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PREFACE

Tug story of Greek mathematics is the tale of one of
the most stupendous achievements in the history of
human t]mu%‘.t, It is my hope that these selections,
which furnish a reasonably complete picture of the
rise of Greek mathematics from earliest days, will be

found useful alike by classical scholars, desiring eas

access to & most characteristie aspect of theﬂ%ree
ius, and by mathematicians, anxious to learn some-
thing about the origins of their science. In these
days of specialization the excellent custom which
formerly prevailed at Oxford and Cambridge whereby
men took honours both in classies and in mathematics
has gone by the board. It is now rare to find a
classical scholar with even an elementary knowledge
of mathematics, and the mathematician’s knowledge
of Greek is usually confined to the letters of the
alphabet. By presenting the main Greek sources side
by side with an English translation, reasonably anno-
tated, I trust I have done something to bridge the gap.
For the classical scholar Greek mathematics is a
brilliant after-glow which thteneﬂ the sky long after
the sun of Hellas had set. Greek mathematics sprang
from the same impulse as Greek phlh:sﬂ:h}r, but
Greek philosophy reached its maturity in the fourth
century before Christ, the century of Plato and
Aristotle, and thereafter never spoke with like con-
vii



PREFACE

viction until the voice of Plato became reincarnate in
the schools of Fgypt. Yet such was the vitality of
Hellenic thought that the autumn flowering of Greek
philosophy in Aristotle was unI;' the spring of Greek
mathematics. It was Fuelid, ollowing hard on the
heels of Aristotle in point of time, but teaching in
distant Alexandria, who first transformed mathe-
maties from a number of uncoordinated and loosely-
proved theorems into an articulated and surely-
grounded science ; and in the suceeeding hundred
years Archimedes and Apollonius raised mathematics
to heights not surpassed till the sixteenth century of
the Christian era,

To the mathematician his Greek predecessors are
deserving of studgﬂi.n that they laid the foundations
on -which all subsequent mathematical science fs
based. INnnma still in everyday use testify to this
origin—FKuclidean metry, Pythagoras's theorem,
Archimedes” n:iumg,wthen?undgntﬁx of Hippias or
Dinostratus, the cissoid of Diocles, the conchoid of
Nicomedes. I cannot help feeling that mathe-
maticians will welcome the opportunity of i
the reasons for these names, and that the extracts
which follow will enable them to do so more easily
than is now possible, In perusing these extracts they
will doubtless be impressed by &m features. The
first is the rigour with which the great Greek geo-
meters demonstrated what they set out to prove,
This is most noticeable in their treatment of the
indefinitely small, a subject whose pitfalls had been
pointed out by Zeno in four arguments of remarkable
acuteness. Archimedes, for example, carries out
operations equivalent to the integral calculus, but he
refuses to posit the existence of infinitesimal quanti-
i
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ties, and avoids logical errors which infected the
calenlus until quite recent times. The second feature
of Greek mathematies which will impress the modern
student is the dominating position of geometry.
Early in the present century there was a
powerful movement for the * arithmetization "' of
all mathematics. Among the Greeks there was a
similar impulse towards the " geometrization "' of
all mathematies. Magnitudes were from earliest
times represented by straight lines; and the Pytha-
goreans developed a geometrical algebra performing

erations equivalent to the solution of equations of

e second degree. Later Archimedes evaluated by
purely geometrical means the area of a variety of
surfiuces, and Apollonius developed his awe-inspiri

etrical theory of the conic sections. The thi::l'ﬁ
Eentum which eannot fail to impress a modern mathe-
matician is the perfection of form in the work of the
great Greck geometers. This perfection of form,
which is another expression of the same genins that
gave us the Parthenon and the plays of Sophocles, is
found equally in the proof of individual propositions
and in the ordering of those separate propositions
into books ; it reaches its height, perhaps, in the
Elements of Euclid.

In making the selections which follow I have drawn
not only on the ancient mathematicians but on many
other writers who can throw light on the history of
Greek mathematics. Thanks largely to the labours
of a band of Continental scholars, admirable standard
texts of most Greek mathematical works now exist,
and I have followed these texts, indicating only the
more important variants and emendations. In the
selection of the passages, in their arrangement and at

ix
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innumerable points in the translation and notes I owe
an irredeemable debt of gratitude to the works of
Sir Thomas Heath, who has been good enough, in
addition, to answer a number of queries on specific
points, These works, covering almost every aspect
of Greek mathematics and astromomy, are some-
thing of which Fnglish scholarship may justly feel
proud. His History of Greek Mathematics is un-
excelled in any language. Yet there may still be
room for a work which will give the chief sources in
the original Greek together with a translation and
sufficient notes.

In a strictly logical arrangement the passages would,
no doubt, be grouped wholly by subjects or by
persons, But such an arrangement would not be
satisfactory. | imagine that the average reader
would like to see, for example, all the es on
the squaring of the circle together, but would also
like to see the varied discoveries of Archimedes in
a single section. The arrangement here adopted is
a compromise for which I must ask the reader's
indulgence where he might himself have made a
different grouping. The contributions of the Greeks
to arithmetic, geometry, trigonometry, mensuration
and algebra are noticed as fully as possible, but
astronomy and musie, though included by the Greeks
under the name mathematics, have had to be almost
wholly excluded.

I am greatly indebted to Messrs. R. and R. Clark
for the skill and care shown in the difficult task of
making this book.

LT

Anerrn, Lospox
April 1939
X
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I. INTRODUCTORY

(8) MaTaemaTics axp 118 Divisions
{i.) Origin of the Name
Anatolius ap. Her. Def., ed. Helberg 160. 8-162. 2
'Ex 7dv "Avarodov . . .
“*Amd Tivos Bé Ty awopdalin ;

“Of pév damd vou llepimdrov ddoxovres prro-
puchis pev kal mouTikTs ovpmdons Te TS Snuwdovs
Sivaofal Tva ovveivar xal py pabdvra,
7d 8¢ ralodpeva Biws pabiuara oldéva € eldmow
AapBdvew pi) odyi wporepov év pabhjoer yevdpevor
rotireow, Bia Tobro palpuarucy xadetobar n"Iv mept
rotrwy Bewplay dmeddpfavoy. Oéolal 6é a
6 Tis pabpuarucis dvopa Bulrepov émi l_;l.n&n;-s
yewperpias wal aplfuyrieiis of dme volf llvfa-
ydpou® To ?c'lp mrdAat xwpi::imﬂ‘pu. TolTwy dvopd-

Lero, xowov b¢ ovdeév v dudolv dvoua.”

s Anatollus was bishop of Laodicea about a.p. 280, In
a letter by Michael Psellus he is sald to have written a concise
treatise on the Egyption method of reckoning.

* i singing or playing, as opposed to the mathematical
gtudy of musical intervals,

. word pdfnua, from pofldly, means in the first place
“ that which is learnt.” In Flato it is used in the general
sense for any subject of study or instruction, but with & tend-
eney to restrict it to the studies now called mathematics. B
ihe time of Aristotle this restriction had becoms l'stnl.'rlishui
2




I. INTRODUCTORY

(a) MatagmaTics axp rrs Divisions

(i) Origin of the Name

Anatolius, cited by Heron, Definitions, ed. Helberg
160. 8-162. 2

From the works of Anatolius® . . .

** Why is mathematics so named ?

* The Peripatctics say that rhetoric and poetry
and the whole of popular music ® ean be understood
without any course of instruetion, but no one can
acquire knowledge of the subjects ecalled by the

cial name mathemaiics unless he has first gone
through a course of instruction in them ; and for
this reason the study of these subjects was called
muthematics.* The Pythagoreans are said to have
given the special name mathematics only to geometry
and arithmetic ; previously each had been ealled by
its separate name, and there was no name common
to both.'d )

hn:im mtt;:: gﬂrtﬂnbczs of the Pytha n schoo!i wiim
learnt hagorean of knowledge in its

entirety, are said to have becnﬂc::lﬂmnfhmdifiﬂu {
, whereas the exoteric members, who merely knew
Pythagorean rules of conduct, were called hearers (deor-
oparucof). See lamblichus, De Vita Pythog, 18, 81, cd.

Deubner 46. 24 .

]



GREEK MATHEMATICS

(ii.) The Pythagorean Quadrivium

Archytas np, Porphyr. in Piol. Harm., ed. Wallis,
Math. i, . 40-23T. 15 Diels, Fore, i%, 431, 26-482. &

Maparelefn Bé xai viv va "Apytra ot MMufa-
yopeiow, ol pdaMora kai yvijma Myerar elvar Ta
ovyypippara: Myee 8¢ & 14 Tlepl palnparwis
et dvapydpevos Tob Adyou Tdbe,

“ Kadds por Boxoivre 7ol mepl vd pabipara
Srayvapevar, kel ovdev dromov dpfids adrods, old
errt, wepl exdoTwy dpovdeir: wept yap Tas TEw
G diiowos xadds Buayvdvres Euelov xal mepl
Ty kata pépos, old dre, xadds dfeialar, mepl
e &) Tds v doTpwy Tayurdros xal émroliy xal
Suolwy rapédwxay duiv oadi) Sudyvwow Kkal mepl
yoperplas wai dpfludv xal odatpucds xal oby
fkwra Tepl pwoids. Tabra pip td pabfpara
Soxoivre fpev abelded.”

5 Archytas lived in the first half of the fourth century ».c.
at TmJanrntum} in Magna Graecin, He is said to have
dissuaded Dionysius from F“lﬁng Plato to death, For seven

ears he commanded the forces of his city-state, though the

w forbade anyone to hold the post normally for more than
one year, and he was never defeated, He is said to have
been the first to write on mechanics, and to have invented s
mechanieal dove which would fly.  For such of his munthe-
gu!.in::'dl.imnﬂm as have survived, see pp. 112-115, 130-188,

4
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(ii.) The Pythagorean Quadrivium

Archytas, cited by Po?hwy in his Commentary on Prolemy’s
Harmonies, ed. Wallis, Opera Mathematiea iii. E&g.mfﬂ—
237. 1¢ Dicls, Fors. %, 431. 96-432. 8

Let us now cite the words of Archytas ® the Pytha-
gorean, whose writings are said to be mainly au-
thentic. In his book On Mathematics right at the
beginning of the argument he writes thus :

The mathematicians seem to me to have arrived
at true knowledge, and it is not surprising that they
rightly conceive the nature of each individual thing ;
for, having reached true knowledge about the nature
of the universe as a whole, they were bound to see in
its true light the nature of the parts as well. Thus
they have handed down to us clear knowledge about
the speed of the stars, and their risings and settings,
and about geometry, arithmetic and sphaerie, and,
not least, about music; for these studies appear to
be sisters." *

¥ Ephasric is clearly identical with astronomy, and is
aptly defined by Heath, H.G.AL i 11 as * the g:eometrr of

e sphere considered solely with reference to the problem
of accounting for the motions of the heavenly bodies.” ‘The
same quadriviem is attributed to m:ﬂs;.ihﬂgomm by Nico-
mﬁius. Theon of Smyrma m:!l Proclus, .uﬁwin u“nm“
arithmetic, music, geometry and sphaeric. is
order is that arithmetic and music are concerned with number
(noods), arithmetic with number in itself and music with
number in relation to sounds ; while etry and sphareric
are concerned with magnitude (mgAicer), geometry with
magrnitude at rest, sphaeric with magnitude in motion.



GREEK MATHEMATICS
(iii.) Plato's Scheme

Plat. Rep. vil. 525 A-530 p
(a) Logistic and Arithmetic

"AME piy doyiorint] e xal dpellpnris) mepl
ipefpdy mioa.
nPKn.i pdda.

Taira 8¢ ye daiverar dywyd mpds dljfewav,

Trepduds pév odv.

Qv Lyroduer dpa, ds Eowe, pabnudray av ey
moAepnd pév yap Sk rds rdfets dvayraion pabety
TaiiTa, -}uﬁ’dﬁ? 8¢ 8uid 76 Tis odolas dmréoy
elvar yevdoews éfavadiim, 7 p?%qﬂroﬁ Aoytorc
yeveolar, . . .

T ofv ofer, & Aavker, € Tis époto atrous:
' Bavpdowot, wepl molwy dplud Siaddyeale,
& ols 70 & olov tueis dfidré domw, imov re
fxaorov wiv wavrl xal oddé opupdy Siadépor,
pépidy Te Exov dv éavrp oddév; " 7l dv oler adrods
dmoxplvacia ;

Toiiro Eywye, 611 mepl Totrwy Adyovaw dv Sia-
vonfijva: povow e'-y;._-u.-pgi‘, dMws 8 otdapds pera-
xeipileatlas Svvarov. . . .

Té 8é;  768e j8n émeonédw, ds ol Te Puices

2 The £
ﬂdumilnnptfmtf: g&ﬁmmﬁtts%d;lﬁﬁ d“i:lt::gut::
are Socrates and Glavcon, It is & clear in Rep, 537 p-n
mﬁ mme“uhoﬁc;: u:::ichw aft rmt:rilic:lr
three years spent in tﬁ“s!ud;nfgusie :Eérth m::.th: and
as a preliminary to five years' study of stie.  Plato’s
scheme, it will be noticed, is virtually identical with the

rean quadrivium except for the addition of stereo-
G
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(iii.) Plato’s Scheme
Plato, Republic vil. 525 A-530 o *
(a) Logistic and Arithmetic
Now logistic and arithmetic treat of the whole of

number,

And ly, they 1 ds truth

And, a ntly, ead us towards truth.

They nﬁ'—:{!eeﬁ. %

It would ap‘ﬂ:nr, therefore, that they must be
among the studies we seek ; for the soldier finds it
necessary to learn them in order to draw up his
troops, and the philosopher because he is bound to
rise out of Becoming and cling to Being on pain of
never becoming a reasoner. . . 2

Now what would you expect, Glaucon, if someone
were to ask them ; * My good people, what kind of
numbers are you discussing ?  What are these num-
bers such as you describe, every unit being equal,
each to each, without the smallest difference, and
containing within itself no part?" What answer
would you expect them to make ?

I should expect them to say that the numbers they
discuss are capable of being conceived only in thought,
and can be dealt with in_no other way. . . .

Again ; have you ever noticed that those who are

metry ; and the addition is more formal than real sinee
stercometrical problems were certalnly investigated by the
Pﬁt}ngur:mmu-nnt least by Arch Nfut of geometry.
Plato also distinguishes logistio arithmefio (for which
see the extract given below on pr. 16-19), and speaks of
Mmh'{' rfc}, not mrtfca povou), thm]nmiding
confusion with pepulor musio (vé Snuides povmudr).
* There is a play on the Greek word, u.ri:h could mean
either ** reasoner ™ or ** calenlator.”
T
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Aoyiorinol els wdvra vd pabjuara dis &ros elmeiv
ofeis dwovrar, ol Te Ppabels, dv' & Todrw ma-
bevlidow ral yyprdowrras, kiv unbéy d\o ahhes-
fdaw, duws eis ye 70 oftrepmt adrol avrdv
yiyreaBar mivres embibdaow;

“Eoriv, édn, olrw.

Kai iy, ds éydpar, & ye peilw mévoy mapéyer
pavlidvorre kal pederdvr, ode dv padlws odde
modd dv elipois ais ToiTo,

O yap obv.

Mdvram 83 évexa rovray otk dderéor 76 pdlnpa,
al’ ol dpworoc Tds Ploes madevréol &y atT.

Eipdmpe, 7 8 &s.
(B) Geometry

Totro pév rolvww, elmov, & fuiv reiofw: Sed-
Tepov 8¢ 70 éxdpevov Tovrov oxeficipela dpd T
mpoaices Nuiv.

o moiov; 7 yewperplav, idn, Myes;

Adro roiiro, fv 8" dyd.

“Ooov uév, ébn, mpos 7d modepund adrod relve.
&fdov &mv mpooiiKer. . . .

AN olv 8, elmov, Tpos pev T Towabra sal
Bpaxtd T dv éfaproi yemperplas re xai Aoyiauay
pdpiov: 76 3¢ mold adrijs wal moppuwrdpw Tpoioy
okomeiolar 8el ef T wpds éxeivo Telver, mpos TO
mowely waribelv piov v Tob dyaloi Béav. . . .
ob Tolvww TobTd ye, fv 8 éyd, dudiofinricovaw
Uiy oot wal opipd yewperplas Epetpot, ot
8



INTRODUCTORY

by nature apt at calculation are—not to make a short
matter long—naturally sharp at all studies, and that
the slower-witted, if they be trained and exercised
in this discipline, even supposing they derive no
other advantage from it, at any rate all ﬂ:;grm s0
far as to become sharper than they were re ?

Y es, that is true, he said.

And I am of opinion, also, that you would not casily
find many sciences which give the learner and the
student greater trouble than this.

No, indeed.

For all these reasons, then, this study must not be
rejected, but all the finest spirits must be educated
im it.®

1 agree, he said.

(B) Weometry

Then let us consider this, I said, as one point settled.
In the second place let us examine whether the
seience bordering on arithmetic concerns us,

What is that 7 Do you mean geometry ? he said.

