commentary to a much
older hieratic text whose hieroglyphie replica is still preserved
in the Cenotaph of King Seti 1 (about 1300 B.C.). lis subject is
the deseription of the travel of the “decans™ over the body of
ihe sky goddess, who was depicted on the ceilings of tombs aml
temples as a representation of the yault of heavens wnder which
we live. Our papyrus was first seen in the possession of an anti-
quities dealer in Cairo. Al the time, the text still contained at the
bieginning the picture of the sky goddess with all the constellations
and their dates of rising and setting. When the text reached Copen-
hagen the picture was gone. No doubt it was sold lo some privale
collegtor and is probably lost forever. Thus a vital part for the
understanding of the text vanished almost at the same moment
its importance was recognized,

Newdless to say, such happenings are confradictory 1o existing
antiquities laws. Also needless to say, many texts disappear from
exeavations or are “found” by natives who have jong learned
that papyri can he sold profitably instead of burning them at
Weir camp fires or using them as fertilizer, Bab it remains o
rather depressing [act thal a large percentage of all these spails
is destined to end unread amd unpublished in climates less
favorable thun the soil of Egypl.

20. But all that we have mentioned so [ar in source material
is child’s play vomparéed with ancient M esopotamia, It is barely
a hundred years sinee cunciform writing onece more became
intelligible; and it was only shortly before the beginning of the
present century thal so fundamental a fact as Sumerian being
a language of its own though written with the same charncters
as its later Semilic successors, Akkalian, became generally
recognized. But while decipherment amdl Interpretation  pro-
gressed in slow steps, texts were found in tremendous numbers
from the very beginning. The liest eollection of reliefs and lablets
artived in Francee in 1846, having been excavated three years
hefore in the ruins of Khorsabad, near Mosul, by the French
consul Botta, In 1849/50 Lavard found in the ruing of Xineveh,
then called Kuvunjik. the first palace library: in 1853 followed
the diseovery of the Lilrary of Ashurbanipal by Hormuzd Ras-
samm. Some 20,000 tablets in the British Museum onow bear the
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inventory letter K (for Kuyunjik) or Rm. (for Rassam). Perhaps
about & quarter of these two collections is published loday.

This ratio between existing and published texts might seem
rather small. Actually il is unusually high and only due to the
fact that it is the result of a century of work on one of the most
famous discoveries in the Near East. In the meantime many
tens of thousands of tablets have found their wav into museums,
providing souree material which would require several centuries
for their publication even under the concentrated efforts of all
living Assyriologists.

dI. At this point it may be useful 1o fnsert a few general
remarks about excavations and publication of lexts because
little is known about these problems oulside the small cirele of
the initiated.

A modern exeavation is a highly complex enterprise. A stall
of architects, draflsmen, photographers, epigraphers, and phil-
ologists have lo assist the archeologist in his field work. But this
is only the first amd easier phase of an excavation. The pre-
servation of 1he ruin, the conservation of the ubjects found, and,
most of all, the publication of the results, remains the final task
for which the work in the lield is only the preliminary step.

Here a sad story indeed must be told. While the feld work
has been perfected o a very high standard during the last half
century, the secomd part. the publication, has been neglected
o such a degree that many excavations of Mesopotamian sites
resulted only in a seientifically exeeuted destruction of whal was
left still undestroyved aflter a few thousand vears, The reasons
for this fact are trivial, The time required for the publication of
resulls is s multiple of the requirements for the field work, The
availuble monvy is usually spent when a fraction of the original
planned excavation has been completed, benefactirs are hard
to find to pay lor many years of work without tangible or spee-
tacular resulls, and the scholars gel intevested in special aspects
of the problem mvolved or go out for new material instead of
performing the tedious work of publishing 1he thousands of
details which the aceidents of excavation have provided. The
final result is nol much different from the one obtained by the
ireasure-hunting altitude of the carliest excovators, ,

Many an excavation, if not all, had 1o be stopped hefore eom-
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pletion or had to restrict itsell from the very beginning to a few
trenches erossing the ruin in the hope of gelting a general insight
into the character of the stratification. Then one or another
promising building was investigated in greater detail. What
resulted is a ruin left with deep sears, an easy prey for the natives
to extract all exposed bricks, to tunnel for more without loo many
difficulties, and to have access lo deeper lavers and thus lo con-
tinue the “excavation™ in their own fashion and for their own
benefit. In this way the nalives must have found thousands of
tablets which were then sold at high prices by antiguities dealers
to the very same museums which spent the initisl money for
the removal of many tons of sand and debris.

Let me illustrate the effect upon the special studies under
discussion here. Until now 1 know of nol a single astronomical
or mathematical text whose provenance was established by
excavation. The only apparenl exceptions are a number of
multiplication tables from Nippur or Sippar but nobody knows
where these texts were found in the ruins, Consequently it is,
¢. g.. completely impossible to find oul whether these texts came
from a temple, a palace, a private house, ete, Not even the
stratum is known lo give us a more accurale date of the texts.
In other words, if those texts, which were officially “exeavated™,
would have been found by Arabs, we would be no worse off
than we are now. But while the Arabs in their “clandestine™
exploits dig only relatively small loles, seientifie exeavalion has
destroved bevond any hope all traces of the locality where the
texts have been found. Thus we are left with the texts alone and
must delermine their origin from internal evidence, which is
often very difficult to interpret

A long story could be told about the “methods™ to obtain the
needed information. Tests which for more than 50 years were
lying in the basement of a great museam could be relatively
dated from the newspaper in which they were wrapped. That
gave a plausible date for the “expedition” which found the texis
and hence the place from which they were excavated.

A whole class of texts was identilied as follows. A German
expedition before 1914 had worked in the city of Urak, a most
important site because it conlains structures which reach from
the carliest periods down lo Seleucid times. There the Germans
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must have found the debris of an archive of which, however, all
the good tablels had been removed by the Arabs, These tablets finally
found their way info the collections of Berlin, Paris, and Chicago,
forming one of the most important groups of texts for the study
of Selencid astronomy. The Arabs were not interested in small
fragments. These were left at the site and were then ecarefully
sifted and photographed by the expedition. By courtesy of the
Berlin Museum, | obtained prints of these photographs (ef. PL 6b)
showing the fragments neatly arranged on a desk of the expedition.
The records aboul Lhe place where they were Tound were lost
in the meantime. The fragments themselves had also been Jost,
Hy means of very extensive computation | succesded, however,
in establishing the relutionship of these splinters o bigger pieces
from the above-mentioned museums, Thus it beeame possible o
restore whole tablets, the parts of which are now on different sides
of the Atlantie, Finally, the small Tragments  themselves were
rediseovered in Istanhul, But the main question of their aceurate
provenance remains ununswerable.

32, The Mesopoliwminn soil has presecved tabiléts Tor thousands
of vears. This will nol be the case in our climate. Many tablets
are enerusted with salts (e PL %a left and photogeaph which
shows inerostations along the erack: the right-hand photograph
gives the same tablet ufter cleaning), A change in moishure pro-
duces ervstals which break the surfnee of the tablels, thus rapidly
ubliterating e writing. 1 have seen “lablets’ which consisted
of dust only, carefully Kept in showreases. To prevent this, tablets
must be slowly baked ab high temperature amd therealler soaked
lo remove salts. But only great museums possess the necessary
equipment and experienced staffs, nol o mention the facl that
these methoids oF conservation were oflen kept as museum seerels,
Many thousands of tablets have been acquired al high cost hy
big and small collections only to be destroved withou! ever being
read or recorded in any wav.

The publication of tablets is o dilficult task in itsell, First of
all, one must lod the texts which coneern the specifie Geld in
question, This is by no means trivial. Omly mimute fraclions of
the holdings of collections are eatalogued. And several of the
Few existing rudimentary eatulogues are earvefully secluded from
any outside use, | would be surprised if a tenth of all tablets in
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musenms have ever been identified in any kind of catalogue,
The task of escavating the source malerinl in museums is of
much greater urgency than the aceumulation of new uncounted
thousands of lexis on top of the never investigated previous
thousands. 1 have no official records of expenditures for es-
cavations at my disposal, bmt fignres mentioned in the press
show thal a preliminary excavation in one season costs about as
much as the salary of an Assyriologist for 12 or 15 vears, And
the result of every such dig is frequently many more tablets
than ean be handled by one scholar in 15 vears.

There exists no simple method of publication. Photographs
alone are in the majority of cases not sufficient, even if their
cost were not prohibitive. Tablets are often inseribed not only on
both sides but also on the edges. Only multiple photographs
tnken with variable directions of lght would suffice. Thus cos{
and actual need have resulled in the practice of hand ecopies.
Many different styles of copying were developed by individual
scholars, varving between an almoest schematic reproduction of
the signs o a minute reproduction of details. The reader may get
an impression of this situation from Pls. 8 and § which show
an ephemeris for Saturn (Seleneid period) and an Old Babylonian
malhematical text in hand copies and photographs.

The ideal melhod of publication would be, of course, direct
copying from the text. In practice this is often excluded by the
seattering of directly related material all over the world. Even
with greal experience o lext cannol be correetly copied without
an understinding of Bs contents, Practically no text Talls sl Hhe
first attempl. Thus repeated collation, joining with other rag-
ments, and comparison with other texts are needed. It requires
years of work before o small group of o few hundred tablets is
adequately published. And no publiestion is “final”. Invariably
a fresh mind will find the solution of a puzele which escaped the
editor, however obvious it might seem afterwards,

3. The process of decipherment follows no fixed rules. Every
special class of texts requires the slow construction of o lechnical
dictionary, The resulls of reading difficult signs and words must
be recorded in card files which allow repeated checking of and
comparison with previously obtained results. Only continued ex-
perienee leads to a more rapid understanding of o certain type
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of texts, Though It is impossible o deseribe this process ad-
equately the special situation which prevails in a specific class
of mathematical texts might illustrate the great advantages which
one has in reading mathematical texts of this type,

The lext from which I shall discuss a few lines is reproduced
in PL 8o and PL 9u. AL first sight it seems impossible to make
any sense out of its numbers, which show no relations which
could be explained as the result of conseculive pperations. Hence
one has to abandon the idea of reading the text as a unit, This
is confirmed by the short note al the left lower corner of the
reverse. This “colophon’ reads: 48 im-5u dub-13-kam-ma. The
second part means “13th tablet” and characterizes the text as
a part of a series of at least 13 related lablets, The first part
must refer fo the contents. Sometimes the number of lines is
indicated ; for this 48 is too small a number. But one can easily
cheek that the total of small boxes of Iwo or three lines of text
separated from one another by horizontal lines amounts to about
40 or 5). This is confirmed by similar texts where the number of
im-3u exactly agrees with the number of sections, Thus we know
already that ench section has to be treated ndividually, Obviously
the shortness of these sections suggests that we are dealing with
problems only, not with their solutions worked aut in detail. This
explains the lack of obvious connection between numbers.