Esxactly, I replied.

So far as it bears on military matters, he said, it
obviously concerns us. . . .

But for these purposes, I observed, a trifling know-
ledge of geometry and calculations would suffice ;
what we have to consider is whether a more thorough
and advanced study of the subject tends to facilitate
contemplation of the Idea of the Good. . . . Well,
even those who are only slightly conversant with

geometry will not dispute us in saying that this

* Plato's final reason may strike contemporary eduea-
tionists as somewhat odd.
g



GREEK MATHEMATICS

airy %) émaripy miv robvavriov éxet Tois &v adrf
5 Ammw dmo Tiv perayeiplopévar.

Has; édn.

Aéyovar pév mov pdda yelolws e xai dvayraiws:
dis yip mpdrrovrés Te xal mpdfews Svexa wdvTas
Tois Adyovs mototevor Adyovow Terpaywvileay Te
wai maparelvew xai mpoorifévar kai wdvra otirew
Pleyyoperor, 76 8 éore mov mav 78 pdfyua
yraicems dvexa emrnbevdpevor. . . .

(¥} Stereometry

Ti 8¢; vpirov fibpeen dorpovopday; 7 ot Bowei;

'Epoi youv, éfm. .. .

Nuvbi) yip ol dplds 7o s eXdfopey T
pewterpln.

Iés Aafdvres; feﬁg+

Mera émimebor, v 8' éyds, v mepupopd Gy 76
orepecy Aafdvres, mpiv adrd xaf’ adrd AaBeiw
oplicls Be éyev éffis perd Sevrépav atfqy Tpiryy

w. €are Bé wov Tolro wepi TV T@V Kiifwy

atény xai 76 Biflovs perdyov.

“Eore ydp, édy dM& vabrd ye, & Zaikpartes,
Soxel ofmw yipiobar.

Airra ydp, v 8 &y, Té alria: o1 e otdepin
wodis EvTipws adra !;xti, aoflevis {yrefrar yademd
ovrTa, emoTdToy Te Seovral of Inyroivres, dvev of

ol dv elipoev, &y mpdrov pédv yevéafa xademov,

* It is useful to know that these terms, which are regularly
found in Euelid, were already in technieal use in Plato's day,

* Lit. ** increase of cubes,” where the word * Inpreass ™
is the same as that translated above by * dimension.”
10



INTRODUCTORY

science holds a position the very opposite from that
implied in the language of those who practise it.
ow so ' he asked,

They speak, I gather, in an exceedingly ridiculous
and poverty-stricken way. For they fashion all their
arguments as though they were engaged in business
and had some practical end in view, speaking of

uaring and producing and adding® and so on,
fﬂlﬂ‘cﬂ.ﬂ in reality, 1 , the study is pursued
wholly for the sake of kn-:m'jl'l:t]ge. Ay

(%) Btereometry

Again ; shall we put astronomy third, or do you
think otherwise ¢

That suits me, he =aid. . . .

We were wrong just now in what we took as the
study next in order after geometry,

What did we take ? he asked.

After dealing with plane surfaces, I replied, we
proceeded to consider solids in motion before con-
sid solids in themselves ; the correet procedure,
after the second dimension, is to consider the third
dimension. This brings us, I believe, to cubical
increase * and to figures partaking of dcg:c)hc:r

Yes, he replied ; but these subjects, ates, do
not appear to have been yet investigated.

The reasons, I said, are twofold. In the first
place, no state holds them in honour and so, being
difficult, they are investigated only in desultory
manner. In the second place, the investizators lack
a director, and without such a person they will make
no discoveries. Now to find such a person is a diffi-

There Is probably a playful reference to the problem of
doubling &e cube, for which see infra, pp. 256-300.
11
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émerra wal yevopévov, s viv éyer, odx dv melfovro
o mepi Tabra [ypmyrwcol peyalodpovodperor. el §e
woAis GAy owwemweorartol éTiuws dyovsa adrd,
offrol 7e dv melflonro xal ovvexds Te dv kal dv-
Tovws Dyrodueve exdavij yévoiro dmp exer: émel xal
iy t?rdﬂﬂ'r?v moMav dripaldpeve kal kodovdueva,
Umo 8¢ 7dv Lyrovvrew Myov odk éxdvran xal' &r
xpriaipe, Gpuws wpos dravra Tadra Bl dwo ydpiros
abfdverar, xai o0dév Pavpaordv adrd davippar.

Kai pév 83, édm, 76 ye nilyap xal Sadepdvrws
€xer. dMd por cadéorepor elmé & vuvdy) Eleyes.
T pév ydp mou 7ob émmédov mpayparelay yew-
perpiay érifles.

Nal, v 8" éya.

Efrd o', édn, 70 pév mp@rov dorpovoplay perd
Tatryy, Uorepoy 8 dveywpnoas.

Zreddwr ydp, &dmp, Taxd ndvra Suefedfeiv pal-
Aov Bpabive: éfijs yap oloar v Bdfovs adfys
péfodov, orv 7§ Inmjoer yedoiws &xe, Omepfas
alriy perd yewperplay dorpovoplay EAeyor, dopiy
oboay Bdllovs,

‘Oplas, édn, Myas.

* These words (dg »fe fya) con be taleen either with what

before or with what comes after. In the former ease

Ylato {or Socrates) will be referring to a distinguished con-

temlﬂarnry (such ns Eudoxus or Archytas) who had already
made discoveries in solid geometry,

* This has been thought to have some bearing on
the m whether the Socrates of the dialogue is meant
to be the Socrates of history or not.  The condition of steren-
metry, as deseribed in the dinlogue, certainly does not fit
12
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cult task, and even supposing one appeared on the
E-ttne, as matters now stand,® those who are investi-
these problems, being swollen with pride,
m:-ul pay no heed to him.  But if a whole state were
to honour this study and constitute itself the divector
thereof, they would pay heed, and the subject, being
mnt&nunmir and earnestly investigated, would be
ht to light. For even now, neglected and cur-
ta as it i.a not only by the many but even by
professed students, who can s t no use for it,
nevertheless in the face of all these obstacles it
makes pmg:em on account of its elegance, and it
would not be astonishing if it were fully unravelled.

It is certainly an exceedingly fascinating subject,
he said. But pray tell me more clearly what you
were saying just now, I think you defined geometry
as the investigation of plane surfaces.

Yes, I said,

Then, he observed, you first placed astronomy
after it, but later drew back.

The more I hasten to cover the ground, I said, the
more slowly I travel ; the study of solid bodies comes
next in order, but because of the absurd way in
which it is investigated I it over and spoke
of astronomy, which involves the motion of solid
bodies, as next after geometry.

You are quite right, he said.?

Plato's generation, when Archytos and Eudoxus were making
brilliant discoveries in solid geometry i but, even during the
Iifetime of Socrates, Demoeritus Hippocrates had made
notable contributions to the same science. This passage
eannot help, therefore, towards the solution of that problem.
All that meant, it wonld appear, was that stereometry
had not been made a formal element in the curriculum but
was treated as part of geometry.

13



GREEK MATHEMATICS
(8) Astronomy

Téraprov rolvuy, v &' épd, TilGper pdfyua
doTpovopiav, dis Umapyolons Tis viv napalemo-
pévns, éav abriy wéMis perin. . . . Talre pév Ta
& 7¢O olpavd wowilparn, emelmep év dpard
memoixciAras, kdMiora pév tyeiofar kal drpifé-
grara TV TowlTwy fyew, Tav 8¢ ddgfudy mold
€vdelv, ds 10 v Tdyos kai 1) odon Ppaduris év 7@
afwd dplbug xal mim Tols dAnbéo oyfuac
dopis Te mpos dAMna déperar ral Ta dvdvra déper,
a ) Myw pév kai davolg Anmrd, Sfe 8 ol 3
ou OLEL;

'D:‘Ilad.t.l{:lg ¥ ;ﬁ

Odrotv, elmov, T mepl wov odpavdy woualia
mapadelypace ypnoréov Tis mpos dxeiva pabioews
€vexa, Opolws womep v o Tis dvriyor o
Aaddlov 7 mwos dov Snpovpyed 7 ypadlws
diadepdvrws yeypappévors Kai demerovuévors Bia-
ypdppaow. . . . mpofilijpaaw dpa, v 8 dy,
Xpuiprevor clomep yewperplny olrw xal darpovouiay
pérypey, Ta 8’ &v 79 olpard ddooper, el péMoper
dvrws doTpovopins peradapBdvovres ypioyov T
diioes. dpbwpon & i duxfy 46 dxphoron, ot~

TEWV. v & &

* There seems little doubt that in this prasage Plato wished
astronomy to be mrﬂnﬂ as the pure science of bodies in
muotion, of which heavenly bodies could at best afford
only one example. Burnet has made desperate efforts to
save Plato from himself. Acconding to his contention, Plato
meant that astronomy should deal with the true, as
to the apparent, motions of the heavenly bodies ; it is pt-

14
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(3) Astronomy

Let us then put astronomy as the fourth study,
regarding that now ed over as waiting only until
some state shall take it up. . . . Those broideries
yonder in the heaven, forasmuch as they are broidered
on a visible und, are rightly held to be the most
beautiful and perfeet of visible things, but they are
nevertheless far inferior to those that are true, far
inferior to those revolutions which absolute speed
and absolute slowness, in true number and in all true
forms, accomplish relatively to each other, carrying
their contents with them—which can indeed be

by reason and intelligence, but not by sight.
o you think otherwise ?

No, indeed, he replied.

Therefore, I said, we should use the broideries
round the heaven as examples to help the study of
thmth true objects, just as we milght u]s]c,d if we met
with them, dla.gn.ms surpassi well drawn and
elaborated by Daedalus or a‘l;grulhur artist. . . .
Hence, 1 said, we shall approach astronomy, as we
do geometry, by means of problems, but we shall
leave the starry heavens alone, if we wish to obtain a
real grasp of astronomy, and by that means to make
u;:ﬁﬁ: instead of useless, the natural intelligence of
the soul. . . .®

ing but difficult to reconcile this with the decisive
of the text, Fartu.ulrlﬁ Plato's own pupils in the Academy,
notably Eudoxus and Heraclides of Pontus, adopted a dif-
ferent attitude, using mathematics to account for the actual
maticen of the heavenly bodies ; and Plato himself does not
appear to have held consistently to the belicf here f_:i?mm«l,
for he Is said to have put to his pupils the question by what
combination of uniform circular revolutions the apparent
movements of the heavenly bodies can be explained,

15
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(¢} Harmuonics

Kubuvede, édqv, ds mpos dorpovopdlav Sppara
mémyev, dis mpos dvapudwor dopdy dra mayivai,
wal adrar aAMjAwy dieddal Twes ai émoTipa
elvas, s of re Nufaydpeol dam wal fuels, o
Uhavikey, ovyywpotjter.

(iv.) Logisti

Schol. in Plat. Charm, 165 &

ﬁo?wnxﬁ dort Dewpla tav aplpnrdv, olyi 8¢
rdv aplbpdn ptm".;ﬁplwmri, ol Tov Gvrws dpulipoy
AapBdvovoa, dAN dmordlepdin T pév & ws
povdda, 7o 8¢ dpiliunTov s dplipdy, oloy 7a Tpin
Tpuida elvar xai Td Béxa Sexdba: &' dv émdye
Té KaTd &ptﬂmrﬂﬁi-_v Bewpijpara. Oewpet oy Totiro
pév 76 khnlev o' "Apypndovs Boeucor mpoPinpa,
roiro 6¢ pniTas Kot {ras apifipots, Tots pe
&nl duaddy, Tots Bé émt molpims kel én’ EMwy de
yevdw 7d mhijbn Ty alofyrdy owpdrwy axomoioa,
dis wepl Telelwy dmodaiverar. Ay Bd alrijs mdvta
ra dpBuyrd: pépm 8¢ adris ol ‘EMmpuucal wai
Alyvrriakal xadovpevar péfobor dv moldamdaoia-

= See the fi ent from Archytas, rupra, pp. 4-5,

’ Sncntzsnxmpmccuds to censure the l"yl]mgt!:rlinna for com-
mitting the same error ns the astronomers : they investigate
the numerical ratios subsisting between audible concords,
but do not apply themselves to problems, in order to examine
what numbers are consonant and what not, and to find out
the reason for the difference (émoxomely rler odpduvoc dpifluod
wul vives off, wal Bid =f dedrepod).

* In the cattle-problem Archimedes sets himself to find
the number of bulls and cows of each of four colours.  The
problem, stripped of its trimmings, Is to find elght unknown
16
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(e} Harmonies

It would appear, I said, that just as our eyes were
intended for astronomy, so our ears were intended
for harmonious movements, and that these are in a
manner sister sciences, as the Pythagoreans assert
and as we, Glaucon, agree.?

(iv.) Logistic
Scholium to Plato's Charwiides 165 &

istic is the science that treats of numbered
objects, not of numbers ; it does not consider number
in the true sense, but it works with | as unit and the
numbered object as number, e.g., it regards 3 as a
triad and 10 as a decad, and applies the theorems of
arithmetic to such cases. It is, then, logistic which
treats on the one hand the problem called by Archi-
medes the cattle-problem,® and on the other hand
melite and phialite numbers, the latter appertaining
to bowls, the former to flocks?; in other types of
problem too it has regard to the number of sensible
bodies, treating them as absolute. Its subject-
matter is everything that is numbered ; its branches
include the so-called Greek and Egyptian methods
in multiplications and divisions, as well as the addi-

quantities eonnected by seven stmple equations and subject
to two other conditions. It involves the solution of a
* Pellian ** equation in numbers of fantastic size, and it is
unlikely that Archimedes completed the solution, See vol, il
Pp- 202 1. 3 T. L. Heath, The Works ﬂ{'g‘lr\?ﬁimdﬂ. PP 818-
326, and for a complete discussion, A. Amthor, Zaitsehrift
fiar Math. w. Physik ( Hist.-litt. Abtheilung), xxv, (1880), pp.
153-171, supplementing an article by B. Krumbicgel (pp. 121-
138) on the authenticity of the problem.

* He should probably have said * apples *,

voL. 1 c 17
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opois xal pepuopols, xal al é@v poplwy ovykeda-
Aaioes xal Suupéoes, als hveder Td xard i
vhyy épdwlevdpeva vaw apofinudrar i mepl Tods
Tpeyvors kal modvydivous mpayuarelg. Tédos
8¢ abrijs T8 wowwvikdy & Blw xal Xpriotov &y
avpfodaloss, €l wal Bokei mepl raw wolhyrde ds
Tedeiwr dmodaivesia.

(v.) Later Classification
Anatolius ap. Her..Def, ed. Heiberg 164, 8-18

" Mdoa pépn pabnparucis;

" Tiis pév ryuwrépas xal mpabTs oAooyepéorepa
pépn 8do, dplunrucy) Kal yewperpla, Tis 8¢ mepl
i alobyri doxolowudrs I, doyioroct, yeuda.
oia, dmrue, kavowu, pnyave, doTpovopIKT].
OTt olire 70 TakTudy Kadotpevor offre T4 dpyire-
KTOMKOY obTe T6 Bnuddes povaudy 7 T wepl Tdg
Pdoeis, AN 00dé 76 dperipws xadodpevor pnya-
vkdy, dis olovral Twes, pépy pafyparicis elar,
mpoidvros 8¢ Tob Adyou ouddds e wal dupelddus
Seifoper.”

= i, that which deals with not-sensible objects,

* Geminus, according to us in Ewel. i. (ed. Friedlein
38, 8-12), gives the same classification, only In the order
18
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tion and splitting up of fractions, whereby it ex-
plores the secrets lurking in the subject-matter of
the problems by means of the theory of triangular
and polygonal numbers. Its aim is to provide a
nufnmnn ground in the relations of life and to be use-
ful in making contracts, but it appears to re

sensible objects as though they wefepcalﬁalute. s

(v.) Later Classification

Anatolius, cited by Heron, Definitions, ed, Heiberg
164, 9-18

* How many branches of mathematics are there ?

** There are two main branches of the prime and
more honourable type of mathematics,® arithmetic
and geometry ; and there are six branches of that
type of mathematics concerned with sensible objects,
logistic, geodesy, optics, canonic, mechanics and
astronomy.® That the so-called study of tactics and
architecture and popular music a.nqg' the study of
Eunar] phases,® or even the mechanies so called

omonymously,# are not branches of mathematics,
as some think, we shall show elearly and methodically

as the argument proceeds.”

arithmetic, geom » mechanics, astronomy, optes, geo-
desy, canonic, logistic. Geodesy means the practical
measurement of surfaces and volumes: eanonic is the
theory of musical intervals ; logistiu is the art of calenlation,
as o to arithmetic, by which & meant what we should
call theory of numbers, Geminus proceeds to give an
elaborate annlysis of the various branches.