Now we are peady lo transcribe a few lines of the text, simply
following the general Assyriological rules for the transcription
and interpretation of signs. We ignore all difficulties of individual
readings but we indicate by [ | a destroyed section. Then we
obitain for the lines from 12 to 17 in the left eolumn of the reverse

12 gar-gar ud dlah 5
13 a-rd 2 e-tab

14  ms dab-ma 1

153 =ag dnh—um 35

6 a-rd 2 e-tab
IF tal-ma 50

Severol terms can bhe translated directly: gar and dab are wornds
known to indicate addition; a-ri is known from the multiplication
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tables, corresponding to our “tmes”. The same word oceurs,
¢ g, in each line of the multiplieation table of P, 4a. The words
us and sag are known to mean length and width respectively.
Because no numbers are directly associated with them, we
transcribie them by x and y. The particle -ma represenis some-
thing like “and thus™; we represent il simply by an equal sign.
The phrase e-tab seems to suggest another addition because tab
is the counterpart to lal “minus™ which we know already from
the number sign 20 lal 1 = 19, In order not to complicate our
discussion unnecessarily we shall anticipate the result that here
the whole phrase a-rd 2 e-tab must mean “multiply by 2° withoul
any reference to addition. This is indeed in line with the original
meaning of the sign “lab™ which consists of two parallel wedges,
thus indicating “duplication’. We finally remark that we invert
for the sake of convenience the order of “z'" and “add" and write
4+ instead of £+, Then we obtain the following “‘translation™.

................

12 + + 2= 15
13 -2

14 +r =1

15 +y—35

16 -2

13 + { }=au_

We are now facing a new difficulty. At the beginning we tried
to read the text as a unil and found that we had to break it
up into single problems. Now we have the single problems bul
they are obviously too short to make sense. Line 15, ¢. g., requires
that y is added 1o something and then gives the sum 35. And
exactly the same difficulty arises in the other examples. Thus
we are compelled to introduce an upknown quantity f, which
might depend on x and g, to which all the other quantities are
added. Thus we interpret line 15 as

[+ uy = 35
It is plausible to assume for the next examiple the interpretation

2+ (y) = 50
The Fanct Selenees in Antlquity 5
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because otherwise we would have two new unknowns instead of
f and y whereas our interpretation makes the second example
the direct continuation of its predecessor. Bul under this assump-
tion we can determine from these two equations the values of f
and g, and find f= 15 y = 20. We ean put this result to an
immediate test, Line 12 seems to indicate

[+3l= 3
2f+mx =1

Obviously the second relation is impossible for positive numbers
because 2 f4- x cannot be 1 if f+ x already is at least 5. But
here the place value notation comes to our rescue. Instead of
"1" we ean read 1,0 = 60. Thus we have 2 f+ x = 80 and
using = 15 we oblain x = 30. Substituting this into the first
equation we oblain f+ r = 45 in excellent agreement wilh the
traces in line 12, Thns we have reached s o first conseiuence
of our hypothetical interpretation that = = 30 y = 20 f = 15

Again we are able to test this result, Line 12 is the tail end of
a bigger section of 6 lines. Following essentially the same method
of decipherment we can translate two sentences as follows

(240 — (2 + )
and
L(55 — o).

Il we here substitule > = 30 and y = 20 we find that the first
expression has the value 10, the second 5, The par-gar 4" in
line 12 connects the two. preceding expressions. Thus we find g
total 10 4+ 5 which is indeed the value 15 of £, Hence we have
not only confirmed our results but have also determined [ us o
function of x and y.

F= (240 —(x + ) + } (35 — o)

In other words we ean now summarize all four problems as follows -

[+ =z = 45
2f+x =140

f[+y =35
2[+g = 50
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where f stands for the above-mentioned expression. Obviously
these equations do not suffice, if one takes them singly, to determine
a and y. On the other hand they cannol be used simultaneously
becanse there are too many. Thus one has to look for additional
information higher up in the text. Applying exaclly the same
procedure to preceding sections, one finds a simple scheme. There
oxist several largér sections which define similar functions g, h.
ele., always followed by varigtions of the above form g + ux,
2g + x, ete. Al the very beginning, however, we find one more
condition which turns out to mean

xy = 10,0

This condition is common to the whole lext as one relation
between a and y. All subsequent sections contain individual linear
relations between these unknowns, thus leading to quadratic
equations for & and gy We know already that x = 30 y=120
are the common solutions. Thus our decipherment is eompleted.

What 1 have deseribed here is, of course, a simplified story
of what actually happened when texts of this type became known,
but the essential steps were precisely the same. In this way it
was possible to establish many technical terms. The results can
be tested in other elasses of texts which contain the details of
the working out of given problems. And it is elear that the deter-
mination of the meaning of a text is generally the ecasier the
more complicated the mathematical context is heeause this leaves
fewer possibilities for the interpretation of the procedure. A con-
text which contains only a few numbers combined by addition
ar subtraction is of almost no help in the determination of teér-
minology. The advanced algebraic level of Babylonian mathe-
matics was of the greatest help in its being decoded.

NOTES TO CHAPTER 111

Extensive bibfiographical references for the edition of Greck mat hie-
matieal and sstronomical works sre given in B C. Archibuld, Outline
of the History of Mathematics, 6th edition, published as o supplement
to the Ameriean Mathematical Monthly 56 No. 1 (1Y), In general this
work is one of the most nseful guldes Lo the Hiterature in our fleld,

ad #4. The history of the 2adiseal aod planetary svinbols ls virtuslly
unicown. To my knowlelge no study has been made which was Dasid

:‘,‘i

K
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op the evidence [from manuseripls or eplgruplic representation. No
sytibols gppear in the Greek papyri. 1t is o widespread but wrong
belief that the Egyptian hiecoplvph (3 lor (e sun was used In anclent
astronomical texts 1o denote the sun. The standard symbol in the |
Middle Ages is o, bul mever @ (for aoms. of the t1th cent. see, o gl
Catal, Codl, Astr. Gr. 2, plate). The same holds, to my knowledge, for |
the papyri (cf. P. Warren 21 from the early third century A, D. and
Archiv I Papyrusforschung 1, 1901, p, 501, a papyros of the second
century A D, furthermore Karl Prelsendanz, Die gricchischen Zanber-
papyri, Loipzig 1928-1931, vol, IL index p. 213). Ordinarily, howover,
the numes of sun, meon, and planets are written oul In full,

ad 27, That there is still much left to be done even with the greal
¢lossics might be illustrated by the fact that Books V Lo VI of Apal-
lomius’s Conic Sections were never edited because they are only preserved
in Arable, The only existing (Latin} tromslation was made by Edmund
Halley In 1710,

Haskins suys (Studies in the History of Medieval Science p. 17) that
75 medleval munoseripts and 13 early editlons are Known of Lhe “Allon-
sine Tables''.

aid 25, The **Catalogos Codicum Astrologorum Graecorum" {Bruxelles,
Lamertin, 15808-1040) iz not a “eatalogue™ In the strict sense, The first
part of each volume gives o description of the astrologleal manuscripts,
The lurger second pard conlatns editlons of significant sections of [hese
texts, The volumes ave arranged aceording to countries. At present the
British and Scandinavian codices are still missing. Oriental librarios
huve not been utllized; any amount of source material might be expecteld
from the Neéar Ensl

For an important eriticism ol some results In Cumonts book ses
L. Hobert, Etudes épigraphiques et phifologiques, Bihlinthéque de 1'denly
dis haites dtodes 272 (1958) p. 7211,

Gundel's discoveries were published in “Neue astrologische Texle des
Hermes Trismegistos', Abh. 0 Bayerisdhien Akad. . Wissenschaften,
Philos-histor. Abl, N,F, 12 (1036). The results concerning the old star
calalogue are discussed on po 121134 and presented in the st of
. 1481000 Gundel determined the dute of the catalogue by cotmpiring
the given longitudes with the longitudes ol the star culelogue in 1he
Almugest und sssuming a change of 1° per century., aceepting Plolemy’s
vorstant of precession. Though Gundel's man resulr, namely. Lthal g
large number of the positions indieate the time of Hippurchus, cannal
be doubled, one can ralse objoctlons agalnst detalls of the ilisrussion,
With a single exception (No. 83y, ull longitudes In Gundel's list ure
Integer degrees (No. 63 gives 200) and are thys sbviously rountded-off
values. Plolemy's cotalogue, however, gives Iongitudes Lo an accurney
of 10°. Thos vne cunmot compare these two sels of values without
allowance for the rounding-off errors. Two possibilities must be eopn-
shilered; either rounding off to the neseest Mleger or simple cancollation
ol Iractions. Experience with very large numbers of mounded-off vaiues
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in Babylonian and Greek astronomy suggests, conlrary bo owr hablt,
preference for the second method. Consequently T compared the lon-
gitudes of ‘all stars of Gundel's list with the longitudes which they had
at 130 B.C. according to the catalogue of Peters ond Knobel (Ptolemy's
Catalogue of Stars, Coarnegie Institution of Washington, Publication
No. 86, 1913; p. 74 L) A comparison is possible for 58 wvalues from
Gandel’s st and the corresponding values for 130 B.C. disregarding
fractions, howeyer elose to one, For anly one star does the longitude ap-
pear Lo be 12 less than expected for 130 B.C; and for one other star [Lis
2% greater Lhun expected. For 30 stars or 60 por ¢ent one ohtains exactly
the same numbers while 18 stars or 30.5 per cent have longitudes 1°
grealer than found for 130 B.C. In other words 6.5 per cent of the
stars of Gundél’s list have longitudes correct for the thme from 130 B.C.
to 60 B.C. Thus they were token either from Hipparchis's catalogue
itself or from the cutalogue of an astronomer of the next generations.!)
Gundel's hypothesis, however, of a star catalogue which preceded
Hipparchus and which pave the positions n ecliptie coordinutes s
tisproved.

The deeply rooted conviction that the Greeks were inclined towards
phillosephical speculation only, but neglected observations and experi-
ments made it an easily accepted theory to consider Plolemy's star
catalogue as g trivial modification of Hipparchus's catalogue, simply
sssuming that Plolemy adiled 240° to Hipparchus's longitudes, in
spite of his explicit statement of indgpendent observations. In the
meantime, Ball has shown (Bibliotheea Mathematlea ser, 3 val, 2. 1901,
p. 185-195) thal Hipparchus's calulogue covervd only aboul 8350 shurs
as compared with more than 1000 of Piolemy's. Finally, Vogt deman-
slrated (Astron, Nachr. 224, 1025, cols: 17-54) that for G0 stars of Hip-
parchus’s calalogue, only 5 may have been utilized by Plolemy whereas
the majority undoubtedly show independent observations.

Gunddel, who overfooked Vogt's paper, still operated under the
assumption of o purely schematic relalion between the two catalogues,
Of Hipparchuss weltlngs, only his Commentary to Amtos Is preservid
(ediled by Manltlus, Leipzlg 1804, with o Germuan translatlon), This
work s undoubledly an early work: o Hipparchus, writton bofors U
discovery ol procession. This follows from the facl thal the positions
ol stars are vever given in ecliptie coordinates (longitude and intitude)
but in n mixed ecliptic-declination system (cf. Figo30 p. 176), 1L was
obviopsty the discovery of precession that later led Hipparchus to

T 1 sospect that for three consecutive stors of Gundel's lst (Now, 45 to 47
the vpmplete values are preserved in “Hermes, D XV stellls” pubilahed by Lo
Delptte, Textes Intins et vieux frangais retutify aux Cyranides (Bibl, Fac. Philos,
el Lettres Tfndy Libge O3, 19423, There une fHods for the sl Chree stars e
following coondinoles ‘Q 1527 Y 2520 w' (Text Y, out of orderl) ;25 cor-
reapaniling to Guodel's I3, Y 27, WO, (Delalte p, 240, 249, 250 respectively.)
The list “De XV staellis” shares with Gundel’s text the preference for the first
Ball of the zodlie; § of the ddars of Delatle belong Lo this semicieele = com-
pared with ] in Gomlel.
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introduce real ecliptic coordinatés beéeause longitudes Increéase propor
tionally witl thme whersas Jatiades remain unchanged.

aid 29, FLO. Lange~0. Neugebauer, Papyrus Carlsberg 1. Ein
hicrutisch-demotischer kosmologischer Text: Kgl Danske Vidensk. Sel-
skab, Hist.-filol.Skrifter 1, No, 2 [1040).

ad 31, Budge, The Rise und Progress of Assyrinlogy, Londan 1925,
writes (p. 136 [.3: “As soun as the dealers and officials in Baghdad knew
that Hassam was out of the country they began to make excavallons
on heir own aecount, They vmploved the workmon who had been
emploved by Rassam . ., The British Museum bought several collecilons,
and sus there was keen compelition in Paris and America prices began
to soar. and in a short time ... tablets ... Tor which the finders were
paid five plastres each in Baghdad, were fetching £4 in London™. This
concerns: the period from 1882 to 1837,

Added In prools: The first reliable information about dale and lo-
ention of mathematical problem lexts of the Old Babylonian perlod
wis given by Taha Bagir in Swmer 7 (1951) p. 281, According to the
fleld records of the recent exeavallons in Tell Harmal Lhese Lexts come
from a privale house.

ad 33. A more extensive deseription of the method of deeipherment
of algebraic problem lexts is given in my paper “"Der Verhdltnishegrifl
in der bubylonischen Mathematik', Analectn Orlentalla 12 (1835)
p. 235-257.



CHAPTER IV

Egyptian Mathematics and Aslronomy.

24. Of all the civilizations of antiquity, the Egyptian seems
to me lo have been the most pleasant. The excellent prolection
which desert and sea provide for the Nile valley prevented the
excessive development of the spirit of heroism which must often
have made life in Greece hell on earth. There is probably no
other country in the ancient world where cultivated life eould be
maintained through so many centuries in peace and security. Of
course nol even Egypt was spared from severe outside and interior
struggles; but, by and large, peace in Mesopotamia or Greece
must have been as exceptional a stale as war in Egypt.

It is not surprising that the static character of Egyptian culture
has often been emphasized. Actually there was as littie innate
conservalism in Egypl as in any other human society. A serious
student of Egyplian language, art, religion, administration, ete.
can eclearly distinguish continuous change in all aspects of life
from he early dvnastic periods until the time when Egypt lost
its independence and eventually beeame submerged in the
hellenistic world.

The validity of this statement should not be contested by refer
ence to Whe fact that mathematics and astronomy played a
uniformly insignificant role in sl periods of Egyptian history.
Otherwise ane should deny the development of arl and architeclure
during the Middle Ages on the basis of the invariably low level
of the sciences in Western Europe. One must simply realize that
mathematics and astronomy had practically no effect on the
realities of life in the ancient eivilizations. The mathematical
requirements for even the most developed economic stroclures
of anliquity can be satisfied with elementary household arithmetic
which no mathematician would eall mathematies. On the other
hand the requirements for the applicability of mathematics to
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problems of engineering ore such thal ancient mathematics fell
far short of any praclical application. Astronomy on the other
hand had a much deeper effect on the philosophical attitude of the
ancients in so far as it influenced their picture of the world in
which we live. Bul one should not forget that to a lurge extent
the development of aneient astronomy was relegated to the status
of an auxilisry tool when the theorelical aspeets of astronomical
lore were eventually dominated by their astrological interpreta-
tion, The only pructical applications of theoretical astronomy
may be found in the theory of sun dials and of mathematieal
geography. There is no trace of any use of spherical astronomy
for a theory of navigation. It is only since the Renaissance that
the practical aspects of mathematical discoveries and the theor-
etical consequences of astronomical theory have beeome a vital
component in human life.

45, The facl thal Egyplisn mathematics did not contribute.
posilively to the development of mathematical knowledge does |
not imply that it is of no interest to thte historian. On the contrary,
the fact that Egyptian mathematics has preserved a relatively
primitive level makes il possible to investigate a stage of develop-
ment which is no longer available in so simple a form, except
in the Egyplinn documents.

To some extent Egyptian mathematics has had some, though
rather negative, influence on lter periods, lts arithmetic was
widely based on the use of unit fractions, a practice which probubly
influenced the Hellenistic and Roman sdministeative offices anid
thus spread further into other regions of the Roman empire,
though similar methods were probably developed more or less
independently in other rogions, The handling of unit fractions was
certainly taught wherever mathematies was included in » eurri-
eulum. The influence of this practice is visible even in works of the
stature of the Almagest, where final resulls sre often expressed
with unil fructions in spite of the fact that the computations
themselves were carried out with sexagesimal fractions. Sometimes
the aceuraey of the resalls is saerifiesd in favor of o nicer appear-
ance in the form of unit fractions. And this old tradition doubtless
contributed mvel to restricting the sexagesimnl place value
notation o a strictly scientific use,

‘36, There are two major results which we ablain from the study
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of Egyptian mathematics. The first consists in the establishment
of the fact that the whole procedure of Egyplinn mathematics is
essentially additive. The second resull concerns 4 tleeper insight
into the development of computation with fractions. We shall
discuss both points separately,

Whal we mean by the “additivity” of Egyplian mathemalics
can easily be explained. For ordinary additions and subtractions
nothing needs to be said. It simply consists in the proper collec-
tion and counting of the marks for units, tens, hundreds, ete.,
of which Egyplian number signs are composed. Bul also multipli-
cation and division are reduced to the sume process by breaking
up any higher multiple into a sum of consceutive duplications.
And each duplication is nothing but the addition of a number to
itself, Thus. a multiplication by 16 is carried out by means of
four consecutive duplications, where only the last partial result -
is utilized. A multiplication by 18 would add the resulls for 2
and for 16 as shown in the following example

1 25

[ 2 50
4 100

8 200

. 4 40
total 450

In general, multiplication is performed by breaking up one faclor
into a series of duplications. It certainly never entered the minds
of the Egyptians to ask whether this process will always work.
Fortumately it does; and it is amusing to see that modern com-
puting machines have made use of this prineiple o exactly the
same end, namely, to reduce mulliplication to a simple process
of eounting. Division is, of course, also reducible to the same
mothod because one merely asks for a Inctor which is needed
for one given nomber in order to pbtain the second given number,
The division of 18 by & would simply mean to double 3 until
the total 18 can be reached

1 J
2 i}
4 12

total 18,
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and the resull is 2 + 4 = 8, Of course, this process might not
always work so simply and fractions must be introduced. To
divide 186 by 3 one would begin again with

[ | 3
2 (i}
[ 4 12

and thus find 1 + 4 = 5 as slightly below the requested solution.
What s still missing is obviously 16 — 15 = 1, and to this end
the Egyplian computer would stale

(1 ]

4
/3 1
which means that § of 8is 2, § of % is 1 and thus he would
find 5 3 as the solution of his problem.

Here we have already entered the second problem, operations
willy fractions. As we have said in Chapter 1, Egyptian fractions
are always “unil fractions™, with the sole exceplion of § which
wit always include under this name in order to avoid elumsiness
of expression'). The majority of these numbers are written by
means of the ordinary number signs below the hieroglyph —
""" meaning something like “parl”, Weo write therefore 5 for the
expression “5th part™ = {. For § we write § wherens the
Egyptian form would be ™2 parts” meaning "2 parts out of 3%,
i e, §. There exist speeial signs for | and | which we could
properly represent by writing “hall” and “quarter” bul for the
sake of simplicity we use 2 and 1 05 for all other wnit fractions.

We shall not go jnto the detajls of (he Egyptian procedures for
Bandling these fractions. But a few of the main featuares must
be deseribed in order to characterize this peculiar level of arith-
metie. I, e g G and 15 should be added, one would simply
leave 3 15 as the result and never replace it by any symbaol like
i. Again J forms an exception because the equivalence of 2 &
and 3 is often utilized,

Every multiplication and division which involves fractions
leads to the problem of how to double unit fractions. Here we

'y We ilisregurd heve another “eomplementary fractlon” (that in, n fraction
of the form 1 —a) which is written with @ special sign, namely 1+ because it plags
i role in the Egyptian adthmetlenl procedures knows (o s,

a
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find that twice 2, 3, 6, 8. elc. ure always directly replaced by
1,3, 3,1, respectively. For twice 3 one has the special symbol 3.
For the doubling of 5, 7, 9, - -« however, special rules are follow-
ed which are explicitly summaurized in one of our main sources,
the mathematical Papyrus Rhind. One can represent these rules
in the form of a table which gives for every odil integer n the
expression for twice 7.

This table has often been reproduced and we may restriet
ourselves o o few lines at the beginning:

n twice n

3 2 6

3 3 15

7 FRRT

9 618
ele.

The yuestion arises why just these rules were chosen among the
infinitely many possibilities of representing 2/n as the sum of
unit fractions.

I think the key to the solution of this problem lies in the
separation of all unit fractions into two classes, "natural” frac-
tions and “algorithmic” fractions, combined with the previously
deseribed technique of consecutive doubling and its counter-
part, consistent halving. As “nalural’” fractions | consider the
small group of fractional parts which are singled oul by special
signs or speeial expressions from the very beginning, like 3, 3, 2
anid 1. These parts are individeal units which are considered
basic concepts on an equal level with the integers. They ocour
everywhere in daily life, in counting and measuring. The remain-
ing fractions, however, are the unavoidable consequence of
numerieal operations, of an “algorism”, but less deeply rooted in
the elementary coneept of numerical entities. Nevertheless there
are “algorithmic" fractions which ensily present Lhemselves,
namely, those parts which originate from consistent halving. This
process is the simple analogue to comsistent duplication upon
whielt all operations with integers are built. Thus we obtain two
series of fractions, bolh directly derived from the “natural™
fractions by consccutive halving. One sequence is 3.3.6,12, ete.,
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the other 2, 4, §, 16 etc. The importance of these two series is
apparent evervwhere in Egyvptinn arithmetic, A drastic exnmple
has already been quoted above on p. 74 where we found that
& of 3 was found by stating first that § of 3 is 2 and only as a
second step 3 of 3 is 1. This arrangement J—= 3 Is standard even
if it seems perfectly absurd to us. It emphasizes the completeness
of the firsl sequence and ils origin from the “natural’” fraction 7,

H one now wishes to express twice a unit fraction, say 3, as
a combination of other fractional parts, then it seems natural
again o have recourse to these two main sequences of fractions.
Thus one tries to represent twice 5 as the sum of & natural fraction
of 3 and seme other fraction which must be found in one way or
unother. At this early slage, some trials were doubtless made
until the proper solution was found. 1 think one may reconstruct
the essential steps as follows. We aperate with the natural frac-
tion 3, after other experiments (e, g., with' 2) have failed. Two
times 5 may thus be represented us 3 of 5 or 15 plus & remainder
which must complete the factor 2 and which is 1 5. The fruestion
of finding 1 T of 5 now arises. This is done in Egyptian mathe-
maties. by counting the thirds by writing their number in red
ink below the higher units, in our ease

1 F (wrilten in black)
3 2 (written in red),

This means that 1 eontains 31hirds and 3 two, Thus the remumining
factor contains 2 total of 5 thirds, This is the amount of which
5 has to be taken. But 5 fifths are one complete unit and this
unit was a third of the original higher unit. Thus we oblain for
the second part simply 3 and twice 5 is represented as 3 13, This
is exactly what we find in the table,

For the modern reader it is more eonvenient to repeatl these
clumsy eonclusions with modern symbols though we must re-
member that this form of expression is totally unhistorical. In

-

p 11
order o represen! | oin the lorm ol + = we those 1 2 a
m ox m

natural fraction of 1, in this cuse 1-] = 1z- For the remaining
fraction we have

l=(1+2)_1:5_lct
x 3/5 3°5 3
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Thus we have the representation

2 1 i
5 16 3
of the table. In general we have
3 11 &1
e .
n dn 3in

and the second term on the righl-hand side will be a unil fraction
when and only when n is a multiple of 5. In other words a trial
with the natural fraction | will work only if n is a multiple of 5.
This is indeed conlirmed in all cases available in the table of the

Papyrus Rhind which covers all expressions [or % [rom n= 3
to n = 101,
We may operate similarly with the natural fraction 5. Then
we have
2 1

n 2

b3 | S
= -

+

==

which shows that we obtain a unit fraction on the right-hand
side if n is divisible by 3. For n= 3 we obtain

36 2
and this is the relation 3 = 2 § which we quoted at the beginning.
All other ¢ases in the lable for n's which are multiples of 2 show

the same decomposition operating with 21" ag one Lerm,

Itis clear that one can proceed in the same manner by operating
with 3, §, ete. or with 6, 12, ete. In this way, more and more
cases of the table ean be reached and it seems to me there is
little doubt that we have found in essence the procedure which
has led to these rules for the replacement of 2 i by sums of unit
fractions.