* According to Heiberg, this means * das Kalenderwesen,"
. ]-ldbnrgmﬁiterpuls this as * die praktische Mechanik,
die sich im Namen von der theoretischen nicht unter-

19
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(&) Marnemarics v Gnees Evvcatios

Tambl. De Vita Pythag, 18, 89, ed. Deubner 52, 8-11
J'i.{?’atrm 8¢ oi Ivbaydpeonn famvéylar yew-
perpiny ofirws. 4 €lv Twa THY otiolay TEv
Htﬁu}rﬂfs&w- dis B¢ Tolro yrixmoe, bolijrar atrd
xpmparicaclar dmd yewperplas. dradeiro 8¢ 7
yewperpla mpos Ilvflaydpov loropla.

Plat. Leg. vii. 517 £-820 b

AenNaloX =ENox. "En Bl‘o;ufm Tols  €lev-
Bépois €ariv Tpia pabripara, opol pév wkal rd
wepi dpilpovs & pdfpua, perpyrucy 8¢ pikovs
xai émmédov kai Ballovs dis év all bedrepor, TpiTor
B¢ s Taw d v mepwidoy wpds dlnda ds
médurer IFEPGL;EGEIII.. ratira 8¢ ovpmavra oly ws
dxpifelas éxdpeva Sei Buamoveiv rovs molots dAd
Twas odliyovs—ols 3¢, mpoidvres éml 19 Tdu
fp&'w;.m.r otirew yap mpemor dv el—ri whijle 3¢,
ooa abrdv dvaykain kal wws opfidrata Adyerac
) émloraatlas pév 7ois moMois alaypdv, 8¢’ dipt-
Belas 8¢ Iyreiv wdvra ofire pdbiov obire 76 mapdmay
Swvardy. . . .

Toadde rolvw éxdoruw ypi ddvar pavidvew
deiv Tois é\evfiépovs, doa xal mdumodvs & Alybmre
maldwy dxdos dua -y,un’tqmm pavldver. mparor
pév ydp mepi Aoyrapods drexvis maioly e€nupnpéva

paTta perd wawbids Te xal fdovie parfavew,

* Plato is thought to have redeemed this promise townrds
the end of the Laws, where he describes the composition of
the Nocturnal Council, whose members are required to have

considerable knowledge of mathematics,
* The Greek word ts derived from the same root as the
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() Maruemarics v Greex Eovcation

Tamblichus, On the Pyﬁggaﬁl: Life 18. 88, ed. Deubner
The Pythagoreans say that geometry was divalged
in this manner. A certain Pythagorean lost his
fortune ; and when this befell him, he was permitted
to make money from geometry. But geometry was
called by Pythagoras * inguiry.”

Plato, Lawer vil. 817 =820 p

Atnexiax Straxoes. Then there are, of course,
still three subjects for the freeborn to study. Cal-
culations and the theary of numbers form one subject ;
the measurement of length and surface and depth
make a second ; and the third is the true relation of
the movement of the stars one to another.  To pursue
all these studies thoroughly and with accuracy is a
task not for the masses but for a select few—who
these should be we shall say later towards the end
of our argument, where it would be appropriate *—
for the multitude it will be proper to learn so much
of these studies as is necessary and so much as it ean
rightly be described a disgrace for the masses not to
know, even though it would be hard, or altogether
impossible, to pursue with precision all of those
studies. . . .

Well then, the freeborn ought to learn as much of
these things as a vast multitude of boys in Egypt
learn along with their letters,  First there shonld be
calculations of a simple type devised for boys, which
they should learn with amusement® and pleasure,
Greck word for * boy,” and Plato is playing on the twno

words.
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prjdanv T Towwy Biavopal kel oreddver wheloow
dua xai é\drroow dpporrivray dplfludv Tav al-
riw, kal wukrdy xal malaordy dbeSpelas Te wal
ovhbijfews &v pdper wal édefijs xal dis wedinao
yiyveolar. kal &) wxal waillovres, didhas dua
xpvool xai yalxob xai dpyipov kal Towtrwy Twév
aMwy kepavvivres, of 8¢ xal ddas mws Babibdires,
omep elmov, els madudv dvapudrrovres Tds Taw
avayralwy dpilpdy ypices, ddelodion rods pav-
bBdvovras eis Te Tds 7dv orparoméduwy tdfes xal
dywyds xal orparelas xal els olxovoplns af, xal
wdvTws xpoyusTdpovs attols abrois kal éypryo-
poras padov Tods dvlpdimovs dmepydlovrar- peri
O¢ Tabra & Tals perprioecow, Soa Eye iy ral
wAdry xai Bdfly, wepl dravra Taira évotody Twa
$loer yedolav v wal aloypiv dyvoiav év Tois
aflparmois wiow, ravrys dmalddrovouw.

KAEINIAZ. Tlolay &) xal tihva AMyes radrg;

Ae. " e Kdewin, mavrdmao ye piy wal adrés
axofioas difié more 10 mwepi Taira npdv wdfos
éfadpaga, xal &Bofé por rofro odk avfipdmor
aMa dmvdn ey elva palov Bpeppdraw, foyie-
by 7e oly vmép duavroi pdvov, A xai Smép

amdyrwy THw "EXdfvan,

* Heath (H.G.M. i. 20 n. 1) first satisfactorily explained
the construction of this sentence.

* The Athenian Stranger, generally taken to mean Plato
22
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such as distributions of apples and crowns wherein
the same numbers are divided among more or fewer,
or distributions of the competitors in boxing and
wrestling matehes by the method of byes and draw-
ings, or by taking them in consecutive order, or in
any of the usual ways.® in, the boys should play
with bowls eontaining gold, bronze, silver and the
like mixed together, or ﬁe bowls may be distributed
as wholes. Tor, as I was saying, to incorporate in
the pupils’ play the elementary applications of
arithmetic will be of advantage to them later in the
disposition of armies, in marches and in campaigns,
as well as in household management, and will make
them altogether more useful to themselves and more
awake. After these things there should be measure-
ments of objects having length, breadth and depth,
whereby they would free themselves from that
ridiculous and shameful ignorance on all these topics
which is the natural condition of all men.

Cugivias. And in what, pray, does this ignorance
consist ¥

ArueNtaN  Straweer. My dear Cleinias, when I
heard, somewhat belatedly, of our condition in this
matter,! I also was astonished ; such ignorance
seemed to me worthy, not of human beings, but of
swinish creatures, and I felt ashamed, not for myself
alone, but for all the Greeks.

himself, proceeds to explain at length that he is refi to
the problem of incummmumlﬂhi:ly. The Greck (drodoas
e more) could mean that he only lately either
of incommensurability itself or of the prevalent Greek ignor-
ance about incommensurability. A. E. Taylor comments
that in view of references to incommensurability in quite
enrly dinlogues it seems better to take the words in the
Intter sense.
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év éxelvaw 7obr' doriv dv &apev aloypdy pév
24



INTRODUCTORY
Cierv. Why ?  Please explain, sir, what you are

saying.

Arn. 1 will indeed do so ; or rather I will make it
plain to you by as questions. Pray, answer me
one little thing ; you know what is meant by line ?

Creme. Of course,

Aru. And again by surface ?

Crem. Certainly.

Arin, And you know that these are two distinet
things, and that volume is a third distinct from them ?

Cremx. Even so,

Ari. Now does not it appear to you that they are
all commensurable one with another ?

Crem, Yes.

Atn. 1 mean, that line is in its nature measurable
by line, and surface by surface, and similarly with
volume,

Crex, Most assuredly.

Arn. But suppose this cannot be said of some of
them, neither with more assuranee nor with less, but
is in some cases true, in others not, and suppose you
think it true in all enses ; what you do think of your
state of mind in this matter ?

Ciemv. Clearly, that it is unsatisfactory.

Arn, Again, what of the relations of line and sur-
face to volume, or of surface and line one to another ;
do not all we Greeks imagine that they are com-
mensurable in some way or other ?

Crerw, We do indeed.

Ari. Then if this is absolutely impossible, though
all we Greeks, as I was saying, imagine it possible,
are we not bound to blush for them all as we say to
them, * Worthy Greeks, this is one of the things of
which we said that ignorance is a disgrace and that
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* Plato Is probably censuring n belief that if twe SOjUAres
are commensurable, their sides are also commensurable ;
and if two cubes are commensurable, thelr surfaces and sides
are also commensurable. The discovery that this is not
necessarily so would arise in such problems s that pro-

unded in Meno 52 5—85 g (doubling of u square) and in

duplication of the cube (see in i, pp. 256-300),  The
only difficulty is that commensura klitE:E not always im-
possible (unBapds 4 i Bevard). ief that areas and
volumes ean he exp in linear measure wonld meet this

ﬁfpulatinn. but it seems too elementary to eall for elaborate
utation by Plato,
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to know such necessary matters is no great achieve-
ment "} #

Creryv. Certainly.

Artn. In addition to these, there are other related

ints, which often give rise to errors akin to those

tely mentioned.

Crziv. What kind of errors do you mean ?

Amit. The real nature of commensurables and in-
commensurables towards one another., A man must
be able to distinguish them on examination, or must
be a very poor creature.  We should continually put
such problems to each other—it would be a much
more elegant occupation for old people than
draughts—and give our love of victory an outlet in
pastimes worthy of us.

Crem, Perhaps so; it would seem that draughts
and these studies are not so widely separated.

lsocrates, Panagyric of Athens 26-28, 238 p-p *

So far from dm];iaing the education handed down
by our ancestors, I even approve that established in

* According to A. E. Taylor, this means that ** behind the
more specinl problems of the commensurability of specifie
areas and volumes there lies the problem of constructing
general * theory of Incommensurables.” ™ He calls in the
evidence of Epinomis, 880 n—001 n, for which see infra,
pp. 400-405. For further references to the problem see
infra, pp. 110-111, 214-215,

¢ lsocrates began this last of his orations in his ninety-
fourth year and it was published in his ninety-eighth. He
expresses similar sentiments about mnthematics in Anfidoris
§§ 261-268; see also Xenophon, Memorabilia iv. 7. 2 .
Heath's dry comment (H.0.M, L 23) 1s: ** It would appear
therefore that, notwithstanding the influence of Plato, the
attitude of coltivated Fh: in penernl towards mathematics
was not different in Plato's time from what it is to-day.”
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i Te yewperpiay xal Tiv dorpodoylay xal rods
Biaddyovs Tovs épuaTikads xadovpévovs, ols of uév
vewrepol pallov yaipover Toll ddovros, Taw Be

afurépwy olibeis fomv, Somis dv dvexTobs adrols
elvar dijoecer.

"AM' Guews éyar Tols apunuédvois éml Tadra
mapaxeletopat movely xal wpoordyew Tov vody dram
TovTols, Adpwr, dis el xal p dMo Sdvarar Ta
pabijpara raira mowiv dyalov, G ofv drorpéme
ye Tous vewTépovs woMidv dMav dpapriudrow.
Tols pev oby TnlixotTois oldémor’ dv elpefivu
voplle uarpifas didelpuwrépas Tovror oldé pal-

v mpemovoas: Tois 0f mpeoPurépois kal Tois el
M‘Pni' Sedoripaouévos olrért dnul tds peddras
TavTas dppoTrew. Opd ydp eviovs v émi 7ois

jpagr TovTois ofrws ampepBopdvar dore Kal
7oy dMovs Silbdorew, offr’ edkaipws Tais ém-
orijpas als éyovor ypwpdvovs, & Te Tals dMais
mpaypareiats tais wepl Tov Blov ddpoveorépous
avras Tav pabllyrév: exvd yap elmeiy Taw olweraw,

(c) Pracrican Carcurarion
(i.) Enumeration by Fingers
Aristot. Prob. xv. 3, 910 b 23-011a 1

Awd i mdvres dvfpwmor, xai PdpBapor xal
"EMujres, els 7o Séea xarapiBuoio:, xal otk elc
dMov dpiflude, olov B, 7, 8, i, elra wddw érava-
gzralnﬁﬂw, & wevre, bt wérTe, womep Evdexa,

plexa; . . . 7 &rt mdvres dmiplav dvflpamor
€xorres déia daxtidovs; olov odv dnjdous €xovTes
ﬂ =
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our own times—I mean geometry, astronomy, and
the so-called eristic dialogues, in which our younj
men delight more than they ought, though there is
not one of the older men who would pronounce them
tolerable.

Nevertheless I urge those who are inclined to these
diseiplines to work and apply their mind to all
of them, saying that even if these studies can do no
other good, they at least keep the young out of many
other things that are harmful. Indeed, for those
who are at this age I maintain that no more helpful
or fitting occupations can be found ; but for those
who are older and those admitted to man's estate
I assert that these disciplines are no longer suitable.
For I notice that some of those who have become so
versed in these studies as to teach others fail to use
opportunely the sciences they know, while in the
oﬂg:r activities of life they are more unpractieal than
their pupils—I shrink from saying than their servants,

(¢) Pracrican CarcuraTion

(i.) Enwmeration by Fingers
Aristotle, Problems xv. 3,910 b 23911 a 1

Why do all men, both barbarians and Greeks, count
up to ten and not up to any other number, such as
2, 8, 4 or 5, whence they would start again, saying,
for example, one plus five, two plus five, just as th;:fr
say one plus ten, two plus ten 79 . | | Is it that all
men were born with ten fingers? Having the

* The Greek words for 11 and 12 mean literally ono-ten,
tie-ten,
20
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700 oixelov dpllpod, Tovre 7@ whijfer xal Ta dAa
thﬁ'pmﬁmm
Nieolas Hhubd.us. ed. Tannery, Nolices of exiraifs des nanu-

serifs da la Biblisthigue Nationals, vol. xxxii. pt. 1,
pp. 146-152

“Exdacis Tof Saxtvhixol pérpov

"Ev 3¢ rais yepol kaléfes rods dpifpods otrws:
wm. £ v -n? Aned, d#ﬂﬂs det fnug pmaﬁl.ml}s'
n:m. Sexabivovs rpaTely uplﬁpwus, év B¢ T Sﬁf
ToUs ém.mvmﬁmm xm xu‘.m mw, 'rﬂt-'s ;s
€mdxeva Todrwy xnpaﬂfw € Tun ol yap exas
omws walléfes v Tails yepol.

ZvoreMopévor voil mparov xal puxpoi Bartidov,
7ol piiwroes kadoupévou, T@y Bé Teoadpuwy éxTera-
pever xal ioropdvwr dpflwy, xaréyes & pév
dﬁﬂp:i yetpl povdda play, év 8¢ 9 Sefud yhiov-
Tdoa piav.

Kai m[lr.; mtﬂmﬂ Kol fnliruup;;:l: raﬁ
per atrov devrepou iov, 7ol T
cﬂqﬁamu kadovuévon, Ty Se .P.mm:rﬁu Tpuby s
Etﬁr‘qp ?.mpﬂwr, Kkpatels & pev T edunduw
dvo, dv B¢ T ﬁiflq. Suayidia

Toii &' aff rpirov wwrﬂo!zéwu, 7ot Tob gq[.u-

xédov kal pdoov, keypdvar kai 7oy érépwy Svo, Taw

" The word sepsdioe ("to five™), used by Homer
(Ol iv. 412) in the sense ** to count,” would appear to be a
relic of o quinary system of rmlmninq The Greek yeip,
like the Latin manus, ls used to denote ** a nuomber ' of men,
#.49., Herodotus vii. 187, viil, 140 ; Thueydides 1l. 96.

*' Nicolas Artavasdas of Sm ik, Rhabdas, lived
in the fourteenth century a.p. He is the suthor of two letters
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equivalent of pebbles to the number of their own
fingers, they came to use this number for counting
everything clse as well.#

Nicolas Rhabdas,* ed. Tannery, Notices o ectraits des manu-
wcrits de la Bibliothique Nationale, vol. xxxil. pt. 1,
pp. 146-153

Exposition of finger-notation ®

This is how numbers are represented on the hands :
The left hand is always used for the units and tens,
and the right hand for the hundreds and thousands,
while beyond that some form of characters must be
used, for the hands are not sufficient.

Closing the first finger—the little one, called
myope—and keeping the other four stretched out
straight, you have on the left hand 1 and on the right
hand 1000.#

Again, closing this er together with that next
afl:tf it—the second, ealled lﬂi the middle and epi-
bate—and keeping the remaining three fingers open,
as we said, you have on the left hand 2 and on the
right hand 2000,

Once more, closing the third finger—called spha-
kelos and middle—and keeping the other two as

edited by Tannery, of which the second ean be dated to the
Year 1341 by a caleulation of Faster. He edited the arith-
metical manual of the monk Maximus Planodes.

* A similar system Is explained by the Venerable Bede,
Dy femporum rations, ¢ 1., * De computo vel loqueln digi-
torum.” He implies that St Jerome (0. a.p. 420) was a
neﬁ with the system.