J7. For our present purposes it is not necessary to discuss in
detail all steps in the structure of Egvplian fraclional arithmetic, [
hope, however, to have made clear the two leading principles, the
strict additivity and the extensive use of the "natural fractions’.
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A few historical remarks must be added. The Papyrus Rhind |
is not our only document for the study of Egvptian arithmetic.
The other large text, the Moscow papyrus, agrees with rules
known from the Papyrus Rhind, We live, however, an ostracon
from the early part of the New Kingdom where the duplication
of 7 is given os 6 13 21 instead of 1 28 of the standard rulu-
Much more material is available from Demotic and Greek papyri
of the Hellenistio period. Here ugain, deviations from the earlier
rules can be observed, though the main principle remains the
same, In other words we cannol assume that once and forever
a system of fractional tables was computed and then rigidly
maintained. Obviously several equivalent forms were slowly
developed bul without ever seriously transgressing the original
methods. This latter fael Is of great historical importance. The
handling of fractions always remained a special art in Egyptian
arithmetic. Though expericnce teaches one very soon to operate
quite rapidly within this framework, one will readily agree that
the methods exelude any extensive astronomical computations
comparable o the enormous numerical work which one finds
incorporated in Greek and late Babylonian astronomy. No wonder
that Egyplian astronomy played no role whatsoever in the devel-
opment of this liell.

J8. It would be quite out of proportion lo describe Egyptian
geomelry here at length, It suffices to say that we find in Egypt
aboul the same elementary level we observed in contemporary
Mesopotamin, The areas of triangles, trapezoids, rectangles, ete.
are computed, and for the cirele a rule is used which we can

transeribe as A = L:: n‘) il d denoles the digmeter, Correspond-

ing formulae for the ¢lementary volumes were known, including
a correcl numerical eomputation for the volume of 2 truncated
pyramid. This, as well a3 the relatively aceurate value 3,16 for
resulting from the above formuly, give Egyplian geometry a lead
over the corresponding arithmetical achiovements. It has even
been cluimed that the area of a hemisphere was correctly
found in an cxample of the Moscow papyrus, bul the lest admits
alse of a much more primitive interpretation which is preferable. |
A vivid deseription of the main topics of Egyplisn mathemalics
is given in a papyrus of the New Kingdom, written lor school
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purposes. It is & satirical letter in which an official ridicules a2
colleugue. The section on mathematies runs as follows?®): " Another
topic. Behold, you come and fill me with vour office. 1 will cause
you to know how matters stand with you, when yvou say 'l am
the scribe who issues eommands to the army’.

"You are given a lake to dig. You come to me to inquire con-
cerning the rations for the soldiers, and vou say “reckon il oul’.
You are deserting your office, and the task of teaching vou to
perform it falls on my shoulders.

"Come, that [ may tell you more than you have said: | cause
vou to be abashed (7) when I disclose to you a command of
vour lord, yon, who are his Royal Seribe, when vou are led
beneath the window (of the palace, where the King issues orders)
in tespect of any goodly (7) work, when the mountains are
disgorging great monuments for Horus (the king), the lord of the
Two Lands (Upper and Lower Egypt). For see, you are the clever
seribe who is at the head of the troops. A (building-) ramp is to
be construeted, 730 cubils long, 55 cubits wide, containing 120
eompartments, and filled with reeds and beams; 60 cubits high
at its summil; 30 cubits in the middle, with a balter of twice 15
cabits and its pavement 5 cubifs®). The quantity of bricks needed
for it is asked of the generals, and the seribes are all asked lo-
gether, withoul one of them koowing anything, They all pul
their trust in you and say, “You ure the clever seribe, my friend!
Decide for us quickly! Behold your name is famous; lel none
be found in this place to mugnify the other thirty®)! Do not let
it be said of vou that there are things which even you do nol
know. Answer us how many bricks are needed for it?

“See, its measurements (?) are before yvou. Each one of ils
compartiments is 30 cubits and is 7 cubits broad.”

On the whole, one can repenl here what we have already said \
for Babvlonian geometry. Problems concerning areas or volumes
do not constituleé an independent field of mathemalical researeh
but are only one of many applications of numerical methods 1o
practical problems, There is no essential difference between the
determination of the acreage of a field in specinl measures. and

Yi From Ermon, Egyptian Elterature, p. 223 4

T These explunations ure dug Lo L. Borchordl. Cf for o fAgurs Quoellon und
Studien zur Geschichte der Mathematik; sec, B, vol, 1, po 42,

3 Perbaps the frequently mentioned "College of the Thirty™,
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the distribution of beer to temple personnel according to different
ratings. This is a stale of affaies which holds to a large extent
even in the Hellenistic period and far bevond it In Arabie
mathematies the “inheritanee” problems play an important role,
while similar examples are found already in Old-Babylonian
texts, The geometrical writings of Heron, whether suthenlic or
merely ascribed 1o him, contain whole chaplers on units, weights,
measurements, ete. Of course, sinee the Hellenistic period, even
the writings of Heron and related documents show the influence
of deientific Greek geomelry. But, by and large, one has lo
distinguish two widely separale types of “Greek” mathematics.
One is represented by the strictly logical approach of Eueclid,
Archimedes, Apollonius, ete.; the other group is only a part of
general Hellenistic mathematics, the roots of which lie in the
Babylonian and Egyptinn procedures. The writings of Heron and
Diophantus and works known only from fragments or from
pupyrus documents form part of this oriental tradition which
can be followed into the Middle Ages both in the Arabic and in
the western world, “Geometry” in the modern sense of (his word
owes very little to the modest amount of basic geometrical know- |
ledge which was needed to satisfy practical ends. Mathematical |
geometry gol one of its most important stimuli from the discovery
of irrational numbers in the 4th or 5th eentury B, C. and remained |
rather stagnant from e second century B.C. onwards, except!
for those additions of spherical geometry and descripitive geometry k

whicli were introduced by their astronomical imporiance. On
the other hand, geometrical theory had a negative effect on the
algebraie and numerical methods which were part of the Oriental
background of Hellenistic science. A real insight into the mutual
relations between all these elds was not reached before modern
times.

19, The role of Egyptian mathematics is probably best described
as o retarding force upon numerical procedures. Egvplian astron- |
omy had much less influence on the outside world for the very
simple reason that it remaioed theough all its history on an ex-
ceedingly erude level which had practically no relutions to the
rapidly growing mathematical astronomy of the Hellenistic age- |
Only in one point does the Egvptinn tradition show a very
benelicial influence, that is, in the use of the Egvplian calendar
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by the Hellenistic astronomers. This calendar is; indeed, the only

intelligent ecalendar which ever existed in human history. It

consists of 12 months of 30 days each and 5 addilional days al
the end of each vear. Though this calendar originated on purely
practical grounds, with no relation to astronomical problems, its
value for astronomieal ealeulations was fully recognized by the
Hellenistic astronomers. Indeed a fixed time scale without any
intercalations whatsoever was exactly what was needed for
astronomical caleulations. The strietly lunar calendar of the
Babylonians, with its dependence on all the complicated varia-
tions of the lunar motion, as well as the chaotic Greek calendars,
depending not only on the moon but also on local politics for its
intercalations, were obviously far inferior to the invariable
Egyptian calendar. It is a serious problem to determine the number
of days between two given Babylonian or Greek new year's days,
say 50 vears aparl. In Egypt this interval is simply 50 times
a65. No wonder that the Egyptian calendar became the standard
astronomical system of reference which was kept alive through
the Middle Ages and was still used by Copernicus.

A second Egyptinn contribution to astronomy is the twelve-
division of daytime and of night, still used in our present system.
It is #n open question, however. when and o what extent these
hours were made of equal length. The ordinary rule was certainly
the use of “seasonal’” hours whose length is the 12th part of the
time from sunrise to sunsel and from sunset to sunrise respoclivelyv.
The theory of the relationship of these scasonal hours, whose
length depends on the time of the vear nnil on the geagraphieal
latitude, to the equinoctial hours forms an important chapter in
anvient astronomy. The seasonal hours disappeared anly with
e invention of mechanical clocks in modern limes.

Finally we have 1o mention a concept which has left no fraces
in the modern warld though it played an enormous role in the
history of astrology, alchemy, in “stone-books™, ele. 1t is the only
astronomical concept of real Egyptian origin, namely, the concepl
of the “decans”. The decans are constellations whose risings fall
10 days apart—hence the name—and which are also usable to
indicate time during the nighl. In Hellenistic times, these decans
were brought into fixed relation lo the Babylonian zodiac such
thal each zidiacal “'sign’ of 30° length was divided into three

The Exact Sclinces in Anthpuity @
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“decans™ of 107 each. In the same period fell the rupid develop-
ment of astrology in Egypt and thus the decans oblained astrolog-
icul significance, their Egvptian deities forming a welcome addi-
tion to the other rulers of destiny. For mathematical astronomy,
however, the decans are withoul fmportance.

40. Here is not the place to altempt a description of the history
of the Egyptian ealendar. Its basically non-astronomical charseter
is underlined by the facl that the vear is divided into three seasons
of four months each, of purely agricultural significance. The only
apparent astronomical concepl is the helineal rising of Sirius
which, however, obtained its importance only by its closeness
to the rising of the Nile, the main event in the life of Egvpl. There
existed, finally, a lunar calendar which regulated festivals in
relation to the phases of the moon. As a matter of fact, as R, A.
Parker has observed, there are different variants of lunar ealendars
to be distinguished, one of which was also eventually schematized
and brought into a fixed relation lo the schematic civil calendar
with its twelve 30-lny months and 5 epagomenal days.

[n the enormous wealth of written documents from aneient

Egvpl. not a single reference to an eclipse has been discovered

thus far. Similarly there is not a single Egyptian observation
quoted in the Almagest though Plolemy gives most exlensive
discussions of earlier observational materinl on which his theary
is based.

The first astronomical lexts known to us come from coffin lids

of the Middle Kingdom. In all probability, however, these lids |

are poor replicas of ceilings in roval tombs or temples which
were imitated in the modest eoffinsg of minor people. These
eoffin lids represent the sky with the decanal constellations
inseribed on them, arranged in their ten-duy intervals throughout
the year, forming 36 columns with 12 lines each for the 12 hours
of the night. The name of a specific decan moves from column 1o
¢nlumn, cach Ume one line higher. Thus there originated o
diagonal pattern which is the motivation for the name “diagonal
calendars™ for these texts. At the end. there remains a riangular
field which is refated to the epagomenal days Leyvond the 360
days covered by the 36 decans,

This whole secheme is much too erude to lend itself to aceurate
astronomical computation, It is therefore not surprising that with
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the exception of Sirius and its neighbors, the decans have thus
far defied identification with known constellations. Both an
ccliptical and an equalorial belt have been claimed for the
decans without real success, It seems to me that perhaps a still
wider margin of possibilities must be admitted because it might
very well be that the decans did not form any closed ring on the
heavens. For o “decan’, there might have been chosen any
constellation which rose heliacally during a given interval of
10 days. In other words, the decans might be what the Greeks
later called * Paranatellonta’, that is; stars which rise simultane-
ously with a given arc or point of the ecliptic. In favor of this
assumplion speaks the fact that it is much easier to select charac-
teristic bright stars in this way than to try to define constellations
in short contiguous seclions of one great circle.

The coffins with the “dingonal calendars”™ belong roughly tn\
the period from 2100 B.C. 1o 1800 B.C. From the New Kingdon, |
more elaborate monuments are preserved. One is the ceiling of the
unfinished tomb of Senmut, the Vezir of Queen Hatshepsul;
another is the eeiling of the eenotaph of King Seti 1, about 1300
B.C. The tamb of Senmut conlains lists of the decans, the represen-
tation of the deities of the hours, ete. and piclures of constellations
of the northern hemisphere. On PL 10 part of this section is
shown as copied by the expedition of the Metropolitan Museum
in New York. The Hippopotamus and the Crocodiles ele. appear
often again on similar pictures. Of special interest in the present
drawing is the fact that it shows two stages of work. Below the
sharply outlined drawings are visible faint lines which were
drawn in blue on the eeiling. The man whose one arm is near o
erocodile was missing on the original draft, The erocodile was
nol drawn in o skew position but horizontally. The traces are still
visible at the feet and legs of the standing man. The lion, which
is now one register higher up, was lying parallel to the crocodile.
The hase line is still visible erossing the front shoulder of the skew
crocodile. The head of the lion was at the man's shoulder, the
lion's front paws are to the right of the man’s belt. The previous
inscription oceupied the place of the final lion. These details are
of interest because they demonstrate drastically that artistic
principles determined the arrangement of astronomical ceiling
decorations. Thus it is a hopeless task to try to lind, on the sky,

&
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groups of slars whose arrangement might have been the same
as the depicted constellalions seem 1o require. Astronomical
accuraey was nowhere seriously attempted in these documents,

The ceiling in the subterranean cenotaph (i. e., empty tomh)
of Seti I in Abvdos is an elaborate deseription of lthe travel
of the sun and of the stars during the vear. | have already men-
tioned a Demotic papyvrus (p. 59) which a millenium and a
hall later comments on this picture and its eryvptic cosmological
inseriptions, From this text one sees how schematic was the whole
presentation of the motion of the decans, and how much invthology
determined its form. A similar text in the tomb of Ramses IV shows
once more the importance of these scenes for the roval tombs,

In the tombs of Romses VI, VI and [X a new tvpe of astronom-
ical text appears, Here we find depicted observations which were
made to determine the hours of the night throughout the vear.
For the lirst and for the 16ih day of each month we see pictured
a sitting man (PL11) and above (or, better, behind) him o
coordinate net with stars. The aceompanying inscription men-
tions, for the beginning of the night and for each of the 12 hours
of the night, 4 star and where it will be seen “over the loll ear™,
“over the right var’, "over the left shoulder”, or the “right
shoulder™, ele.

The horizontal lines in the coordinate network represent the
hours, the vertical lines the positions. The stars are onlered as
nuwmed in the text—at least In prineiple, excepl for the innumerable
ervors which e crallsmen committed. Obviously we are dealing
here with a much more refined method of ime measurement than
in the coffing of the Middle Kingdom. Nevertheless these lexts
were mechunically copied over much longer periods than they
couldl possibly rover correctly, Much effort has been spent to
identify these new lists of stars, often without the realization that
the contents of the texts in a purely philofogical rexpect have not
been salely estalilishied, beeause the available eopiss were mnde
in the early doys of Egyptology and often without consideration
for variants in other copies and related tests. Only a new edition
of this whole material can provide the necossary basis for such
studies,

1. With the Polemaic period, Egvplian astronomy rhnnges[
in aspect. A totally new element, the Greco-Babylonian zodiac,
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appears on the monuments. The ceilings of the Hellenistic
temples erected and restored by Plolemaie kings and Roman |
emperors, truly represent the chaotic mixture of astro-mythology
and astrology of the Hellenistic period.

Beginning with the second century B.C., also astronomical
{or, more accurately, calendaric) and astrological papyri appear,
wrilten in Greek or in Demotic or both. The earliest Demotic and
Greek horoscopes were written close to the beginning of our era,
Also proper “astronomical’” texts written sometimes in Demotic,
somelimes in Greek, have been found. We have planetary texls
from the time of Augustus to Hadrian. In these, the dates when
planet enters a zodiacal sign are recorded. These texts are based
on compulations, nol on observations, as is evident from the fact
that entrances into a zodiacal sign are also noted when the planet
is in conjunction with the sun, thus being invisible,

Another text of the Roman period, written in Demotic, un-
doubledly represents an older Egvptian method, probably unin-
fluenced by Hellenism. We have mentioned before that lunar
calendars played a role since early times side by side with the
schematic eivil calendar of the 365.day vear. An inscription of
the Middle Kingdom mentions “greal” and “small” years, and
we know mow that the “great” years were ¢ivil vears which
contained 13 new-moon festivals in contrast to the ordinary
“small” years with only 12 new moons. The way these inter-
calations were regulated, atl least in the latest period. is shown
by the Demotic text

This Demotic texl contains a simple periodic scheme which
is based on the fact that 25 Egyptan civil vears (which contain
9125 days) are very nearly equal to 309 mean lunar months,
These 309 months are grouped by our text into 16 ordinary years
of 12 lunar months, and 9 “greal” vears of 13 months. Ordinarily,
two conseculive lunar months are given 59 days by our scheme,
obviously because of the fact that one lunar month is eclose lo
204 days long. Bul every 5th year the two last months are made
60 davs long. This gives for the whole 25-year cycle the correct
total of 9125 davs,

In this way one had an exceedingly handy scheme of deter-
mining by means of a simple rule the dates of all lunar festivals
in such a way that no grave error could develop for many cen-
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turies, though the single new moon or full moon eould deviate
by + 2 days or perhaps even more. Yet the Egyplians were
obviously satisficd with their scheme in the same way as the
Jewish und Christian calendar of the Middle Ages confidently

celied on a periodic scheme which showed equally serious |

deviations from the facts,

In summary, from the almosl three millenin of Egyptian writing,
the only texts which have come down to us and deal with a
numerical prediclion of astronomical phenomena belong to the
Hellenistie or Roman period. None of the earlier astronomiecal
documents eontains mathematical elements; they are eruwde ob-
servational schemes, parlly religious, partly practical in purpose.
Ancient science was the produoct of a very few men; and these
few happened nol lo be Egyplians,
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exceplion to the ruies of the Papyrus Rhind for the duplication of unit
fractions. Willlnm C. Haves, Ostraco and Name Stones from the Tomb
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of Sen-Mul (No. 71} al Thebes, The Metropolitan Muosewm of Art,
Egyptian Expedition [Publications No, 15] New York 1942, published
at ostracon (No. 163) which contains the following compulation?)

S {black)
3 (red)

2 8 ™ A (black)
3% 13 1 (red)

+ 2 T {black)
10T 12 (red)

where the numbers below the main lines are written in red. Obviously
we are dealing here with a multiplication of 7. The standard procedurs
would be

1 v
2 IW
4 T4

Thus we see thal the ostracon vses a different (and more compllcated)
expression for twice 5. The analysis of this decomposition Is useful
for the understanding of the method which we have deseribed in the
text. The standord decomposition would operate with the natural
fraction 4 and determine the froction which remalns for 2 — T of T,
The result is 4.

In the cnse of the estrocon we find “aoxiliory numbers"™ written in
red below the fractions. Under 21 we find 1. This means that 31 is
introduced 45 8 new unit; consequently we find 3 below 7. This shows
us that we are deallng, nol with the natural fraction 3 of the sequence
2.0, -« -, but with 3 which belongs by the sequence 3, 3, 8, -+ Henee
we abtain now ZI &5 one term and st And Vhe remalnder which is
oblained by multiplying 7 by 2 —3 = 1 3. We know already that
4 = 2 0. Thus we have to multiply 7 by 1 2 6. Here again auxiliory
numbers must be introduced, counting B ss 1, which will lead to

{186
33
A

If we take here the first and fost term we have 7 new unile. Thos we
see that 1 8 of ¥ is B, There remain 2 of T which is T8, Thus we hive
found for the remainder & T3 and for the whole of twice T the form

i T4 3.

Vi The raatoration of 'the ariginal probilem givim by Haves seems L0 g very
donbiful, In the first line pre can rend safely only 379 2 27 and | see 00 resson
for restoriog enbit, palm{?)" ul the beginming. The four froctions olsvioualy form
twao pairs but | do pot understnnd . their relotion to the aubisuent vpernllons.
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The above computation shows how important it is to begin with the
proper natural fraction. The use of 4 leads to & two-term expression,
whereas the use of 3 forced us into a three-term decomposition, 1 am
sure that the Egyptinns never saw behind the underlying reason of
divisibility but simply operated by trial and error. The reader might
find 1he above explunution exceedingly clumsy and hypothetieal. Only
a systematic study of many available exaniples can give the necessary
experience so that one becomes really familiar wilh this type of arith-
metical rules. A useful [lustration, however, is a group of problems
from the mathematical Papyrus Riind which 1 have analyzed in detail
in myv “Vorlssungen™, p. 1391 Fortunately, these exumples also deal
with 7 and Its subfractions; and in the majority of cases all the auxiliary
numbers which help to “multiply” fractions are preserved.

ad 39, For Egyptian time reckoning see K. Sethe, Dle Zeltrechnung
der alten Aegypter im Verhitltnis zu der der andern Volker. Nachr. d. k.
Gesellschaft . Wissenseh. zu Gittingen, Phil-hist. KL 1910 and 1920,
Also L. Borehardl, Die altagyptische Zeitmessung, Berlin, De Gruyter,
1920, The Egyptian lunar calendars ure diseussed by R, A.Parker,
The Calendars of Ancient Egypt, University of Chicago Press, 1050,

For the decans see W. Gundel, Dekane und Dekansternbilder.
Studien d. Bibllothek Warburg 10 (1936).