In the Greek the numerals are sometimes written in full,
mﬂ&ﬂm in the nlphabetic notation, for which see injfira,
P
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3¢ dowmdw 8to dcrerapdioww, 7ol Aixavod Adyw wal
tob avriyeipos, eloiv dmep kpaTeis iv pév 77 Aaud,
5, ev B¢ T debid, -

[éhy ovoreMopdvwy tav Blo, Toi péoov kal
mapapdoov, fyovw Tob devrépov kal Tplrov, kul Tdv
My Svrar efqmlwpéray, Toi diriyapos Adyw,
100 Aiyavod kol Toi piwmos, eloiv drep xpateis ev
pev T Aa, 8, év be j chttii, 0.

Il dAs Toli Tpirou, 7ol kai jEoow, ouve v,
xai Tov Aowriw Tesodpwy exTeTapdvwy, SmloDow
dmep xparels (& pev 77 Aud)' & v Bé 1) Sefud, &

Toi eémPdrov wdAw, 7o0 xai Sevrépov, ovr-
earadpdvov kal T@y Aowmdy (Teaadpaw ) prhwpcvar,
wpatels €v pév T ebwnipe T, év 8¢ 4] évépa 5.

Tob pdwmos wahw, 700 kal mpuiTov, ékrerapdvoy
xal ) maddun wpomfatorros, Tiv B¢ Aoumdv
lorapévwy dpliws, eloly dmep xaréyes, [, év 8¢
i aMg, L.

Tod devrépov mahw, 7ol kai wapapéoov, opoiws
éxTeTapidvor kai kAfvovros E:gl‘:s' of =ff wvdbw
TeAelws mpooeyyloy, Tov 8¢ Aowwdv Tpuaw, Tol
rplrov, Toll Terdprov kai Tol mdumrov, s wpo-
eprrar loTapdvw Gpliwy, 16 yevbpeov oxfjua
il.-d.r,_n 77 Awd ﬁ‘r’llo? 7l, &v Bé Tfj Selid 1.

trws olv Kai 7ol TPITOU YEVOUErOU, KetjiLeri
wai Tiov dMav Bvo, Toll mpwrov kai devrépov, Kata
T alTo oyua, e pév Tf dpuwrrepd Snlolow d, &
e 7 alp 0.
Mahiw 7oif deriyepos Hmhwpdvoy, otyl &' lmep-
v .. . Amd add. Morel,
¥ regodpwy add. Tannery.
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before, with the remaining two held out straight—
I mean the forefinger® and thumb*—yon have on the
left hand 8 and on the right hand 3000,

Apain, closing the two fingers called middle and
next the middle, that is, the second and third, and
keeping the others open—I mean the thumb and fore-
finger and that called myope, you have on the left
hand 4 and on the right hand 4000,

Again, closing the third finger—the middle—and
keeping the remaining four straight, the fingers will
represent on the Il.',‘ft%lﬂnd 5 and on the right hand
5000,

Closing, again, the epibate fi —the second—
and keenElnglgthe ﬂ.'mn.iﬁ:'lg fuurn?:;rcn, you have on
the left hand 6 and on the other 6000,

Again, by extending the finger ealled myope—the
first—s0 as to touch the palm, and keeping the
others stretched out straight, you have 7 and on
the other hand 7000.

If the second finger—that called next the mididle—
is extended in a similar manner and bent until it
nearly touches the hollow of the hand, while the re-
maining three fingers—the third, fourth and fifth—
are stretched ont straight as aforesaid, the resulting
figure will represent on the left hand 8 and on the
right hand 8000.

If the third finger also is bent in this manner, the
other two—the first and second—remaining as before,
the fingers will represent on the left hand 9 and on
the other G000.

Again, if the thumb is kept open, not raised verti-

* The Greek word means literally the " licking * finger.
* The Greek word means liternlly ** that which is opposite "
#c. the four fingers.

VOL. 1 D 23
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atpopdvon, dla wdaplws wws, xal 7of Myaved
tmoxMvopévoy dxpis dv TG Tob avriyepos mpoTépy
dplpe oupmdop, éws dv yémra giypatos axijun,
rav B¢ Aomdy Tpidy duoicds TmAwpdvar kal pg
xwprlopédvew an’ dAjdew, dAda ouwmuuévwr, 0
Towolroy év pév 7)) el yepl onuaiver déka,
&v B¢ 1) debid p.

(ii.) The Abacus

Herod. i 38, 4
Tpdppara ypddover xai Aoyilovra njdoia "EA-
nves pev dmo Tav dpioTepdv eéml Ta Sefid Pé-
povres T xeipa, Alytmrior 8¢ dmd rdv Sefidw énml
Td dpiarepd: kal mowedvres Tadra adrol pév dam
€mi Befua mordaw, "ENvpvas 8¢ &' dpioTepi.

* It is perhaps unnecessary to follow this trifle to its end.
Rhnhdul;ﬂrmunds to show how the tens from 20 to 90, and
the hundreds from 200 to 900, can be represented in similar
manner. Detalls are given in Heath, H.6. M. ii. 552,

I have not found it ible to give a satisfactory rendering
of Rhabdas's names for the fingers. Poasibly pdesd should
be translated spur (though this seems a more natural name
for the thumb than the first finger) and dmifdrne rider;

(rddeedlos in the sss.) can mean spasms or con-
vulsions, and Mr. Colin Roberts tentatively suggests (to my
mind convincingly) that the middle finger is so called becanse
It is joined with the thumb In cracking the fingers,

only ancient abaci which have been preserved and
can definitely be identified as such are Roman. It is dis-
puted whether the famous Salaminian table, discovered by
54
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cally but somewhat aslant, and the forefinger is bent
until it touches the first joint of the thumb, so that
they resemble the letter o, while the remaining three
fingers are kept open in their natural position and
not separated from each other but kept together, the
figure so formed will signify on the left hand 10 and
on the right hand 1002

(“:.i.'] The Abacus®
Herodotus ii. 36, 4

In writing and in reckoning with pebbles the
Greeks move the hand from left to right, but the
Egyptians from right to left®; in so doing they main-
tain that they move the hand to the right, and that
it is the Greeks who move to the left.

and deseribed by him in 1846 (Rerus arehdologiqua
iit.), s an abacus or a game-bonrd ; the table now lies in the
Epigraphical Museum at Athens and is deseribed and illus-
trated by Kubitschek (Wiener numismatische Zeitschrifl,
XX, IBW.J:-. 30:3-308, with Flate xxiv.), Nagl (Abhand-
lungen sur Geschichte der Mathematik, ix., 1880, plate after
. 357) and Heath, HL.G. M, i. 48-51. The essence of the
sreck abacus, like the Roman, was an arrangement of the
columns to denote different denominations, e.g., in the cnse
of the decimal system units, tens, hundreds, and thousands.
The number of units In esch denomination was shown by
pebbles.  When the pebbles eollected in one column became
sufficient to form one or more units of the next highest
denomination, they were withdrawn and the proper number
of pebbles substituted in the higher eolumn.,
* This implies that the columns were vertical.

a5
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Diog. Laert, 1. 50
"Eldeye §¢ Tols wapd 7ois Tupdwois Svvaudvovs
wapamAnaiovs elvar Tais yiidois Tals émi ra@v Ao-
yiopdy. Kal yap €xelvew éxdary woTe pev mheiw
onuaivew, wore 8¢ frTw: Kai TolTwy Tols Tupdy-
vous woTé pev éxagrov udyav dyav xal Aapmpdy,
TOTE Of ATHLOV,

Polyb. Histor, v, 26. 18
*Ovrws ydp elow ofrow mapawhijowo Tais éni T
afaxiwy Ynjdois: exetval 1e yap kard TV Tob
yméilovros Bovdngow dpri yoldroly kal wapavrika
rddavrov loxdovew, of € Tepl Tds addis xara TO
tof faclws velpa pakdpwoi xal wapa wodas

eeswvol ylfmwm.,
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Diogenes Laertins i. 59

He [Solon] used to say that men who surrounded
tyrants were like the pebbles used in caleulations ;
for just as each pebble stood now for more, now for
less, so the tyrants would treat each of their courtiers
now as great and famous, now as of no account.

Polyhius, History v. 26. 13

These men are really like the pebbles on reckoning-
boards. For the pebbles, to the will of
the reckoner, have the value now of an eighth of an
obol, and the next moment of a talent®; while
courtiers, at the nod of the king, are now happy, and
the next moment lying piteously at his feet.

® In the Salaminian table (see supra, p. 34 n. b) the ex-

treme denominations on one side are actually the talent and
the yaleois (§ obol).

a7
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II. ARITHMETICAL NOTATION AND THE
CHIEF ARITHMETICAL OPERATIONS

(2) Excuisi Nores axp Exameies

Frowm earliest times the Greels followed the decimal
system of enumeration. At first, no doubt, the
words for the different numbers were written out
in full, and many inscriptions bear witness to this
practice. But the development of trade and of
mathematical interests would soon have caused the
Greeks to search for some more convenient symbolic
method of representing numbers. The first system
of symbols devised for this purpose is sometimes
known as the Attic system, owing to the prevalence
of the signs in Attie inscriptions, In it | represents
the unit, and may be repeated up to four times.
There are only five other distinet symbols, each being
the first letter of the word representing a number,
They are

M (the first letter of moire) = 5

A (Bexa) = 10
H (éxaror) = 100
X (xé\ior) = 1000
M (piipeod) = 10000

Like |, each of these signs may be repeated up to
41
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four times.  Four ather symbaols are formed by com-
pounding two of the simple signs.

R (M and A)= 50
M (M and Hj= 500
P (7 and X)= 5000
PP (I and M)= 50000

By combinations of these signs it is possible to repre-
gent any number from 1 to 50000. For example,
FXHHHAAM 111 =63829.

Notwithstanding the opinion of Cantor,* there is
very little to be said for this cumbrous notation. A
second system devised by the Greeks made use of the
letters of the alphabet, with three added letters, as
numerals. It is not certain when this system came
into use,® but it had completely superseded the older
system Jong before the time of the writers with whom
we shall be eoncerned, and for the purposes of this
book it is the only system which need be noticed. In
it an alphabet of 27 letters is used : the first nine
letters represent the units from 1 to §, the second
nine represent the tens from 10 to 90, and the third
nine represent the hundreds from 100 to 900. To
show that a numeral is indicated, a horizontal stroke

* Virlesun fibor Geschichte der Mathematik, 1%, p. 120,
* For a full consideration of the date given by Larfeld (end
ufri.?hth century n.c.) and that given by Keil (350-425 n.c.),
soe Heath, H.GOAL i 53-34.
42
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is generally placed above the letter in cursive writing,
as in the following scheme @

a@=1 i=10 § =100
B=2 =20 G =200
7 =3 A =30 T =300

=4 fi =40 7 =400
=5 ¥ =350 & =500
&=6 £=60 ¥ =600
{=17 5 =70 3=7m
7 =8 7 =80 & =800
f=9 §=00 3, =000

The horizgontal stroke is often omitted for con-
venience in printed texts.

In this system there are three letters ¢ (Stigma, a
form of the digamma), § or § (Koppa) and [ﬂam'iig
which had been taken over by the Greeks from
Phoenician alphabet but had dropped out of literary
use. As there is no record of this alphabet of 27
letters in this order being in use at any time, it seems
to have been deliberately framed by someone for the
purposes of mathematics.® Though more concise
than the Attic system, it suffers from the disad-
vantage of giving no indication of place-value ; the
connexion between ¢, 7 and ¢, for example, does not
leap to the eye as in the Arabic notation 5, 50, 500.

* In some texts the method of indicating that a letter
stands for a numeral is an aceent placed above the letter and
to the right, in the following manner :

a' =1, =10, p" =100,
A double accent is used to indicate submultiples, e.g.,
T"=l'| A=l ‘r":‘.'lh'-
¥ Gow, A Short History of Greek Mathematics, pp. 4516,
43
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Opinions differ greatly on the facility with which it
could be used, bﬂtthcjrbahnce of opinion is in favour
of the view that it was an obstacle to the develop-
ment of arithmetic the Greeks.

By combination of these letters, it is possible to
represent any number from 1 to 999,  Thus pry=153.
For the thousands from 1000 to 9000 the letters o to #
are used again with a distinguishing mark, generally
a stroke subseribed to the letter a little to the left,
in addition to the horizontal stroke above the letter,

Thus JA=1000, F=2000, , . . ,8=0000.

For tens of thousands the sign M is used, generally
with the number of myriads written above it.

Thus 1‘:] = 10000, ?f{ = 20000, and so on (Eutocius).

Another method is to use the sign M or ITI for the
myriad and te put the pumber of myriads after it,
J:H)anted by a dot from the thousands.

b - o=
Mpé. pdos = 1048576 (Diophantus vi. 22, ed. Tannery
446, 11).
In a third method the symbol M is not used, but the
bol representing the number of myriads has two
ts placed over it.
Thus

i, pe = 18506 (Heron, Geomefrica xvii, 38, ed.
Heiberg 948, 85).

Heron commonly wrote the word popuides in full.

To express still higher numbers, powers of myriads
were used. Apollonius and Archimedes invented
&
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systems of ** tetrads "' and *' octads ' respectively to
indicate powers of 10000 and 100000000,

There was no single Greek system for representing
fractions. With submultiples, the orthodox me
was to write the letter for the corresponding number
with an accent instead of a horizontal dash, eg.,
#'=1 There were special signs, £’ and C’, for §,
and g’ for §. The Greeks, like the Egyptians, tried
to express ordinary proper fractions as the sum of
two or more submultiples. Thus £’ §#'=}+1=1,
L' f8 =y + =33 (Eutocius). There was a limit to
what could done in this way, and the Greeks
devised several methods of representing ordi
proper fractions. The most convenient is that used
by Diophantus, and occasionally by Heron. The
numerator is written underneath the denominator,
which is the reverse of our modern practice, Thus

‘:""--‘}.,‘4. A method commonly wsed in Heron's

works was to write the denominator twice and with
an accent, e.g.,§ (' =4, f {'{'=3% Somectimes the
word Aerrd (" fractional parts ") was added, eg.,
Aerrdt va’ va' Ae=3%. There is no fixed order of

erence for pumerator and denominator. In
Aristarchus of Samos we find 8'o pe' for % and in
Archimedes i oa’ for 1§, where only the context will
show that 10.Y is not intended.

Several fragments illustrating elementary mathe-
matical operations %vefmme to light among the
Egyptian papyri.® e following tables (2nd cent.
AD.) shﬂwmwrpmcﬁum can be represented as sums of
submultiples. The Greek is set out in columns. The

* [ am indebted to Mr. Colin Roberis for drawing my
attention to them.
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first two columns give the numerator of the fraction
to be split up. The denominator s not explicitly
announced in the table, but it is implicit in the first
line. Fractions are marked with signs like accents,
usually but not always over every letter. The sign
A for } will be noted. Dots under letters indicate
doubtful readings.

Michigan Papyri, Ko. 144, vol. iil. (Hwmanistic Series,
vol. x1.) p. 36

I i
A Table of Twenty-thirds

#_

E:i:r E] f’g’ ao’s’

A
[rue é g-]" Ay
[row ' s x'y] pATY]
Equivalent in Arabic Notation
1 1

Tx™uy

a:!l ot ‘l:! + 114 .3

5 =10 +'{1 +1ix

:l::! =a+1ms

=g +ar+viw

ii
A Table of Tmwenty-ninthe
wr i A v xtl’ o' B
[rwr] oy &' Cl A 4 ="J_¢ 1fA'e]

A & ¥ b ; o

ET-H (I . "y’ et &
or il =" vy’

B/ 4 2 ol
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Eqguivalent in Arabic Notation

| 1 L} 1 1
l;"'ul"' iﬁl+ THE
¥ £+l'='.'r+%1‘+'l!:~l
c+s;+n'+rri: +r1is

i

TS ol g
I R

Lt ey el

§+ﬁ+ i1,

The Greeks had no sign corresponding to 0, and
never rose to the conception of 0 as a number®
Having no need of a sign to indicate decimal posi-
tion, tﬁey wrote such a number as 1007 4n only two
letters— La(-

By means of these devices the Grecks had a
complete system of enumeration. Here are a few
examples of complicated numbers taken from
Eutocius :

M Iy £ 48 =1573048) . = 187304333,

R BC L =54720004,) = 5472000 .

With these symbols the Greeks conducted the chief
mathematical operations in much the same manner,
and with much the same facility, as we do. The
following is an example of multiplication from

® Tn his r.uzﬁimnl notation, Plolemy used the symbal O
to stand for ovleuis polpa or oldée dfpwoorde. The diverse
views which have been held on this symbal from the time of
Delambre are summed up by Loria {L-l soienza enatfe nall®
anbica Grecia, p. T61) hnd words : ** In base al docomenti
scoperti e dmig'n ti sino oggi, slamo aulorizzati & negare
dmiﬁmduﬂmmlnumnclnm:nclmndulntﬂ]h

adoperiamo nol."
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Futocius’s commentary on Archimedes' Measurement
of a Circle (Archim., ed. Heiberg iii. 242):

it pry % 158

-

M., 15300

A Bbpr 5000 2500 150
F vl 800 159

duos M 790 Total 25909
The operation, it will be noticed, is split up into a
number of simple operations. 153 is first multiplied
by 100, then 100, 50 and 3 are separately multiplied
by 50, and lastly 100 and 58 are separately multiplied
by 3. The products are finally all added together to
make the total of 23400,

Only one example of long division fully worked out
survives in the wi of the extant corpus of Greek
mathematical writings—in Theon's Commentary on
the Syntaxis of Ptolemy. The same work contains an
example of the extraction of a square root. Both
passages will be reproduced, but as the notation is
sexagesimal a few words of explanation are n }

The sexagesimal notation had its origin among the
Babylonians and was used by the Greeks in astro-
nomieal caleulations, It appears fully developed in
the Syntaris of Ptolemy and the Commentarier of Theon
and gnppus.' In this system the circumference of a

* Theon of Alexandrin (to be distinguished from Theon
of Smyrna) is dated by S in the reign of Theodosius |
(a0 $79-305). His commentary on Ptolemy's Synturis is in

books, and his famous daughter Hypatia assisted
its revision. Pappus of Al::.nndrifﬂuurm:::p:lnin“u\enigu i;l"
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circle, and with it the four right angles at the centre,
are divided into 860 equal parts by radial lines. Fach
of these 360 degrees (poipa: or Tpjpara) is divided
into 60 equal parts called mpira &yroord, frequently
represented as o {fgxoord, first siztieths or minutes.
In turn each of these parts is divided into 60 dcirepa
gqmwci. or B ifykooi, second sixtieths or secomds,
y further subdivision we obtain rpira éfyxorrd, or
¥ éyxoord, and so on. In similar manner the dia-
meter of the circle is divided into 120 ruijuara, seg-
ments, each of these into sixtieths, and so on. The
circular associations of the system tended to be
forgotten, and it offered a convenient method for
representing any number consisting of an integral
number of units with fractional parts. The denomi-
nations of the parts might be written out in full
(e.g., wpira ifyxoord =900 minutes, o’ éykooTd
7 wkai i WT=200 minutes and 15 seconds), or a
number consisting of degrees, minutes and seconds
might be written down in three sets of numerals
without any indication of the denominations other
than is provided by the context (e.g., ,adie & i
7 Ihmmgsnl the advantages of th
er explaini e advan o ¢ notation
owing to the large number of factors of 60, and noting
the result of multiplying or dividing minutes by
degrees, minutes by minutes, and so on, Theon gives
an example of mui‘.ip]imtion and then the two in-
teresting passages which are now to be reproduced
and translated :

Diocletian (A.p. 284-305). His chiel work was his
& or Collection, a handbook to Greek melry
w is now one of our main sources for the subject und
will be extensively used in these pages.

YOL. I E 3
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() Diveston

Theon Alex. in Ptol. Math, Syn. Comm. 1. 10, ed. Rome,
Studi ¢ Testi, boxil. {1535} 461, 1462, 17
*Eorw 8¢ xai avdmalw Sofdvra dpfpdr peplon
wapd 7€ poipas xal wpdra xal devrepa €fnnooTd.
imnaﬂﬂﬂs‘apcﬁ;mso quix:?'xuiaimr
E0TW [ieploat atTor mapd Tov KE $ i, TovréoTw

ﬂrpﬂumm;m‘rwoxc:ﬁtwm Jadie & .

Mepiloper adrow mpdiror mapa rov £, émedijmep 0
mapd Tov fa dmepmimra xai ddaipobuer éfqrov-
Tdict TOW TE Emﬂm‘v;ﬁ wal &v1 TOv L. Kol
mpdrepov Tov RE, Kkai yhorra ad: EI‘I‘ﬂ. émt Twl-'
?-umwv popdn & R i dvaddoarres Tas i potpas
els mpaTa éfnroord kal mpoolévres adrois Ta
mpdira éfnrooTd K dmo Taw yevoudvwy Ak TPOTA
dA ('.f?_}xiur& ddaipoiper éfnrovrdris Td :ﬁ,
TouTeoTiv it wal eri dmo Tav Aowdy mpdTay
éfyroordv & wxal Sevrépun e ddaipoiuer &fy-
Kovrdiis wakw Td I yiverar Selrepa pév éfqroota

® We may exhibit Theon's working as follows

Lst division 257 12’ 10" [ 15157 07187 600
T 25%60°= I-SDU“
T 15°=900°
mr

820
12°.60° =720°

200° 15"
060" = 10°
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(6) Drvision

Theon of Alexandria, Commentary on Ptolemy's Syniaxis, i,
10, ed. Rome, Studi ¢ Testi, boai. (1936), 461, 1462, 17
Conversely, let it be required to divide a given

number by a number expressed in degrees, minutes

and seconds. Let the given number be 1515% 20°

15”; and let it be required to divide this by 25°

12 10", that is, to find how often 25° 12’ 10" is

contained in 1515% 20" 15".°
We take 60° as the first quotient, for 61° is too

big; and we subtract sixty times 25° and sixty
times 12° and also sixty times 10”. Firstly, we
take away sixty times 25°, which is 1500°, In the
remainder, 15° 20° 15", we split up the 157 into
minutes and add to them the 20°; and from the
resul 020’ we subtract sixty times 12, that is,
720", is leaves 200° 15, and we now subtract

ond division ~ 25° 12° 107 [ 160" Ll

2557 =175

15" =000"
15"

215"
127" = ﬁ*h

0 I‘i’
1075 = 110"
3rd division 25° 19 10" B30 507" 38"
gsn-ml} s E.gii?

‘Jf W“ - Eﬂuﬂ.ﬂ
12'.38"= 306"
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%, mpira 8¢ i. elra wddw Td dmodurérra’ ﬂ*pwrn.
(qumn p‘; [ Eﬂ.-ﬂpu i psp.{fnpw Tapd TO¥
u{, wai Tﬂ'ffm 0 JEPOLOS 'm'lpu E t?n'cpmm

TOV T, nfw yevnmm €x 11]4: mapa-

1;»; !ﬁma mpddTa POE alﬁ(dﬂmr amo T

PS5 mpdirewy éfroordv. Emera Td Movma & ﬂ'pwm
tf'qxuaﬂ: mﬂmaw:; els Betrepn 3 .m:d
ﬂ'ﬁ-rt's atrois Ta Selrepn cE'l]mJWu &, n-m: T@w
yevopdvay e n@mpoupm émrdis Ta of :rp-u.rrn
4 xou-r& -n:-t.-fmw mh Betrepa efr,-wwa, B 7o
wal Ti 1': _ mpira elva zqum wal Srodelmerag
)mm:m?.a devrepa éfnroord. ai ért dfelolper
a;.l.ufw-; mmmg P:mﬁr&. i &l:lf-rtpn éfquoord, d
yu*e-mr. fp;m ::Es;xon-m &, TovTéoTw Emcpw a
wal mf-ru i. xai Aoura dmedimy Eem'spn Ef)}m
wkl xal tplra ¥. Tabra mdkw wupa Tov Ke. wal
yiverar ¢ pev Tov Ay, & 8¢ Tis
ﬂup:qﬁo)-mﬁgmxffpggﬁpam a:|:|-|:|~|'d:}‘r K .‘.n::'?&
mmll.'m: stepd efnrooTa &, Tpira 8¢ ¥, duob Be
Tpira of. Emara ﬂ'ak.l-' aqfxﬂnpw -m B mplra
chama-ru fpmxuwnm wal Tpls wal wwm TpiTa
785, iy mouely € yioTa Tov }chwp.ar ToU a.#.( K i€
mapa 7ov 7€ f i, £ L Ay, énel wal v rabra
soddandacidcwper éml ra & f [ ouvdyerar &
Jdie K € éyywora.

ot @ =T Eiky

(¢) Exrracrion or Squane Roor

Tbid. 469, 16—473. 8

Tovrwy Bewpnbévrwy, éfs v iy SadaPeiv mds
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sixty times 10" ; that is 600", or 10°. The remainder
is 190" 15", and, making a new start, we divide by
25°; the quotient is 7', for 8’ is too big. The number
resulting from this division s 175", which we subtract
from the 190". There is a remainder of 15°, which
we split up into 900" and to it add the 15”; from
the resulting 015" we subtract seven times 12/,
which is 84" on account of the seven being minutes ;
there is left a remainder 8317, Similarly we sub-
tract seven times 107, which is 70', or 1" 10",
The remainder is 820" 50", We divide this in turn
by 25°. The quotient is 33", and the number result-
ing from the division is 825", leaving a remainder of
4" 50", or 290'". Next we subtract thirty-three
times 12", which is 8306'°'. Thus the quotient
obtained by dividing 1515° 20° 15" by 25° 12/ 10" is
approximately 60° 7' 33", inasmuch as, if we multiply
this quotient by 25° 12° 107, the result will be
approximately 1515% 20" 15",

1515° 207 15~ 25 12" 107 60* T' 23"

(c) Exraacrion or Sguane Roor
Thid, 469, 16—473. 8
After this demonstration the next step is to inquire

1 % Forme suspecte.  Volr riant Hirt, Handbuch der
grischischin Lout- und Formenlehre, 2° éd., Heldelberg, 1912,
p. 506."—Rome,
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v BolBévros ywplov Twos Terpaywvov pi) Exovros
mAevpdy pijKet Ty alveyyvs avTol TeTpay-
et wheupay émdoyodpela. wal éorw 6 TowE-
ov Sijlov éml pymiy Eyovros whevpdv, éx Tob B’
fecwpriparos Tob B PifMlov rév Lroxeiwv, ob 7
ﬂ'po'muf; dorw TowatTy® ddv edfleia ypauun qu-q_ﬁ
ds Ervyev, 70 dmd Tijs dAys Terpdywvor loov doTiv
Tois Te amd TV TuNudTwY TeTpayuvois kal T@ Bis
o Tév TpqpdTwy TEpreYopévy Splfloyeriy. éav
yap Eyovres dobévra apllpdv Terpdywvov dis Tow
pid, gy Exovra mhevpdy dis v AB edfeiav, kal
gﬂﬂ&lﬂ"tg atrofi é\dgoova Terpiywwvov Tov B, of
doriv mAevpa i, xal dmobépevor Ty AT T, dimha-
audoavres abrip [kall' Sud 7o 8is dmé vav AT,
B, {(mapd)® vd yevdpeva & mapafddwper [mapal
& Aovmd pd, 7év Umolemopdvwy & éotan 7o dmo
s I'B, atry 8¢ pijrer B v 8¢ kai 9 AT @+ wai
oAy dpa 7 AB €oTaL pOLpEy m_, amep €oer detfar.
1 gal om. Rome. * popad add, Rome.
® papda om. Home.,
* The dingram will make the procedure clear. The square
E — &

p=100° E=00"

r=20" f=4"
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in what manner, given the area of a square whose
side is irrational, we may make an approximation to
its side. In the case of a square with a rational side
the method is clear from the fourth theorem of the
secand book of the Elements, whose enunciation is as
follows : If a straight line be cut at random, the square on
the whole is equal to the squares on the segments, and
tiice the rectangle contained by the vegments. For if the
given number is a squaresuch as 144, having a rational
side AB, we take the square 100, which is less than
144 and has 10 as its side, and make AL equal to 10.
Doubling it, because the rectangle contained by AT,
T'B is taken twice, we get 20, and by this number
we divide the remainder 44, obtaining a remainder 4
as the square on I'B, whose length will therefore
be 2. Now AI" was 10, and therefore the whole AB
is 12, which was to be proved.®

AA s divided zur into the squares EZ, BZ and the equal
AZ,

Thus, square a;-.ﬁ.=uq=u.lr= EZ+2 rect. AZ+square BEZ
or 144=10"+2.102+2%, Genernlly, if a given squoare
number A is equal to (a + )%, where o? is a first approxima-

tion, then
A=al42ar+2*

and we find the value of = by dividing 2a into the remainder
when of is subtracted from A.
If A is not a square number, then this gives a method of

finding an approximation, @+, to the square root.
55
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“lva 8¢ xai éxi rwvos Taw dv 1 Swrdfe mapaxe-
piveow dpilfpdy On' S Gudy péara B s xard
pifpos agaipéoews Suinpuos, woujaduela Ty dmd-
St éml 7ol b dpifipod, ob Ty wAevpdy éféflero
popiw £L 8 ve.  dunelofn ywploy TeTpdywvor T4
ABTA, Svvdpier pdvov prdv, of 74 duPador forw
powpdv Gh, xal déov forew T aiveyyus abrob

A = = a
E=or F=4 |w= 5&"[
L]
Boml=4489° afy’
=268

HORAE=
[P 7 4

L)

P
U

IS ¥
5 '
=4 ofy'=268" =16"
]
e axmy” ptt &
=557 =RGRET g
B
r

TeTpaywikny whevpay mdopioaoar, Emel ofy o

® The method which Thean Proposes
;rlmd as follows, A first lpprmtm.uﬂnhr: ﬁhﬁﬁ&mﬂﬂ




ARITHMETICAL NOTATION

In order to show visually, for one of the numbers
in the Symlasis, this extraction of the root by taking
away the parts, we shall construct the proof for
the number $500°, whose side he [Ptolemy] made
67° 4' 55", Let ABI'A be a square area, the square
alone being rational, and let its contents be 45007,
and let it be required to calculate the side of a
square approximating to it.® Since the square

of 4500 is 67, for 67 =4480, (This that Theon may
have had & table of squares before him.) Theon proposes to

ﬁﬂﬁnmﬂmrﬂdnfd&ﬂinmmn+%+$+ That is,
EBOD = JETEET =ﬂ+i+3fl—'r

It follows from Euelid ii. nhnt%mmhcmmm 1,

wnmmbrlaasﬂmng%g. The nearest whole number

ahhlnedhrd.iﬁd 2,67 Into 660 is 4, and we try 4 for the
value of z, Dnhﬂ-lthfmmdﬂuu.uusﬁuﬁnmndimm

of the prublm.fw(ﬁ?+n-%)'ls less than 4500, the remainder

being %. Theon proves this geometrically. If AE =67,

then the square AZ = 4489 and the gnomon BZZA is therefore

11, or g“. Putting Ee=m-:=$j. we bave ook, BZmrect.

Zﬂ=m=-§—a§. Thdraumh%md this we subtract from

(1]
660 124 T4d0 | 16
ﬁ;mﬁurﬁ-. melhn“suhhmtﬁ,bdng

the value of the square ZA, and mgﬂt?:h'-!: for the remalning

gnomon HAAA, a5 was stated above. This remainder now
serves as a basis to obtain the thind term v of the quotient.

Gincy {(”*;i'r) "':.%i}' is approximately 4500, we have ::
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otveyyvs 7o Bb rerpdyamos pyrijy Exwv wheupav
Shwv povddwy doriv Suml dmo mevpds Tob &L,
ddmpriofew dmd 7o ABTA rerpayivov 60 AL
rerpdyavov povidwy Buml, ob 1) mhevpa Eore povd-
Bww £0- & Aomds dpa & BZZA ywdpey éorar
povddwy i, ds dvaddowrres els mpdTe éfqrooTa
xE extnadpefa. Emera BimAacidoavres i BZ Sua
76 8lg owo EZ, domep én edbelas tijs EZ mp ZH
XapBdvovres, mapd ta yevdjeva pAd mapaBadotper
v xE éfnroard mpdira, xal Ty yevopdvww éx Tis
mapaBolijs & wpdrwy efqroorav Efopev éxarépav
ror EO, HK. xal dvamdnpdioarTes va Bz, ZK
mapalnAdypapia éfoper xal adra PAs mpubraw
oo, éxdrepoy B¢ v ofn. elra wdlw Ta
Smoltmévra pd mpira éfnroord dvaldoavres els
Sevrepa Lup, dpelofper xai 76 ZA dmd mparwy

yevdpevoy éfnroorav Sevrépwy iF, fva yveipova
mepibévres 76> £ dpyis Terpaydvy TH AZ Eywper
0 AA f!rﬂt_i'._}rwmr amd wAevpds £L & ovwaydpevor
poipa@v SuSL ¥& . Kal Aotmoy mddw Tov BAAA
ywhpova powpdv B § pd, Touréoree Sevrépuw
éfnroaray Lukd. Eri 82 mdhw Surdacudoavres T
OA ds ér' edlelas Tvyyavodays i OA rijs AK,
xal Tmape TG yrdpeva pAS 7] pepioavres Ta ,Luxo
Sevrepa éfmioard, Thv éx Tis wapafolils yevo-
pévwv 7 Eypora Bevrépwy éfmroordv  Exoper

& i > T424,
Enclid 1l. 4 that E{ET + m) b+ ( é’;,) is approximately o

and we obtain & trial value for ¥ by dividing i(ﬁf +~\5_:‘.-) or
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which approximates to 4500° but has a rational side
and consists of a whole number of units is 4480° on a
side of 67°, let the square AZ, with area 4480° and
side 67°, be taken away from the square ABIA,
The remainder, the gnomon BZZA, will therefore be
11°, which we reduce to 660" and set out. Then
we double EZ, because the rectangle on EZ has to
be taken twice, as though we regarded ZH as on
the straight line EZ, divide the result 134° into 660°,
and by the division get 4', which gives us each of
EO, HK. Completing the parallelograms 0Z, ZK,
we have for their sum 586°, or 268" each. Con-
tinuing, we reduce the remainder, 124, into THO",
and subtraet from it also the complement ZA, which
is 16", in order that by adding a gnomon to the
original square AZ we may have the square AA on
a side 67° 4 and consisting of 4497° 56’ 16”. The
remainder, the gnomon BAAA, consists of 2° 8 44",
that is, 7424", Continuing the process, we double
OA, as though AK were in a straight ling with BA
and equal to it, divide the product 134° 8' into 7424",
and the result is approximately 55", which gives

] ¥ & 35
(m +ﬁﬁ)|m¢. 7424, which yields y =35, Putting " as the

value of @B, KA, we get the value Lo +£3 for each of the

i
rects. BA, AA, or ?‘T'f +§—c?i for their sum. Subtracting this

from %!:wngct tv_ll[’]‘;‘d‘.l%' which Theon notes will be ap-
L)
proximately the value of the square H.m(é?.). Asa
46 40 2B00 _ 16800 A5\ 3025
matter of fact, oo + oo = gos = gt whll:(a? =557~
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Epora éxarépar iy OB, KA. xal ovprinpa-
oovres Ta BA, AA mapadmloypoppa, Efoper
wal atra éénroordv Sevrépwy pév Lro kal Tpiraw
Ufi, éxdrepoy B¢ Bevrépow piv éEroordv yyme Kal
Tpirey 6%,  kal Aovmd dmelimy éfnroara dedrepa
&= xal Tpira fi, dmep Eyyrora mowi 7o AT rerpd-
yuvoy, dmd whevpds Tuyydrov FE Bevrdpaw -
xoaraw, kol éoyopev Ty whevpdy Toii ABIA
Terpaydwov, powpdy Tuyxdvorros S, EL 8 ve
éyyrora.