A very puzzling text from a Hamesside papyrus (concérning lucky
and unlucky days) was published by J. Cerny, Annales du Service des
Antiquités de 'Egypte 43 (1043) p. 179 [ There we find & scheme for
the length of daylight and night from montl te month, varying linearly
between o minimum of 6 hours and a maximum of 18 hours. This not
only contradicts the ordinary Egyptian sysiem of dividing daylght
and night in 12 hours each, of variatile length according to the seasons,
but it also seems io exclude an explanation by means of Yequinoetial®
hours becanse in Lower Egypl the mtio of the longest to the shortest
daylight is 7 to 5 and not 3 to 1. Another scheme for the vardation of
duvlight s discussed by J.J. Clére, Un lexte gstronomigque de Tanis,
Kémi 1) (1049) p. 3-27.

ad 40, For the origin of the Egyplian calendar cf. 0. Neugebauer,
Die Bedentungslosigkeit der ‘Sothis-periode’ for die alteste agyptische
Chronologie, Acta Orientalin 17 (1938) und_The Origin of the Egyptian
Calendar, J. Near Eastern Studies 1 (1942), Also H. E. Winlock, The
Origin of the Ancient Fgyptlan Calendir, Proe. Am. Philes. Soc. 83
(1940), und B, A Parker in (he Book quoted in the preceding soetion.

The only Egyptian eclipsé record Kiiown cocerns s solur ecfipse of
601 A.D.(!): ¢f. E.B.Allen, A Coptic Solar Eclipse Reeord, J. Am,
Oriental Soe. 67 (1947). '

The “diogonal calendars”™ were discussed by A. Pogo, [Isis 17 anid
18 (19:32y and Osiris 1 (19300, For the tomb of Senmut see Al Poge,
Isls 14 (19530).

The Seti Cenotaph was published by H. Frankfort, in Memoir 39
of the Egypt Exploration Soclety (2 vols) London 1933 For the dis-
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cussion of the astronomical ceillng ef. 1. O, Lange-0. Neugebauer,
quoted p. 70 ad No. 29,

aif 41. Far the planetary tabies of. O. Neugebauer, Trans, Am.
Philos. Soe., N.S. 32 (1042) with odditions in Knudtzon-Nevgebauer,
Zwel wstronomischie Texte, Bull, de ls sac. rovale des Tettres de Lunid
1846-1947 p. 77 (I Discussion by van der Waerden, Egyptian *Eternal
Tables’, Koninkl, Nederl, Akml, van Welensch.. Proe, 50 (1047} p. 53611,
and p, 782 .

The daling of four of these planctary tables was related to a peculiar
accident which [s worth mentloning as an example of how the most
unlikely combinations may oceur dnd mislead us in our coneclusions,
The four tables under discussion are inseribed an wooden talilets which
were originally bound together like the pages of 1 book by means of
strings which were strung through holes in one side of the wooden frame
tef. PL 13 which shows Tablet L) These tablets were first published in
1856 by Brugsch, one of the great ploneers of Egrptology. Each tablet
mentions regnol vears and it was natural Lo areange them accordingly,
because Lhese yvears formed o complele aequence as follows

Tablet 1 year 9 to 13
Tablet 11 yeor 16 to 19 and 1 to 3
Tablet 111 year 4 o 10
Tablet 1Y  year 11 to 17

Breause (lhese texts were obviously written in {he Homan period,
Brogsch concluded that the first ruler must be Trajan, whose reign
tasted 19 years and whose successor was Hadrian, whose relgn Iasted
longer than 17 yeurs. These conclusions proved to be correct, however,
anly for tablets 1, TL and IV, Checking of the astronomical data sliowied
immediately that No. 111 could nol be the continuation of No. 11 nor
could It be the predecessor of No. IVY), Indeed It was casy to show
that the years 4 Lo 10" were not the vears of Hadriun bul of Vespasion,
30 years before Trajan. Hence we know that by mere accident Tablet 111
seems: to [t between 1T and IV, Similor cases may oceur, more oflen
than we think, In historical research but escape discovery simply
becuuse Lhe rigorous astronomical check is not applicable.

The 25-year cycle was discovered In the Demotic papyrus No. 9 of |
the Carlsberg collection, published by O. Neugebaner and A. Volten :
in Quellen und Studien zur Geschichte . Mathematik, ser. B, wol. 4
(1238), This 23-year cyele was well known anid sften ywed |n Hellemlstia
astronomy. Ptolemy, e g., arranges his tables of svzygies uccording to it,

One must not misinterpret the expression “25-venr. tyele™ 58 g
parallel 1o the previously mentioned “19-year cyele” (or “Metonle
eyele's el p. 7). In the first case e 25 vears ure Egvplian culondar
years of exaclly 365 days vach. In the seeond cose the ¥ears are troplcal

1} This wis correctly realleed by Willlom Eilis, Memoirs Roy. Astron, Soe,
25 (1BGTY p. 112 bol, etrabgely enough, Ellls dlit nol dalermine Lhe correct date
of Mo, 111
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years, i. e., time intervals which are astronomically defined and which
involve fractions of days. The first cyele comprises 309 mean lunar
months at the end of whicl the same Egyptisn clvil day appears again
as the dute of 8 new moon or full moan. In the second eyele 235 mean
lunar months bring the same lonar phase bock to Lhe same season,
bul it depends on the local calendar whelher or nol this restores also
the calendar date, Beeausy the Greek astronomers operated consistently
with the Egyplian calendar in their tables, the 25 year cycle was by
for the mest convenignt cycle to use,

Appendiz, The reader may have missed a reference Lo the astronomical
or mathematical significance of the pyramids. Indeed, a whole lllerature
has been buill up around the “mysteries™ of these structures, or al
lenst ane of them, the pyramid of Khuofu (or “Cheops™). Important
mathematical constants, e, g, an accurite value of w, and deep astro-
nomical knowledge are supposed Lo be expressed in the dimensions and
orientation of this building. These theories contradict Matly all sound
knowledge oblained by archeology and by Egyptological research abioul
the history and purpese of the pyramids. The reader who wanls to see
an excellent neeount of these facts should consult the paper by Nosl
. Wheeler, Pyramids and thelr Purpose, Antiguity 9 (1835} p. 5-21, |g
161-189, 202-304.



CHAPFTER ¥

Babglonian Asironomy.

42, There is searcely another chapler in the history of science
where an equally deep gap exists between the generally accepted
description of a period and the results which have slowly emerged
from a detailed investigation ol the souree material. This discre-
pancy has its roots as far back us the Hellenistie tradition aboul
the “*Babylonians” or “Chaldeans™ who are innumerably many
times mentioned in ancient writings, especially in the astrological
literature. Thus magic, number mysticism, astrology are ordinarily
considered to be the guiding forces in Babylonian science. As far
as mathematies Is concerned, these ideas have had 1o be most
renstically revised since the decipherment of mathematical texts,
about 20 vears ago. Bul lor more than 50 years the same sort of
revision resulted from the discoveries of Epping and Kugler in
Babylonian astronomy. Thanks to the work of these scholars, it
very soon became evident that mathematival theory played the
major role in Babvlonian astronomy as compared with the very
modest role of observations, whose legendary accuraey also
appeared more and more to be only a myih. Simultaneously the
age of Babylonian astronomy had o be redefined. Early Mesopo-
tamian astronomy appeared to be erude and mierely qualitative,
quite similar o contemporary Egyplian astronomy. At best sinee
the Assyrian period, a turn toward mathematical deseription
becomes visible and only the last three conturies B.C. furnished
us wilh texts based on # consistient muthemntical theory of lunar
and planetary motion. The latest astronomical text has been
identified recently by Sachs and Schaumberger, with the dute of
73 AD. These Iate theories, on the other hand, proved to be of
the: highest level, fully comparible W the rarrespotiding Greek
swstems and of truly mathemalical character, Simultaneously it
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had to be admitted thal we know next to nothing about the
details of horoscopic astrology in Mesopotamia in sharpest con-
trast to the overwhelming abundance of astrological documents
from Hellenistic Egypt and the Roman and Byzantine period.

Finally it has been repeatedly remarked by competent observers
that the almost proverbial brilliance of the Babylonian sky is
more @ literary eliché than an actual fact. The closeness of the
desert with its sand storms frequently obseures the horizon.
This is the more essential as the majority of problems in which
the Babylonian astronomers were interested are phenomena close
to the horizon, The lunar ealendar requires observation of the |
first visibility of the new crescent in the western horizon, The
last visibility of the moon happens al the eastern horizon. I]is-|
appearance and reappearance of the planets are phenomena close
to the horizon and it seems thal also “opposition”™ of a pla.m!tl
was defined as rising or selting al sunset and sunrise respectively.
Only eclipses and occultations will usually be observable under |
favorable conditions. It is certainly the result of this situation
that Ptolemy states that practically complete lists of eclipses are
available since the reign of Nabonassar (747 B.C.) while he
complains about the lack of reliable planctary observations. He
remarks that the old observations were made with little com-
petence, hecanse they were concerned wilh appearances and dis-
appearances and with stationary points, phenomens which by
their very nature are very difficult to observe. 1t is worth noling
thal this exacl deseription of the planetary observations of the
Babylonians by a eompetent astronomer had almost no effect
on the vurrent evaluntion of Babylonian astronomy while the
vague but abundant references of the Hellenistie astrologers to
Chaldenn wisdom completely dominated the picture which later
eenturies developed of Chaldean astronomy.

48 Our description of Babylonian astronomy will be rather
incomplete. The historical development will be given in bare
outline. As in the case of Egvpt, n detailed discussion of the few
preserved early lexts would require not only too much room Bout
would also unduly exaggerate their historical importance. For
the late period, however, the opposite situation prevails. A greal
nutmber of texts exist from the Seleucid epoch and only a very
extensive and highly technical discussion could do justice to the
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mathemaltical and astronomicnl achievements of this period.
Obviounsly it is impossible to do this in the present frame.

We begin our survey with a short deseription of the earlicr
development. Then, before entering the discussion of the Seleurid
period, a few remarks about our source material and its pro-
venames will be necessary. Our dexeription of the mathematical
astronomy of the Hellenistic period we shall start with an oulline
of the theory of the solar and lunsr motion because this theory
i undoubtedly the most choracteristic section of this whole
development. The planetary theory will then be summarized so
far us essentinlly new idess which go beyond the methods slready
known from the luni-solar problems are apparent. We shall,
finally, toueh upon the few facts which are kpown about the
milicu in which these texts originated.

44. To begin our historienl sketeh with a negative statement,
we ean say that nothing is known about a Sumerian astronomy ||
Mythological concepls which involve the heavens, deifieation of
Sun, Moeon, or Venus eannot be epllid wstronomy if one is not |
willing to count as hydrodynamics the existence of belief in a
storm deity or the personificution of a river, Also the denomination |
of conspicuous stars or constellations does not constitute an
astronomical scienee.

One of the earliest documoents with definitely =u-irr'-11nrnirnlt
trend is a tablet in the Hilpreeht Colleetion in Jena, Germany.
The text was probably written in the Cassite period but copivd
from an original composition which was older. Tis Tormulation is
quite similar to a familiar type of Old-Babylonian mathemutical
texty, The document begins with a lst of numbers and names
which wmight be interproted as follows: 19 from the Moon fo
the Pleindes; 17 from the Pleiades to Orion; 14 from Orion Lo
Sirius", and s0 on for eight sturs or constellations, ending with
the statement that the fotal (of what?) is 120 “miles™ and the
question “how much is une goil (i e, star} bevond the other
Roxd "™ Then begins the *'procedure™, exactly us ina mathematical
text. It consists in dividing each of the given npumbers by their
sum, which is 121, well known to us as the last entry in the
standard table of reciprocats (ef. p.31). Each of these resulls
1 converfed inlo “miles” and lower units of distance and ex-
plained os the distance from one of the previously enumerated

\

i
]
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celestinl objects to the next. The text ends with the customary
“such is the procedure”™ and the names of the seribe who copied
the text and the one who verified the eapy,

This test and a few similar fragments seem oo indicale some-
thing like a universe of 8§ dilferent spheres, beginning with the
sphere of the moon. This wodel obviously belongs to a rather
enrly stage of development of which no traces have been found
preserved in the later mathematical astronomy, which secms o
operate withoul any wvnderlying physical model. It must be
emphasized, bowever, that the interpretation of this Nippur tex!
and its parallels is far from secure.

Another group of probably conlemporary lexts represents a
division of the sky into three zones of 12 sectors cach, Each
zone contains the names of constellations and plancts. and simple
numbers in arithmeliec progression like 1 1,10 L20 ele. up 1o
2 and down again 1,50 1,40 until 1. This is prabably the earliest
ocenrrence of an arithmetical scheme which was later developed
into an important tool for the deseription of periodic phenomena,
the socalled zigzag functions. In the present case, the numbers
are so simple and so obviously sehematic that many different |
interpretations which explain them equally well or equally badly
can he proposcil.

There is another group of varly documents which deserve
mention heecause they conlain the earliest records of actual ob-|
servalions In Mesopolumin. For several vears of the reign of
Ammisaduga the appearances and  disappearances of Venus |
were tecorded. Beenuse the dates are given in the vontemporary
funar ealendar, these docoments have hecome an important
olemient for the determination of the chronology of the Ham-
murapi peried. From the purely dstronomical viewpoint those
plservations are pol very remarkalily, They were probably mode
in order to provide empirical material for omina; imporiant
evonts in the life of the state were correlatod with important
eclistial phenomena, exactly as specific appearances on the livers
of sacrificial sheep were earefully recordid in the omen literature.
Thus we find already in this eary period the first signs of a
development which would lead centuries later to judicial astrology
and, finally. to the personal or horoscopic asirology of the Hel-
lenistic age. E
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It is difficult to say when and how the astrological omens
developed. The existing texts are part of large series of texts,
the most important one called “Enuma Anu Enlil™ from ils
initinl sentence, similar to papal bullag in the Middle Ages. This
series contained at least 70 numbered lablets with a total of
abowt 7000 omens. The canonization of this enormous mass of
omens must have exlended over several centuries ond reached
its final form perhaps aroum! 1000 B.C,

Historically much more interesting than this muss of purely
deseriptive omens are two texts which were called “mul apin”.
The earliest preserved copies ore dated around 700 B.C., but
they are undoubledly based on older material, They contain o
sumnary of the astronomical knowledge of their time, The first
tablet is mostly concerned with the fixed stars which are arranged
in three “roads’”, the middle one being an equatorial belt of
about 307 width. The second tablel concerns e planels, the
moon, the seasons, lengths of shadow, and reluted problems,
These texts are incompletely published and even the published
parts are full of difficulties in detail. So moch, however, is clear:
wo find here o discussion of vlementary astronomical concepls,
still quite deseriptive in charaoter bul on o purely rational hasis,
The datn on risings anil seltings, though sill in a0 rather sehenalie
form, are our main basis for the identifieation of the Babylonian
constellations

Around 700 [B.C., under the Assynian empire, we meet with
svatematic abservational repords ol asttonomers o the court,
Obviously the astronomical omens hove now sepched primary
importance. In these reports no elear distinetion is. vet made
between  astronomical and meteorological  phenomens. Clouds
amd halos are on equal footimg with cclipses. Nevertheless, it had
been alrendy recognized thal solar eclipses gre only possible ot
the end of a month (new moeon), lunar eclipses at the middle,
The classical rule that lunur eclipses are separated from one
another by six months, or oceasionally by five months only,
might well have been known in this pericd. We shoold vecall
here Plolemy’s stalement that eclipse records were available o
him from the time of Nabonassar (747 1.5 onwarnds,

It is very difficult 1o say when this phase developed into a
svstemalic mathematical theory. It is my guess that this happened
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comparatively rapidly and ot before 500 B.C. Up 1o about

480 B.C.. the intercalations of the lunar ealendar show no regul-

arily whatsoever. One century later, however, the rule of 7 inter-

calations in 19 vears al fixed intervals seems lo be in use, ani

remains from now on the basis of all the lunar ealendars which

were derived from the Babylonian scheme, including thie lunsr |
calendar of the Middle Ages discussed in the frst chapter.

A luni-solar interenlution rule presupposes the recognition of
4 relation which indicates that m lunar months are equal in
length to n solar years, In the specifie case of the 19-vear cyecle |
m = 235 and = 19. In the preceding perind a “year” was an!
interval of sometimes 12 or sometimes 13 months, where probably
ihe state of the Harvest decided the need for a 15th month. The
existence of a cyele, however, proves thal u more precise asiron-
omical definition of “veur" was adopted, We cannol give aceurate
duta aboutl the mean length of such & vesar or how it was deter-
wtined. There are good reasons, however, which point 1o an oh-
servation of the summer solstice as the point of comparison. At
any rate, it Is the summer solstives whichi are svstematically com-
puted, whereas the equinoxes and the winler solstices are simply)
placed at equal intervals. Because much more aceurate methods)
were known in the Seleneid period, it is plansible to assume Ilmll
the schemo of the 19-year evele vepresents a slightly earlior phuse;
of development.

We shall see that period relations of the alove-mentioned type
form the very backbone of Babylonian mathematical astronomy;
hese are relations which state that s intervals of one kind equal
! intervals of another kind, Mathematical astronomy is fully
developed at about 300 B.C. at the latest. The 10-vear inter-
enlation eyele is certainly one of the most important steps pre- |
ceding the later astronomical methods, that is to say, laler than
about 450 B.C. In this very same period probably falls also the
invention of the zodine, which for the first ime appesrs in a text |
of the vear 419 B.C. The coustellations which lenl their names
to e zodincal signs are, of course, much older. Bul it was only/|
for mathematical reasons that a definite great circle which mea- |
sured the progress of the sun and the planets with respect to
exactly 80%-long sections was introduced. Indoed, the zodiac wns|
hardly ever more than a miathematical idealization peeded and

The Lixnel Sebenees in Autiully: 7
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used exclusively for computing purposes. Actual positions in the
sky were expressed until the end of cuneiform writing with
[ reference to well known bright stars. This primitive system was

still in use in Greek horoscopes of the Roman period, exactly as
| in Babylonian texts, side by side with the determination of
| posilions by degrees and zodiaeal signs,

We may now snumerate the lools which were available at the
end of the “prehistory™ of Babylonian astronomy which extends
from about 1800 B.C. to about 500 B.C. The zodiac of 12 times
30 degrees as reference system for solar and planetary motion.
A fixed luni-solar calendar and probably some of the basic
period relations for the moon and the planets. An empirical
insight into the main sequences of planetary and lunar phenomena
and the variation of the length of daylight and night. The use
of arithmetic progressions to describe periodically variable
quantities. And, above all, a complete mastery of numerical
methods which could immediately be applied to astronomical
problems. The utilization of these possibilities marks indeed the
erucinl sleg,

§5. The next section will bring us to the discussion of the
completed system of the Babylonian lunar theory, This discussion
is based on texts whose significance was first recognized by
Fathers Epping and Strassmaier, In 1881 there appeared in
a Catholie theological periodical, the “Stimmen aus Marin Laaeh”,
an arlicle “Zur Entzifferung der astronomisehen Tafeln der Chal-
diier™ by J. Epping of Quito, Peru, with an introduction by J. N.
Steassmaier in London. This paper concerns o fascinating report
af the first decipherment of astronomical tablets whicli then were
arriving in London in ever increasing numbers, The two authors
were fully conscious of the importance of their discoveries.
Indeed, this first paper contained the correct determination of
the zero point of the Seleweid Era and that of the Parthian Era,
thus providing for the first time a solid chronological basis for
the history of Mesopotamia alter Alexander the Greal, But much
more was done for the understanding of Babylonian astronomy
ilself, Suddenly it became clear that arithmelical progressions
wire skilllully otilized for the prediction of lunar phenaomena,
with an aceuracy of a few minutes. The names of (he planels
and of zodiacal constellations were correctly determined and the
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road opened for the translation of astronomieal records. On ten
pages Epping described discoveries which were 10 inaugurate o
new epoch in the history of science,

Eight years later Epping published a small book, entitled
“Astronomisches aus Babylon™ in the supplements to the "Stim-
men aus Maria Laach”. Here one already finds an account of
the leading ideas of the Babylonian theory of the moon as well
as a detailed discussion of planetary and lunar almanacs. Epping
died in 1894. His work was sucecessfully continued by Father
Kugler, whose books are still the best summary for our present
knowledge.

The texts on which Epping's and Kugler's work are based
come exclusively from the British Museum. For many years
Strassmaier copied there thousands of tablets, the majority of
which belong 1o the lstest periods of Babylonian history. These
copies were collected in notebooks, of which one page is repro-
duced as a characteristic sample on PL 13, It was on Sirass-
maier's initiative that Epping began the study of Strassmaier's
transcriptions of astronomical texts. When the decipherment
proved to be successful, Strassmaier excerpted. from his note-
books, astronomical lexts on special sheets, often adding ex-
planatory remarks. These sheets were then sent to Epping for
final investigation, and after Epping’s dealh, to Kugler. Kugler's
successor, Father Schaumberger, and T mysell got the main
portion of our texts from Strassmaier’s copies which he had
entered in his volwminous notebooks during the 1880°s and
1890's. Not a single one of these texts was ever published in the
official publications of the British Museum; and no information
whatsoever is availuble concerning similar tablets which the
British Museum may have acquired after Strassmnier ceased
copying. Without Strassmaier, Epping, and Kugler, the few other
astronomical texts so Far published would probably have been
laid aside in other musenms o, It is very likely thal no trace
of this enormously rich material would have penetrated o the
outside world, and Babyvlonian astronomy would still appear lo
us in the Hight of a few texts from the earliest periods and of the
omens of Enumu-Anu-Enlil. A few numbers will illustrate this
situation. From Strassmaier’s notebouks and from Kugler's pub-
lications aboul 240 astronomical texts and fragments were reco-

?.
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vared, all of which were probably found in one archive in Baby-
lon. From the inventory numbers of the British Museum, one can
conclude that these texts reached the museum between November,
1870 and July, 1882, During these six vears the number of tablets
increased from over 82,000 to more than 46,000 and one may
guess that about 700 of them were astronomical computations, a
third of which form the basis of our present knowledge. Not even
an estimate exists for the lime after 1882,

46. The mathematical astronomical lexts fall into two major
groups: “procedure texts” and “ephemerides™. The texts of the
lirst class contain the rules for the computation of the *ephem-
erides’, which, in turn, are similar to a modern “*nautical alma-
nac”, giving for a specific year (or for some specific sequenee
of years) the lunar or planetary positions al regular intervals. If
the “procedure texts” were complete and if we fully understood
their technicul language, they nuight suffice for the actual com-
putation of the ephemerides. In fact, however, none of these
assumptions is satisfied. The preserved tests are badly damaged
or lotally missing for many of the steps; their terminology is far
from clear, at least to us; and it might be justly asked if even
a complete set of procedure texts would not have required sup-
plementary oral explanation belore it could be used for aclually
camputing an ephemeris. Consequently the ephemerides them-
selves form the major basis for our researches, and the procedure
texts often play the role of very welcome testing material for the
rules which we finally abstract from the completed ephemerides.
In the subsequent discussion we shall, however, make no sharp
distinction between these two groups of sources and we shall acl
as if we had explicit rules at our disposal, though they are often
actually only obtsined from a very complex interplay between
related fragments of bolh classes of texts,

The number of available astronomical tablets from the Seleucid
period is not ot all large. 1 know of less than 200 ephemerides,
more than hall of which are lunar, the rest planetary, The number
of procedure texts is about 20, the majority of which are only
small fragments. Thus our knowledge of Babylonian mathematical
astronomy is based on less than 250 tablets. To this number
can be added about 35 published tablets which concern ex-
cerpts from ephemerides, probably made for practical purposes,
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and tablets which contain both computed and observed elements;
a few hundred more, still unpublished, were copied by Strass-
maier. Not a single text is known which could be called a wholely
abservational record. This is the factual situation about the
marvelous Babylonian abservations which belong to the standard
repertoire of many books which praise the splendor of the
Mesopotamian sky.