“ore wai xabddov éav Iyroper dp;&;nﬁ TINOE
iy Terpaywucy wAcupdy émdoyioactar, Aap-
Bdvoper mp@rov Tob oiveyyus swov apifpat
iy wAevpdr. elra TavTy Simdacidoarres kal
mapd Tov ywipevor dplfpdy peploavres Tov Aotmov
dpilfldy dvadulévra els mpliva éfqroord, Kai amo
700 éx Ths mapaBodijs yevopévou adelofiper Terpd-
yewvoy, xai dvaldorres mdlw Ta Umodamdpeva els
Sevrepa efnxoard, wal pepllovres mapd Tov Bi-
mAagiova Tav popdy kal éfmkooTdy, Efoper
eyylora Tov Jﬂt{a}fmgzmr Tis wAeupds 7ol
TeTpaywvou ywplov dpiliudy.

() Exracrion or Cuse Roor
Heron, Matr. iil. 20, ed. Sehiine 178, 3-16
‘(s 82 Bet Aafeiv vav p povdduy xuBucy wAeupdy

viv épolijer.
! Sg the oldest s, In others the numbers are worked
out to the equivalent forms [rol™ &, yymy™ p'

'S In the Greek of the cldest us, the numbers are given as
T370" 440" and 3685 220", in which form Theon would first
60




ARITHMETICAL NOTATION

us an approximation to 6B, KA. Completing the
parallelograms BA, AA, we shall have for their joint
area T377" 20, or 3688" 40"’ each.® The remainder
is 46" 40™, which approximates to the square AI'
on a side of 55", and so we obtain for the side of
the square ABI'A, consisting of 4500°, the approxi-
mation 67° 4" 55",

In general, if we seek the square root of any num-
ber, we take first the side of the nearest square
number, double it, divide the product into the re-
mainder reduced to minutes, and subtract the square
of the quotient ; proceeding in this way we reduce
the remainder to seconds, divide it by twice the

uotient in degrees and minutes, and we shall have
the required approximation to the side of the square
area?

(d) Exrracriox or Cune Roor
Heron, Metrics iif. 20, ed. Schiine 178, 3-18

We shall now inquire into the method of extracting
the cube root of 100,

obtain them. In other mss. the numbers are worked out to
the form 7877 20°", 368587 407",
* In his Table of Chords Plolemy gives the approximation
AVa= E-I- B
60 " 60° 5
which s equivalent to 1-7320500 and is correet to six decimal
laces, ﬁm formula conld be obtained by a slight adapta-
of Theon's method.
Archimedes gives, without any explanation, the following
roximation :

app
1851 265
T 158"

The formula up a wide ficld of conjecture. See Heath,
Thi Works of rekimistss, pp. bxcortis,

=43
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AaBe wov Eyora xifov Tol p Tov Te Umepfdi-
Xovra kai 7oy éMelmovra: &ari 8¢ & pwe wal & EB.
xai Soa pév tmepPdMe, povides Ke, Son 8¢ E\-
Aelmer, povddes As. xal molnoov ta E éml Td Ase
ylyveras p xal 7 p* plyveras E;S' {xai mapdfale
Td pw mapd Ttd om.py yiyverm 0. mpoafale )
[rara] 7oi dAdagoves xﬂﬁﬁgﬂ whevpd, Tovréomt T
8§ ylyverar povides B kai 0 rooovdrew Eorar 1) TEw

p povadwy xufic) whevpd s €ypoTa.

Y wai wapdfale v pr wapd Ti ow supplevit H. Schane.

= If p* and ¢* are the two cube numbers between which
A lies, and A =p*—a=g*+b, then Heron's formula ean be
generulized as follows :

LWA=g+ /e

A+bya

It is unlikely that Heron worked with this general formula;
his method was probably empirical. The subject is discussed
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Take the nearest cube in excess of 100 and also
the nearest which is deficient ; they are 125 and 64
The excess of the former is 25, the deficiency of
the latter 36. Now multiply 36 by 5; the result is
180 ; and adding 100 gives 280. Dividing 180 by 280
gives %. Add this to the side of the lesser eube,
that is, to 4, and the result is 4,%. This® is the
closest approximation to the cube root of 100,

by M. Curtze, Quadrat-und Kubilwurzeln bei den Griechen
nach Herons new aufgefundenen  Merpued iztﬂlfﬁnﬂdﬁﬁ
Math. w. Phys, xlil., 1897, Hist-lit. Abth., pp. 115-120),
G. Wertheim, Herons Awszichung der irvationalen Kubik-
wurzeln (ibid. xliv,, 1809, Hist-lit. Abh.2, pp. 1), and
G. Enestrom, Bibliotheoa Mathematica, vill.,, 1007-1008, PP-
412413, The actunl value of (45 ) is 100234,

There is no exnmple in Greek mathematices of the extrac-
tion of a cube root fully worked out by means of the for-
muln (@ +xP =a* + Sate + Ser? + 2%, corresponding to Theon's
method for square roots ; but by means of this formula Philon
of Byzantium ( Mech. Synt. iv. 6-7, ed. R. Schone) a o
have approximated to the cube rools of 1500, 3000,
5000 and 6000. Heron (Matrica iii. 22, ed. H. Schine 184,
1-2) gives without explanation 46 as the cobe root of 97060,
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(&) Finst Privciries

Euel. Elem. vii.

'Dpﬂl
a’. Movds dorwv, kaf' v Exaorov vév rrwv &
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* The theory of numbers is treated by Euclid in Books
vii.-x. The definitions prefived to Book vii, are wholly
Pythagorean in their outlook, though there are differences in
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1. PYTHAGOREAN ARITHMETIC

(&) Frast Pamcries
Euclid, Elements vil.
DEFINITIONS @

L. A unit is that in virtue of which each of the things
that exist is called one,

2. A number is a multitude composed of units.

3. A number is a part of a number, the less of the
greater, when it measures the greater,

4. But parts, when it does not measure it.

5. The greater number is a multiple of the less when
it is measured by the less.

6. An even mumber is one that is divisible into two
equal parts,

7. An odd number is one that is not divisible into
two equal parts, or that differs from an even number
by a unit.

rﬂ. Aneven-times even number® is one that is measured
by an even number according to an even number,

detall. Henth's notes (The Thirteen Books of Euclid's Ele
mants, vol. il. pp. 278-205) are invaluable, -
* It is a consequence of this definition that an even-times
even number may also be even-times odd, as 24 is both 6 x4
and 8 x 3 (¢f. Euclid ix. 34, where it is proved that this must
be so for eertnin numbers).  Three later writers, Nicomachus,
Theon of Smyrna and Iamblichus, defined an even-times even
number differently, as a number of the form 2F,
a7



GREEK MATHEMATICS
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* Instead of Eucllds term dpridee . Niio-
machus, Theon and Tamblichus used the single word dprio-
miperros, hm:rrﬁil:f to Nicomachus ( Arith, fntrod. i 9) such
o number, when divided by 2, leaves an odd sumber as
the quotient, i.e., it is of the form 2(2n+ 1),  In this later
subdivision an edd-ecen (mepioodprios) number Is one which
can be halved twice or more successively, but the final
quotient is always an odd number and not unity, ie, a
number of the form 2¥+1 (2n+1). We thus have three
mutually exclusive classes of even numbers: (1) even-even, of
the form 2% (2] even-odd, of the form H2n + 1) : and (3) eda-
even, of the form 2041 (2n + 1), where (1) and (3) are extremes
l.ndnljig es of the nature of both, The odd-odd is not
defi ¥ Nicomachus and Iamblichus, but according to a
curious usage in Theon it is one of the names applied to prime
;g;]n"_hrrﬂ. for these have two odd fuctors, 1 and the number
¥ According to this definition, any even-times odd number
would also be odd-times even. The definition ap to
bave been known to Iamblichus, but there can be little doubt
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PYTHAGORFAN ARITHMETIC

9. An even-times-odd number ® is one that is measured
by an even number aceording to an odd number.

[10. An odd-times even mumber isone that is measured
by an odd number according to an even number.]*

11. An odd-times odd number is one that is measored
by an odd number a.murrlm.g to an odd number.

12. A prime number is one that is measured by the
unit alone,

13. Numbers prime to one another are those which
are measured by a unit alone as a common measure.

14. A compostle number is one that is measared by
some number,

15. Numbers composite fo one another are those
which are measured by some number as a common
measure.,®

that it is an interpolation. If both definitions are gpenuine,
one is not only pointless but the enuncintions of ix. 33 and
ix. 34 become ditficult to understand, and were, indeed, read
differently by lamblichus from what we find in our wss.  We
have to ¢ hl:hr:en accepting Iamblichus's reading in all
three places and ng Def. 10 as interpolated. [ agree
with Heibwe {Euk 1d*-b’|luduﬂ, p. 198 ¢t seg.) that the defini-
thon was interpolated E_'.r someane who was gnawnre
of the di -l:ﬂ:l!l.‘c{!hi‘tf‘ll the Euclidean and the later Pytha-
Enrun elassifications, but noticed the absence of a definition

Eutlki of an odd-times even number and tried to supply

iy Euclid’s definition of prime and composite numbers
differs ¥ from the elassification of Nicomachus ( Arith,
Introd, 1. 11-18) and Inmblichus. - To mateh the three classes
of even numbers, they devised three classes of odd numbers £
(1) = imﬁdim rime and infomposite, which ks
A prime numher in the Fuclidean sense; {2) Scorepor wai
o mecondary @nd -:nmpmm. which appears to be the
pmduct of prime numbers; and (3) & xaf® davrd pdv Sofrepor
wal ovvfleror, mpée dhlo 82 mpdimow wai doideror, that which

iz secondary and comporite in ifself, but prive and ineom-
posite in ﬂfnhuﬂ to ancther, where all the factors must
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be odd and prime. The classification is defective, as (2) in-
eludes (9). Another defect is that the term comporite is
restricted to odd numbers instead of being griven, ns by Fuelld,
E?‘Egt'rncm'l.h-‘ T iﬁmiﬂnn. For u;dmlhgsm different use of
Erms by ppus, see infra, p. 78 n. a.
* For ﬁmtmfc::mm-s. s in_.ﬁ-a.i;:pu B-00.
LR, T g thou,Fh usually writien in one word, is equi-
valent to Adyow, 0 proporfion. It comes, however, in
70




PYTHAGOREAN ARITHMETIC

168. A number is said to multiply a number when
that which is multiplied is added to itself as many
times as there are units in the other, and so some
number is produced.

17. And when two numbers have multiplied each
other so0 as to make some number, the resulting
number is called plane, and its sides are the numbers
which have multiplied each other.

18. And when three numbers-have multiplied each
other so as to make some number, the resulti
number is solid, and its sides are the numbers whi
have multiplied each other.

19. A square number is equal multiplied by equal,
or one that is contained b}{ two equal numbers,

20. And a cube is equal multiplied by equal and
:E:in by equal, or a number that is contained by

ee equal numbers.

21. Numbers are proportional ® when the first is the
same multiple, or the same » or the same parts, of
the second as the third is of the fourth,

22. Similar plane and solid numbers are those which
have their sides proportional.

28. A perfect number © is one that is equal to [the
sum of] its own parts.

Greek mathematics to be used practically as an indeclinable
ive. . . . Sometimes it 5 used adverblally "' (Heath,
The Thirteen Hooks of Euelid's Klements, vol. il p. 129),

This definition, inasmuch as it depends on the notion of a
part of a number, is applicable only to commensurable magni-
tudes. A new definition, applicable to Incommensurable as
well as commensurable magnitudes, and due in substance
though not necessarily in form to Eudoxus, is given by Euelid
in Elements v. Def, 5 (see infra, pp. $4-H7).

* The term ** perfoct number ™ was apparently not used
in this sense before Euclid. The subject is treated infra,

Pp. T4-8T7,
T1
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() Crassirication or Nusmnens

Philolaus ap. Stob. Eel. i, 21. Te, ed. Wachsmuth 188, 8-12;
Diels, Vors. i%. 408, 7-10

'Ex 7o ®udoddov llept wdopov . . .

"0 ya pdv dpflpdcs Eyee o pév Bia €lbn,
mepIOToY Kai dpriov, TpiTov Of dn  dpdoTépmy
pexlérrwy dpriomépirtor: érarédpm 8¢ T4 elbens
o poptbai, ds exaorov alravrd onpalved,”

Wicom. Arith. Introd. i. 7, ed. Hoche 13, 7-14. 12
"Apilfuds ot whijflos dipopévor 7 povdSww

gigmua 7 moodryros yipa éx povdBuw ovyxel-
pevor, Toii 8¢ dplflpod wpary Topl To pev dpriow,
70 B¢ mepiTToV. £ﬂ B¢ dpriov pev, & oldv Te els
8o loa Suapelijpar povddos pdoov uy) mapejmi-
Tovans, wepirrow B¢ 7o pn Svwdperor els 8o lon
peprafivar i Ty mpoepmudy Tis  povddos
peaiveiav, oltos peév oty 6 Spos éx s Snpabovs
tmodijhews kara 8¢ 76 vbayopucor dprios dpi-
Huds o v els Td péyora xai Ta eAdyioTa
xard radto Topiy émdeyduevos, péyiora pdv
mAwcdryme, €ddyora 8¢ woodryri, wxaTi nﬂm:ﬂxﬁr
Tav Bud rotrww perdy drmimend ¥, TEPIOTOS
8¢ & pi) Suvdpevos Tobro walelv, dAX’ els dvoa Bvo
TEUVOEvOs.  €Tépw Of Tpdmw wxard To madawy

* The * even-odd ™ would seem to mean here the product
of odd and cven numbers.  This agrees with Evelid's usage
in Elem. vil. Def. 8. For the later specinlized Fythagorean
meaning, see supra, p. 68 n.oo.

* If an odd number is set out s 2n 5 1 anits in a strajzht
line, then it ean be divided into two sectons of n units

T2
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(6) Crassivication or Numpens

FPhilolaus, eited by Stobarus, Exfracts i. 21, Te, ed,
Wachsmuth 188, 8-12:  Diels, Fors, i* 408, 7-10

From Philolaus's book On the Universe . . .

* Number is of two special kinds, odd and even, with
a third, even-odd,® arising from a mixture of both ;
and of each kind there are many forms, which each
thing exhibits in jtself."

Nicomachus, Jniroduction to Arithmetic . 7, ed, Hoche
13, T=14. 12

Number is a determinate multitude or collection of
units or flow of quantity made up of units, and the
first division of number is into the even and odd.
Now the even is that which can be divided into two
equal parts, without a unit inserting itself in the
middle, while the odd is that which cannot be
divided into two equal parts owing to the unit
inserting itself as aforesaid.* This is the definition
commonly accepted ; but according to the Pytha-
goreans an even number is that which is divided, by
one and the same operation, into the greatest and the
least parts, greatest in size but least in quantity, in
accordance with a natural reciprocity of the two
species, while an odd number cannot be so divided
but is only divisible into two unequal parts. There
is another ancient way of defining an even number

measured from elther end, with a single unit left over in the
middle ; but an even number of 2n units can be divided into
two equal sections with no unit left over in the middle.