§7. The fundamental problem of the Babylonian Junar theory
is determined by the calendar. So far as we know, the Babvlonian
ealendar was at all periods truly lunar, that is to say, the “month”
began with the evening when the new crescent was for the first |
time again visible in the cvening shortly after sunset. Con-
sequently the Babylonian “day" also begins in the evening and
the "first” of a month is the day of the first visibility. In this way
the beginning of a month is made dependent upon a natural
phenomenon which is amenable lo direct observation. This is
certainly a very simple and natural definition, as simple as the
conecurrent definition of the “day” as the time from one sunsel
1o the next. But as is often the ease, a “natural” definition leads
lo exceedingly complicated problems as soon as one wishes to
predict its consequences. This fact is drastically demonstrated
in the case of the lunar months. A very shorl analysis will illus-
trate the intrinsic difficulties.

A “lunar month” obyiously contains an integer number of
days. How many? A rough estimate is easily oltainable. No two
conseeutive reappearances of the new crescent after a short
period of invisibility of the moon are eyer separated by more
than 30 days or by less than 29 dayvs Thus immediately the
main problem arises: when is # month 30 days long, when 207
To answer this problem we must obtain an estinute nol only of
the lunar motion, bul aiso of the motion of the sun, In one year
of, roughly, 365 days, the sun moves once around us; that is
to say, after this time the sun again comes back to the sume
star, having completed a great circle of 360°. Thus the solar
motion per day is elose 1o 17 and theretore close to 30° in one
month. The fime from one new erescent to the next is obviously
about equal to the time from invisibility to invisibility. Dut the
imoon is invisible because it is close 1o the sun. Thus a month
is measured by the time [rom one “conjunction’’ of the moon
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with the sun to the next. During this time the sun traveled about
30%; the moon, however, traveled not only 30°, but eompleted
one additional whole rotation of 360°, Hence 390° are coveredl
in about 30 days; this shows us that the moon must cover about
13" per day.

Now the real difficulties begin. In order 1o make the first
creseent visible the sun must be sufficiently deep below the
horizon to make the moon visible shortly before it is setting
(Fig. 4). The evening before, the moon was still too close to the
sun to be seen. Hence it is necessary to determine the distance
from the sun lo the moon which is required to oblain visibility.
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Fig. 4.

This distance obviously depends on the relative veloeity of the
two bodies, We have found that the moon moves 13° per day,
the sun 17 per day; thus the distance in question, the so-called
“elongation”, increases about 12° per day. But this estimate is
no longer accurate enough to answer the question as (o the
moment when the proper elongation is reached. Neither the sun
nor the moon moves with constant speed. Thus the dauily elong-
ation might vary between about 10° and 14° per day. This shows
that our problem involves the detailed knowledge of the variation
of both solar and lunar velocity.

But even if we hod insight into the variable velocity of both
bodies the visibility problem would not be solved. For a given
place, all eclestial bodies set anid rise at fixed angles which are
tletermined by the inclination of the equator and e horizon. The
relative motion which we were discussing belore is o molion in
the ecliptic, which makes an angle of about 24° with the equntor.
Consequently we must know the variations of the angles between
ecliptic and horizan. For Babylon we lind a variation from almost
30° to almost 80° (Fig. 5). Thus the same clongation produces
totally different visibility conditions at different times of the vear.
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Let us assume that also the problem of the variation of the
angles between ecliptic and horizon is salisfactorily answered.
Then we must still remember that only the sun travels in the
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ecliptic whereas the moon deviates periodically from it between

the limits of about +5° and —5° in “latitude”. This deviation

is mgasured perpendicularly to the ecliptic. If the ecliptic is

almost vertical to the horizon (as is the case in spring). then the

latitude has relatively little effect upon the visibility (ef. Fig. 6).
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In the fall, however, the full effect of the latitude is felt in bringing
ihe moon nearer 1o, or farther away from, the horizon (Fig. 7).
Thus we need also the knowledge of the variation of the latitude
of the moon

All these effects act independently of each other and cause
quite irregular paiterns in the variation of the length of lunar
months. Tt i one of the most brilliant achievements in the exacl
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sciences of antiguity to have recognized the independence of
these influences and to develop o theory which permits the pre-
diction of their combined effects, Epping, Kugler, and Schaum-
berger have indeed demonstrated that the lunar ephemerides of
the Seleucid period follow in all essentinl steps the above outlined
anulysis,

Before turning to the deseription of these ephemerides we ean
observe that the solution of the problem of first visibility readily
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permits the solution of some other problems which- were also
of greal interest. First of all, the day by day positions of sun
and moon can easily be established as soon as the laws which
determine the variation of solar and lunar velocity are known.
Thus il is not surprising to find tables which give the daily maotion
of sun or moon. Secondly, one can solve (he problem of last
visibility of the moon by applying essentially the same argument
to the eastern horizon and the rising of sun and moon, Finally,
both the first and last visibility require as a preliminary step the
knowledge of the moments of conjunction which fall in the middle
of the interval of invisibility. Exactly the same vonsiderations
lead to the computation of the moments of opposition. If we
combine this knowledge with the rules which determine the
latitugle of the moon, we can answer the quoestion when the
moon will be close to the ecliptic at oppositions or conjunections.
In the first case we ean expect a lunur velipse, in the second a
solar eelipse. Thus it Is only a logical step which leads from (he
computation of the new moons 1o eclipse tables which we find
derived [rom the ephemerides,

I hope that this superficinl summary of the main results and
problems of the lunar theary will suffice 1o give an impression
ol the inoer consistency and the truly nuthemationl character of
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this theory. The following discussion of some details is nol only
intended to clarify the single steps but also to illustrale a pre-
viously made remark to the effect that at no peint of this theory
are the traces of a specific geometrical model visible.

48. The main tool for the computation of the ¢phemerides is
arithmetic progressions, increasing and decreasing with con-
stunt difference hetween fixed limits. As an example we offer the
following exeerpt from the first three columns of an ephemeris for
the year 179 Seleucid Era, i.e. 133/132 B.C.:

XI1, 28,55,57,68 22, 8,158,187
2,50 1 28.97.57.58  20,46,18,14 %
11 28.19.57.58 19, 6,14,12 1
HI  28,19,21,22 17,25,85,.34 3
IV 98,37.21,22 16, 2,56,56 P
4 98,55.21,22  14,58,18,181p
VI 29,18,21,92 14,11,30,40 &
vl 29,31,21,22 1343, 1, 2m
VI 29,49,21,22 13,32,22,24 &
IX  20.56,36,38 13,2850, 2 3
X 29,38,36,38 13, 7.85,40 =
X1 29,20,36,38 12281218 X
X1 29, 2.36,38  11,30,48,50°Y

In the first column we have dates, beginning with an inter-
calary (18th) month, called XIIy; then follows the year 2,58 of
the Seleucid Era and all the months from 1 to XIT of this year.
These dates have a more accurnle meaning. The first X1, does
not mean the whole month X11, but the moment of the mean
conjunction which falls al the end of this month. Similarly, each
subsequent month signifies the moment of the mean conjunction
of this month. Consequently the time interval from line to lioe
represents always the same amount of oue mean synodic month.

The arithmetical structure of the second column is simple o
analyze. All the numbers of the first three lines end in 57,55
Then follow sis lines ending in 21,22 and finally we have four
fines which have 36,88 as terminal figures, Thus we need only
concentrale our attention on the first two places, The first three
lines show a lixed decresse of 18 in the sccond place:
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28,55 28,37 28,19
The next group shows an increase of 18 from line to line:
28,19 28,37 28,55 20,13 29,31 29,49
Then follows again a decreasing sequence:
29,56 29,38 29,20 292

with differenee of 18, If we plot these numbers in a graph with
equidistant points representing the consecutive lines, then we

o -E e .--"1r'

oL I I ¥ IE p.v 4
Fig. &,

obtain a sequence ol points which lie on straight lines of alter-
naoting slope -+ 18 (el. Fig. 8). We call such sequences “linear
rigzag Tunctions™,

The straight lines imterseet in 4 maximum value M and a
minimum value m which can easity be computed from our table,

One finds
M = 30,1,59,0
m = 28,10,30,40

From stmilar tables ane can demonstrate that the same extremal
values were used. Consequently our linear zigzag function is
bounded by n fixed maximum M and a lixed minimum m and
therefore forms o periodie function of amplitude

A= M—m= 1,61,1920
and mean value
p = LM+ m) = 20.6,10,20

Finally we introduce the concepl of “period"™ P, The abscissa in
our graph is divided inle equidistant steps, each of which repre-
sents o mean synodic month. We now can ask for the distance
between two consecutive points of maximum (or minimum)
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measured in these units which represent mean synodic months
(¢l, Fig. 9), By a simple geometrical argument one finds that

.28
d
where A is the amplitude M — m and o the difference from one

line to the next. Substituting our present numbers & = 1,51,19,20
and = 18,0,00 one [inds

_ 342,380
18.0,0

P

We ean cancel ecommeon factors in numerator and denominator
or we can express this ratio as a sexagesimal fraction. Thus we
obtain finally:

2,46.59 s

P = 1_3.3{] = 1 :29.8.,53,20.
In olher words we have shown that two conscculive maxima or
minima in the zigzag function of the second column are separated
by 12:22,8.53,20 mean synodic months or, roughly, by slightly
more than 125 months.

The astronomical significance of the seeond column is revealed
by means of the third column. The fiest line of the third column
is obviously to be interpreted as a point in the ecliptic of longitude
Y 22:8.18,16. 1f we ndd to this the value 28:37,57,58 which we
find in the second line of the second column we oblain

and this is the longitude found in the second line of the third
column. The same rule applies for all subsequent lines and we
can therefore say thal the second column contains the differences
of the third column. Combining this result with the fact that the
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first column contains the dates of the consecutive conjunctions,
we can sav that the thivd column gives the monthly longitudes
of the moon and also of the sun because we are dealing with
conjunctions. The second column gives the monthly progress of
the sun or the solar velocity. Thus we have reached the important
resull that the ephemeris under diseussion represents the yearly
varidtion of the solar veloeity by means ol a linear zigzag funclion.

Another important item of information is contained in the
value we have found for the period P of this zigzag function,

namely

L i
Pe -E_l:}l]'_:l?:ll == 12:22.8,53,20 months.

This shows not only the value which was ndopted here for the
length of the year, measured in mean synodic months, but we
can read this relation also in the form

13,30 vears = 2,46,59 months
or
8§10 years = 10019 months,

It seems as if this relation would imply the use of observational
records going back more than 800 vears. This conclusion is,
however, oo hastily drawn. First of all, it can be shown that
olther columns of the same Wype of ephemericdes are based on
the simpler relation

P= {,::f: = 12,228 months
Of