* i.a. into two halves, for there cannot be any part greater
than half nor fewer parts than two.

T3
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dprids €omwv o xal els 6vo loa Tuntira. Svvdpaos
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ovbémore dxpara dAfdwy, dAAL mdvrore oiv dA-
Mjdots. € 8¢ 7@ 8 dMjdwv Spw ‘I'I"E‘pl-ﬁt;ﬁ‘ dorow
6 povdde €9’ drdrepa Sadépan dpriov dpifipod,
Tovréorw €mi 76 peilov xal E\arrov, -i'pﬂufﬁﬁé [
povdde Subépwy b’ Exdrepov mepuwoood dplbuod,
TOUTEGTL provddi pﬂ%ﬂ.w xai povdde édooww.

(¢) Perrecr Nusmsers

|Inmbl.] Theal, _-i'ru'llr..::tl, de Falen 82, 10-85. 23 ; Diels,
Vors. i, 400. 22-903, 11
"Om kal Emedommos, 6 Hwrdims pév vids i
voi HAdravos dBeddijs, SuiBoyos 8¢ *Anabnpuelns
7po Ecvoxpdrou, éx v éfapérws omovdacleiody
ael Tlvbayopucdv drxpodaecws, pdhiora 8¢ +gv

* It is probable that we have here n brace of an original
eonception aecording to which 2 (the dyad) was regarded as
being, not a number, but the principle or beginning of the
even, just as | was not regarded as o number, but the principle
or beginning of number; for the qualification about the dynd
seems clearly to be a later addition to the original definition,
It must, however, have been pre-Platonie, for in Parm. 143 p
Flato speaks of 2 as even.  Aristotle, who ndds (Topics © 2,
157 n.39) that 2 is the only even number which is prﬁue. HLYS
(Met. A 8, 986 a 19) the Pythagoreans regarded the One as
T4



PYTHAGOREAN ARITHMETIC

rding to which it can be divided both into two
lpArts and into two unequal parts, save in the
c.mie 0 fundamental dyad, which can be divided
only into two equal parts®; but howsoever it be
divided, it must have its two parts of the same kind,*
without ﬁrtnking of the other kind ; while the odd
is that which, howsoever it be divided, always yields
two un l.mi parts and so exhibits at one and the same
time both species of number, never independent of
one mther l:mt always together.® To give a defini-
tion in terms one of ancther, the odd is that which
differs from even number by a unit in both directions,
that is, in the direction both of the greater and of the
lesser, while the even is that which differs by a unit
from odd number in either direction, that is, it is
greater by a unit and less by a unit.

(¢) Pearect Numsens

[Il.mh]ichu-g't, Theologumena Arithmaticas, ed. de Falco
B2, 10-B5. 23 ¢ Diels, Fors. B, 400, 22402, 11

Speusippus, the son of Potone, sister of Plato, and
his suceessor in the Academy before Xenocrates, was
always full of zeal for the teachings of the Pytha-
goreans, and especially for the writings of Philolaus,

both odd and even. For this question, as well as many
others arising in Greek arithmetic, the student may profit-
ably consult Nicomochus of Gerasa : Mtroduction to Arith-
metin, translated by Martin Luther D'Ooge, with studies in
Greek arithmetic by Frank Egleston Hobbins and Louis
Charles Knrpinski.

*¥ e both odd or both even.,

* i.¢. un odd number can be divided only into an odd
number and an even number, acver into two odd or two even
num
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PYTHAGOREAN ARITHMETIC

and he compiled a neat little book which he entitled
On the Pythagorean Numbers. From the beginning up
to half way he deals most elegantly with linear and
polygonal numbers and with all the kinds of surfaces

solids in numbers ; with the five figures which he
attributes to the cosmic elements,® both in respect
of their special properties and in respect of t%?:r
similarity one to another ; and with proportion and
reciprocity.? After this he immediately devotes the
other half’ of the book to the decad, showing it to
be the most natural and most initiative of realities,
inasmuch as it is in itself (and not because we have
made it so or by chance) an organiging idea of cosmic
events, being a foundation stone and lying before God
the Creator of the universe as a pattern complete in
all respects, He speaks about it to the following
eifect, -

*“Ten is a perfect number, and it is both right and
according to Nature that we Greeks and all men
arrive at this number in all kinds of ways when we
count, though we make no effort to do so ; for it has
many special properties which a number thus perfect
ought to have, while there are many characteristics
which, while not special to it, are necessary to its

riection.

** In the first place it must be even, in order that the
odds and evens in it may be equal and not disparate.
For since the odd is always prior to the even, unless

¥ If, with Ast, To and Diels we' read drerclovlias
for drraxcloviias, the h::acrlng s ** proportion continuous
and discontinuous,” but it is not mar‘ll, to interpret this, though
Tannery makes a valiant effort to do so. His French trans-
lation, notes and comments should be studied ( Pour "histoire
de la geigncs holline, 2od ed., pp. 874 seq., 386 seq., and
Mémoires scientifigues, vol, i. pp. 251-280),
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i add. Lang.

Pyl iamas

* &i om. Diels. He points out that the original reading
:;:gdhne been ¥, indicating the fourth property of the
L .

* One of the most noteworthy features of this passage is
the early use of the terms wedror wal debfero (prime and
incompasite), Sodrepo: wal W"E:-Jm {(#ecomdary and composite),
for which see supre, p, 6 n. e, The use is different from
that of Nicomachus and Iamblichus, It seems that prims
and incomposits numbers are prime numbers in the ordinary
sense, including 2, as is the case with Euclid and Aristotie
(Topicsd © 2, 157 o 89). Secondary and eomposite numbers
78
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the even were joined with it the other would pre-
dominate.

" Next it is necessary that the prime and incom-
posite and the secondary and composite ® should be
equal ; now they are equal in the case of 10, and in
the case of no other number which is less than 10 is
this true, though numbers greater than 10 having
this property (such as 12 and certain others *) can
soon be found, but their base is 10. As the first
number with this property and the least of those
possessing it 10 has a certain perfection, and it is a
property liar to itself that it is the first number
in which the incomposite and the composite are equal.

** In addition to this property it has an equal number
of multiples and submultiples of those multiples ; for
it has as submultiples the numbers up to 5, while
those from 6 to 10 are multiples of them ; since 7 is
a multiple of no number, it has to be omitted, but
4 must also be dropped as a multiple of 2, and so this
bnnis about equality once more.*

" Furthermore all the ratios are in 10, for the equal
and the greater and the less and the superparticular

are all composite numbers, the term not being limited to odd
numbers as with Nicomachus, There is no suggestion of a
third mixed class. The two equal elasses to
& pus are 1, 2, 8, 5, Tand 4, @, 8, 0, [0, Acco

to the later terminol the prime and incomporite numbers
would be 3, 5, 7, while the only secomdary and composite
number would be 9.

¥ Actually 10, 12 and 14 are the only numbers possessing

this W_ ’

' In series 1, 2 , . . 10 the submultiples are 1, 8, 3, 5
and the multiples are 6, 8, 9, 10, [t is curious that though |
is counted as a submultiple, all the other numbers are not
counted as multiples of it: to have admitted them as such
wonld hove destroyed the scheme,
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ﬂda'imp, éfas B¢ v wﬂwpni;, woTe déxa- Terpas e
ﬂa.hsr v ari pijs wail }-pqpm;-r 3mu1'a;|;.mm Kol
mpum. efas & v -rp;ymmu ﬂ.lzvpmg Kat wpm:g,
wore walv Séxa. xal wiy xai év Tols u-x-nwm;
KaT u,ql.ﬁ#mr ORETTOMENE :mpﬂmw: . ﬂp&-mv ydp
fore Tpiywvov 10 lodwlevpov, & éyer play mws
1 wal add. Lang.
¥ ¢rofrey oupfain Lang (in mln} de Faleo,

ippus asserts that among I.hr numbers 1,2, .. 10
qil l‘.hn di. rent kinds of ratio can be found.  The super-
particular ratio is the ratio of the whole + an aliquot fraction,

1
L+ 2 or E—-"-—-!. typified by the mtio known as dnfrpiros, or §.
ng sees here an allusion to the ten kinds of proportion
uutli by Nicomachus (see infra, pp. 114-124), and a proof
nf:hﬂr anclent origin. 5 ;
i#., 1, 2, 8, 4 form an arithmetical progression havi
1 ns HIt:mm:nnn difference and 10 as the sum.  f
*® i, n pyramid has 4 angles (or 4 faces) and 6 sides, and
50 exhibits the number 10,
* The reasoning is not very clear. Taking first a line and
a point outside it, Speusippus notes that the line has 2 ex-
tremities and between the point and these 2 extremities are
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and the remaining varieties are in it,% and so are the
linear and plane and solid numbers. For 1 is a point,
2is a line, 8.is a triangle and 4 is apyramid ; all these
are elements and principles of the figures like to them,
In these numbers is seen the first of the progressions,
that in which the terms exceed by an equal amount,
and they have 10 for their sum® In surfaces and
- solids these are the clements—point, line, triangle,
pyramid. The number 10 exhibits them and possesses
perfection. For 4 is to be found in the angles or
faces of a pyramid, and 6 in the sides,® so making 10 ;
again 4 is to be found in the intervals and extremities
of the point and line, while 6 is in the sides and angles
of a triangle4 so as again to make 10. This also
comes about in figures regarded from the point of
view of number.® For the first triangle is the equi-
lateral, which has one side and angle; I say one

2 Intervals. This gives the number 4. A trisngle has
3 sides and 8 angles, giving the number 6, Combining the
point, the line and the triangle we thus get 10,

* A very difficult follows, but Tannery seems
successfully to have unravelled its meaning.  There seems to
be here, he notes, an ill-d:.-rnlgfud Pythagorean conception.
The point or monad is necessarily simple.  The line is a dyad
with two species, straight and curved, The triangle is o
wriad with t kinds. The pyramid is a tetrad with four
kinds. Clearly the three species of triangle are the equi-
luteral, the isosceles and the scalene, where the number of
different elements are respectively 1, 2, 8, Sacm.ippuu does
not eonsider isosceles and scalene trinngles in general, but
takes particular cases, and it is worthy of note that the three
I:nnngre: he considers are used in the Timaeus of Plato,

By o the pyramids can be divided into four kinds «

1) all solid angles equal ; (2) three solid angles equal 5
I?] two sulg angles e?:knh J:éhlill .lioi.hib:ngclnﬁ unecual,
ere again S s tnkes s cases, but % natray
hy?lﬁngthum ﬂaﬁltiqmnhnqc.u.ndhuﬁemthr
analogy.

YOL. I c 81
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ypappiy kal ywviay: Myw B¢ play, Bbre ioas €xer

doyworov yap del kal éroadis o Toov- devrepor
76 furerpaywvoy: play yap Expv iy
ypappdy Kal ywwdy & Sudde opfirau- Tpivoy 8¢ TO
06 loomAedpoy Tpian 6 Kal Hurplywvoy mdvras
wip dwaoy ke’ Exagrov, 76 8 wdvry' adrod Tpla
lori. xal éml T@v orepedv edplokas dv dxpt TV
rerrdpwy mpoidy 76 7owdro, dore dexddos Kal
ofrws haver: piveras ydp mws 7 pév wparr) TUpapis
oy wws ypappiy Te wal émbdvear év e
Evovoa, el Toii loomhetpov lorapdim: 7 e Sevrépa
o, emi® Terpaydivou évyeppdiy, play apalayiy
Bovout maph ois dml T Paoews yuvias, Smd
TpuGy emmédwy mepiexopd), TV KaTd Kopudmy
o Terrdpay avykAeopdyr, doTe €k TotTow & i
cocévas: 1) 8¢ TpiTy 7T l:lﬁt, émi Tpurerpayunov
Befnrvia xal atv 7 odleion i ds & emmédiy
7] frerpaydve Ent xal @My Eyovou Biadopar
Tjv Tis kepudalas ywvias, dore Tprade dv Gpoioito,
mpos opbas Ty ywviav éxovee T Tis Pdoews
péay mhevp§: Terpdde Be 1) rerdpry xatd TabrTd,
énl Murprydng® Bdoe ovmorapdn, dore Tédos v
Tois déxa Mapfdvew Ta Aexfiédrra. Td adra 8¢ xai
év Tf] yevéoer mpaITY pév yip_ dapyi) els péyelios
ariy), Bevrépa ypapp), Tpiry emupdvewa, TérapTov
aTepedv. <

1 wdyrn Lang, de Faleo; was [r] Dicls; Lang would like
to read va & wovra.

2 0l .. Bovee. Only one manuscript bas these words 3
R EI:" IIJ.BIEII:LI‘::‘I'H[ h‘wh#cn?ﬁmpqm' dwge, but  ferpepa
is required, as 'I‘nnpn:tﬁr}f rtmg::m i
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because they are equal; for the equal is always
indivisible and uniform. The second triangle is the
half-square ; for with one difference in the sides and
angles it corresponds to the dyad. The third is the
half-triangle, which is half of the equilateral triangle ;
for being completely unequal in every respect, its
elements number three. In the case of solids, you
would find this rty also, but going up to four, so
that the decad l:smgnhed in this E":y also. For the
first pyramid, which is built upon an equilateral
triangle, is in some sense unity, since by reason of its
equality it has one side and one face ; the second
pyramid, which is raised upon a square, has the angles
at the base enclosed by three planes and that at the
vertex by four, so that from this difference it re-
sembles the dyad. The third resembles a triad, for it
is set upon a half-square ; together with the one
difference that we have seen in the half-square as a
plane figure it presents another corresponding to the
angle at the vertex ; there is therefore a resemblance
between the triad and this pyramid, whose vertex lies
on the perpendicular to the middle of the hypotenuse
of the base. In the same way the fourth, rising upon
a half-trinngle as base, resembles a tetrad, so that the
aforesaid figures find completion in the number 10,
The same result is seen in their generation.  For the
first principle of magnitude is point, the second is line,
the third is surface, the fourth is solid.™ ¥

® Lit. * side.”

* The abrupt end so that the passage went on in this

straln for some time ; but the historian of mathematics need
not feel much disappointment.
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Theon Smyr., ed. Hiller 45. 946,19

“Eri e 7o dpdipdv ol pév rwes rédeaod Myorra,
of 8" tmeprédewnt, of 8 éumels. wai Téelot v
elow ol Tois atrav pépeay looy, dis 6 TV 5 pépn)
f;p abrob fuiov ¥, Tpirov B, ExTov @, drwa our-

épeva moud ToV 5. yewdvTal B¢ ol Tédawor
Tobrov Tov Tpdmov. éav dxbpefa vods dmd
povdbos Bumlaaiovs kal owvrilGper alTods, péxps
ol dv yévrar wpuTos wai dotvlleros aplfpos, xai
Tov &k Tis aulléoews éxl Tov éoyarov Tdv owTi-
fepdvoy molMamlacmdowper, 6 dmoyennlels Eorat
réXewos. olov éxneloBwaay Simddowoe @ B & 7 .
aulGper ody & xal B- yiveraw 7 xal vov § émi ov
torepov Tov &k Tis auvllégews roMamdacudaw e,
rouréariy éml Tov B ylveras 5, ds éom wpditos
séAewos. dv miAw Tpeis Tovs éefils SimAagiovs
ouvbipey, @ kai B xai 8, éora {- xai Tobrov émi
Tov Eoyarow v Tis ouvlléoews molamlaoudowyer,
sov [ éml vév & forar 6 A, 05 €ori Sevrepos

# . ovyrerras €k Tob fploeos Toll 3, Terdprov
o6 {, éBdduov 7o 5, Tegoapaxadexdrov Toi B.
elkooTol ri-}gau Toil &.

Treprédewon 8¢ elow dw ta pépy owrebéira
peilovd éore T@v Shwv, olov 6 rav «ff- TovTou ya
Huad dorw &, Tpirov b, téraprov ¥, éxrov B,

Tov i, arwa ourrelérra yiverar iF, ds domt
peilewv ol €€ dpyijs, Tovréom Tiw (f. i

"EMimets 8¢ elow Dy Ta pépy owvreldvra dddr-
Tova Tov apilfpoy wowel Tob €€ dpyijs mporelérros

= In other words, iF Sa=1+243%. . .+ 2" and S, 1s

prime, then S, . 2*! Is a perfect number. This is proved In
84
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Theon of Smyma, ed. Hiller 45, 8-46, 19

Furthermore certain numbers are ecalled perfect,
some rfect, others deficient, Perfeet numbers -
are those that are equal to their own parts, such as 6 ;
for its parts are the 3, the third 2 and the sixth 1,
which added together make 8, Perfeet numbers are
produced in this manner, If we take successive
double numbers starting from the unit and add them
until a prime and incomposite number is found, and
then multiply the sum by the last of the added terms,
the resulting number will be perfect.®  For example,
let the doubles be 1, 2, 4, 8, 16. We therefore add
together 1 and 2; the result is 3; and we multiply
# by the last of the added terms, that is by 2; the
result is 6, which is the first perfect number,  Again,
if we add together three doublés in order, 1 and 2
and 4, the result will be 7 ; and we multiply this by
the last of the added terms, that is, we multiply
7 by 4: the result will be 28, which is the second
pergoct number. It is composed out of its half 14,
its fourth part 7, its seventh part 4, its fourteenth
part 2 and its twenty-cighth part 1,

Over-perfect numbers are those whose parts added
together are greater than the wholes, such as 12 ; for
the half of this number is 6, the third is 4, the fourth
is 3, the sixth is 2 and the twelfth 1, which added
together produce 16, and this is greater than the

o'rlﬁlnnl number, 19,
eficient numbers are those whose parts added
together make a number less than the one originally

Fuelid ix. 35. FEven the algebraic proof is too long for re-
produoction here, but for such a proof the reader may be
referred to Heath, The Thirteen Books of Euclid's Elemants,

. i, pp. $24-425,
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dpifyots, olov & Tdv §- Todrov yap Tjav 8, rerdp-
Tov ﬁfsyﬁwr & 6 alro B¢ kai 76 [ oupBéfnxer,
& kall érepov Adyov Téhewow épacav ol [lvfayo-
pucol, wept o kard T oixelny ydpay droddooper.,
Myerar 8¢ xal ¢ 7 7éhewos, émeidi) mpdiros dpxmy
kal péoa xal mépas Iyer 6 8" abrés wal ypapy
éomt wxal Emlmedov, Tplywvov yap loomAevpov
dxdaryy mhevpdy Bueiv povddwy Exov, kai mpdTos
Seopds wal orepeodl Stvapus: év yip Tpuwi Bia-
grdoest 70 orepeoy voeiofar,

{d) Fisuren Nusmaers
(i.) Gemeral
Nicom. Arith. Tntrod. il 7. 1-3, ed. Hoche 86, 9-57. 6

“Foriv ofw onueior dpyy Sworiparos, of Sui-
orijjia 8¢, 76 8" alrd xal dpyi) ypapps, ol ypauu)

* There were in use among the Greeks two ways of repre-
senting numhcrsﬁmmntrhmlh‘. Urne, wsed by Euclid and
implied in Plato, Theastetur 147 p—148 5 (see infra, ;i»;l:ﬂ-ld‘.*]. is
to represent numbers by straight lines proportfonal in length
to the numbers they represent.  If two such lines are made
adjacent sides of a rectangle, then the rectangle represents
bl e ANy SR
rectangular parallelepi t rallelepiped s
somduct. The other way of n.-gruen'ﬁ‘ nurllbers wns by

s or nlm for the units disposed a straight lines
w0 as to prometrical patterns, 4 me greatly de-
veloped by the Pythagoreans, Any number could be re-
presented as a stralght line, and prime numbers only as
B6
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put forth, such as 8 ; for the half of this number is 4,
the fourth 2, the eighth 1. The same property is
shown by 10, which the Pythagoreans ealled perfect
for a different reason, and this we shall discuss in the
proper place. The number 3 is also ealled perfect,
sinee it is the first number which has a beginning and
middle and end. It is moreover both a line and a
surface, for it is an equilateral triangle in which each
side is two units, un:} it is the first bond and power
of the solid ; for in three dimensions is the solid
conceived.

(d) Fiovren Numaggrs ®
(i.) General

NWicomachus, fatroduction fo Arithmetie il. 7. 1-3,
eil. Hoche 86, 8-87. &

Paint is therefore the principle of dimension, but is
not dimension, while it is also the principle of line,

straight lines, whenece Thymaridas spoke of them as ** recti-
linear par ereellence " (Plato would have ?ﬁrm:ntrd a prime
number such as 7 by 7 = 1, an oblong), e unit, being the
soree of all number, ean be taken as a trinngle, n pentagon,
a hexagon, and so on. The first number after 1 which can
be represented as a triangle is 3, and the o
ﬁ“ of the ﬂan nllurﬂ:;mhellr mr:;ﬂrn“ a a
represented as a tr s the adjoining i
re, o famons hagorean symbol, shows
mmhmgﬂﬂaysuzm o2 il L
Square numbers can be represented in similar fashion, and
the square of side n+ 1 can be obtained from the square of
side n by adding o gnomon of 2a + 1 dots round the séde (Hhe
term ** gnomon ™ originally signified an upright stick which
cast shadows on a plane or hemispherieal surface, and so
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8é+ wal ) &Ep} émpavelas, otk dmpdven
b€, wal a Tofi Buix7) Swagrarob, ol oux] B¢ Bea-
oraTdy. kai Efxg:ws 7 émupdvern dpyr) pev ou-
¢, ol o é, kai 1) abry dpyt) pév Tob Tpeyd
m'mﬁ, nsmfpt B td:u*m:nﬁr ovTws 6n xﬁ
é&v 7ois dpifiuois 7) pév povds dpyn mavros dplpoi
g‘ &v SudoTnua kard tuwdﬁa wpofifaloperou, o
ypappunds dpfluds apyr) émamédov apdiped df’
£Te Sudornua emmédws wlarwoudvov, o BO€
émimedos dplfpos dpyt) orepeoii dplflpod émi Tpirov

could be used for telling the time : it was later used of an

instrument for drawing right angles).

The first number after 1 which ean be represented as n
pentagon is 5. 1f it be represented as ARCDE, then we can
form another pentagon AB'C'DVE, equivalent to 10, by add-
ing the * gnomon of the pentagon,™ & row of an extra 7 dots
arrnnged round three of the sides of the original pentagon.
The gnomons to be added to form the suceessive pentagonal
nmmbers 1, 5, 12, 82 . | . are respectively 4, 7, 10 . . or
the successive terms of an arithmetical progression having
2 ns the common difference.  In the énse of the hexagon the
successive gnomonic numbers differ by 4, and in general, if
s I8 the number of sides in the polygon, the suocessive
gnomonie numbers differ by n— 2.

B8



PYTHAGOREAN ARITHMETIC

but is not line ; and line is the principle of surface,
but is not surface, and is the principle of the two-
dimensional, but is not two-dimensional.  Naturally
also surface is the principle of body, but is not body,
while it is the principle of the three-dimensional, but
is not three-dimensional. Similarly among numbers
the unit is the principle of every number set out by
units in one dimension, while linear number is the
principle of plane number broadened ont in another
dimension in the manner of a surface, and plane
number is the principle of solid number, which
acquires a certain depth in a third dimension [at

So much for plane numbers. There are similar varietics
of solid numbers {cubes, pyramids, truncated pyramids,
etc.). “The curions reader will find the whole subiject treated
exhaustively by Nicomachus (Arith, fndrod. ii. 7-20), Theon
of Smyrna (ed. Hiller 26-42) and Iamblichus (in Nicom,
Arith, Introd,, ed; Pistelli 38, 7 ¢f seg.). It s of importanee
for the student of Greek mysticism, but has little interest
for the modern mathematician,
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Sidorpa wpids Ta &€ dpxis Piflos T mpookTw-
pevor: olov wal’ dmobuaipeay ypaguinol uédv elow
apfipol amdds dmavres of dwd Svddos dpyduevor
kal xarda povdbos mpdoleow émi v xal 76 adrd
mpoywpoivres dudarnpa, énlmedor 8¢ ol dmd Tpuddos
apydpevor dpywecardrs pilns xal Sud rdv s
aurveydv dplfluciv mpoidvres, Aapfdvorres xal v
€nwvupiay kard Ty abriy Tdfur mpdToTo P
Tplyevor, elra per’ adrovs rerpdywvor, elra per’
atrots mevrdywor, elra éml TovTows efdywvor xal
émrdywrot Kal én' dmepov.

(ii.) Triangular Numbers

Lue. Vil awef, 4

mrearoras. Elr’ dmi rourdoww dpfjiéew,

aropaxtii. Olda xal viv dpifipeiv.

nre. [lds dpfiudes;

aro. "Ev, 8bo, tpla, térrapa.

mre. ‘Opds ; d ob Boxdas véooapa, rabra
8éxa éori wal Tplywvor évredds xal Huérepov
apKiLov.

Procl. in Euel, i, ed. Friedlein 428. 7-420. 8

HapabéBorrac 3¢ xal pélodol Twes Tiis edpéoews
TAY TOWUTWY TRLpwENIY, v i pév els [dreva

® This celebrated Pythagorean symbol was known as the
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right angles] to the dimensions of the surface. For
example, by subdivision linear numbers are all
numbers without exeeption beginning from two and
proceeding by the addition of a unit in one and the
same dimension, while plane numbers begin from
three as their fundamental root and advance through
an orderly series of numbers, taking their designation
according to their order, For first come trinngles,
then after them are squares, then after these are
Kentagﬂm. then succeeding these are hexagons and
eptagons and so on to infinity,

(ii.) Triangular Numbers
Lucian, Auwction of Souls 4

Pyruasoras. After this you must count.

Agomastes. Oh, I know how to do that already.

Pyri. How do you count ?

Ago. One, two, three, four.

Py, Do you see 7 What you think is four is ten,
a perfect triangle and our mtﬁ."

Proclus, on Euclid i., ed. Friedlein 428, 7—429, 8

There have been handed down certain methads for
the discovery of such triangles,® of which one is

verpurds. It was alternatively ealled the a
* principle of health " [Lucian, De Lapsu
in Salutando 5). The sum of any num";'cf
of successive terms {hﬁirmi with the first)
of the series of natural num 14248+ * sl .
+ » » n s therefore a trinngular number,
and the general formula for a triangular * * * =
number is n(n+ 1),

¥ iz, triangles having the square on one side equal to the
sum of the squares on the other two. Proclus is commenting
on Euclid i 47, for which see infra, pp. 1758-185.
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dvamipmovar, i 8¢ els [lvBaydpav. kal %) piv
Huflayopucs) dmo 7év weprrav éovov dpubpav,
Tifno yap Tov Bofldvra wepirrov s dddooova Tdv
mepi v opthiv, wxal AaBofica Tov dm' adroi Te-
Tpdywvoy kai TovTov povdda agedolion vob Aotmol
6 oy o Tiv mepl Ty dpby Tov peilova-
mpoofleion 6 xai TovTe povade THv Aoty wouel
v imoreivovour- olov Tov Tpla Aafoiiva kal Te-
Tpaywwicaoa wai adedofoa Toll dwda povdda Tod
ﬁlﬂpﬂ&lﬂr&ﬁpmr&vs,xﬂmﬁﬂyw ithat
A povdba xal wouel TOV €, Kai elpyrar Tplywioy
apbloyuivioy Eyov Ty peév Tpiav, Ty 8¢ Teoadpwy,
v B¢ wéire,

‘H 8¢ Mlarwvie) dmé 7dv dprimv émyeipel.
Aafloiioa yap Tov dollevra dpriov Tiflnow abrdv dis
play mAevpdy Tov mept Ty opbijy, kal Tobrov

® j.t., if 0 is the given odd number, the sides of the triangle
nre h

ni=-1 nlsl
b M =

[ |
and the formula is an assertion that

e (H21) (2R,

: 5
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referred to Plato and one to Pythagoras. The Pytha-
gorean method starts from the odd numbers.  For it
setd the given odd number as the lesser of the sides
about the right angle, takes its square and subtracts
a unit therefrom, and sets half the result as the
greater of the sides about the right angle. Adding
a unit to this it makes the resulting number the
hypotenuse.* For example, starting from $ and
sijuaring, the method obtains 93 a unit is subtracted,
making 8, and the half of 8 is taken, making 4; to
this a unit is added, giving 5, and in this way there
is found a right-angled triangle having as its re-
spective sides 3, 4 and 5.

The Platonic method starts from the even
numbers. For taking the given even number it sets
it as one of the sides about the right angle, divides

Heath (H.G.M. 1. 80) shows
ow P probably arrived
at this formula by o sgsh.-m of dots
forming a square. Stacting with
a_square of side m, the square =
of side m+1 can be fo T i e ]
adding a gnomon-like armmy of
9m+1 dots round two sides. To . |
obtain his formuls, Pythagoras
would only bave to assume that =
2m + 1 (necessarily an odd number) b =Wt

8 a square.
L;i 2m+1=n?
then W=l
s S
PP B e
]
and the array of dots shows that |

nt 4 (".'!.i:_l )' - (n}: L )-'

x 93



GREEK MATHEMATICS

Siedofioa Bixya xal Terpaywvicaca 7o fjuou, po-
viba pév TG Terpayuve mpooleioa ol THV
dmoreivovgar, pnvdg 3¢ dpedofion Tob Terpayiivou
mowel Ty érdpav T wepl Tiv opbiy: olov Tdv
réogapa Aaflofioa kai Tovrov TO ?.ua'u v B
TeTpaywriraca Kai woujornga aiTov o. oo
pév povdda mowed Tov ¥, mpooleioa 8¢ mowel Tov &,
Kai €x€r TO alTo Yeropevor Tpiywror, & kal €Kk Tis
érépas dmeredeiro pebdbov. 76 yap dmd Tovrov
foov 7 dwo Tob ¥ xal T dwo Tob & aurelleimw.
(iii.) Oblong and Square Numbers
Aristot. Phys. T' 4, 203 & 15-15

Mepiriflepevwy yap i ywwpdvwy mepl 7o & wal
ywpls oré pév dAlo del yiyveclar 76 eldos, ore
Be &v.

(iv.) Polygonal Numbers
NWicom. Arith. Introd. ii. 12. 24, ed. Hoche 96, 11-97. 17
Ado &, ols dv Oédys, Tpryawvovs cuveyeis dl-

® i, if 20 is the given even number, the sides of the
triangle are m, n*+ 1, n® = 1, and the formula asserts that
(2n)t+(n?= 1)*=(n?+ 1},
Heath (H.. M. §. 81) shows how this formula, like that of

Pythagoras, could have been obtained from gnomons of
dots. Both formulae ean be deduced from EuE*.IM H. & a

¥ rean proposition (see iafm.ly. 194 n. a), A more
formuln, including both the Pythagoresn and

‘latonie methods, is given in the lemma to Euclid x. 25,

which is equivalent to the assertion ¢

(B oL (.
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this in two mdngleu.ues the half, adds a unit to the
square 5o as to the hypotenuse and subtracts a
unit from the square so as to make the other side
about the right angle.® For example, taking 4 and
squaring the half, 2, it makes 4 again, Subtractin
a unit it obtains 3, and adding one it makes 5, an
yields the same tdangle as t furnished by the
other method. For the triangle constructed by this
meéthod is equal to that from 5 and from 4.

(iii.) Oblong and Square Numbers
Aristotle, Physics I' 4, 203 a 13-15

For when gnomons are placed round 1 the resulting
figures are in one case always different, in the other
they preserve one form,*

(iv.) Polygonal Numbers

Nicomachus, fafroduction fo Arithmetic §i. 12. 24,
ed. Hoche 96, 11-87. 17

By taking any two successive triangular numbers

¥ As was indicated on p. 86 n. a,
when gnomoens consisting of an odd
number of dots are placed round 1
the result is alwnys a square. When

omons consisting of an ¢ven num-

r of dots are placed round 2 the
result is an ohlong, and the successive
oblongs are always different in form.
This is probably what Aristotle refers
to, but dees not indicate iha.tndl.hc
starting-point is in one case | and in
the other 2; and the interpretation is
modern, Themistius and  Simplicius
having other (and less attractive) ex-
planations. The subject is fully dis-
cussed by W. D, Hoss in his notes ad
loc. (Aristotls’s Physics, pp. 342-544).




GREEK MATHEMATICS
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dmodBwow kal 7( K€ & i Tov Ae xal del ofrws.
xard 8¢ Ta n,ﬁ-hi Kdy Tois -rrwmyd‘.rmg oi Tplywrol
mpoorillotvro abr} Tafet, 'mr.rs' n"mm's* yer-
wjoovaw  éfayavovs xai madw e.-mmt; ol avrol
:rpowlcmpmm ToUS €V 'm.fﬂ. imymmw 'm:m;a-
oovor Kal per’ Exﬂmvs' Tols drra xai Toiro
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elra emrayavwy, elra, e €0élow s, xal Taw chs

molrpaly:

. *In other words J{n-1)n+
fn{n+ 1)=n? as may easily be seen
« from an array of dots. Here the
square, of side n, is split up into
= two trisngular numbers of side
n- 1, n whose values are therefore
* f{n=1jn, Inin+1) Theon of
Smyrna (ed. Hiller 41. 3-8) gives
the same theorem.
¥ The general formula for an a-gonal number of side n is
n+gnln = 1)(a=2},
06
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PYTHAGOREAN ARITHMETIC

you please and adding them one to another you will
make the whole into a square, and whatsoever square
you split up you will be able to make two triangles
from it.* Again, a triangle joined to any square figure
makes a pentagon ; for example, when the triangle 1
is added to the square 4 it makes the pentagon 5, and
when the next triangle in order, which is plainly 3, is
joined to 9, the next square, it makes 12, while 6, the
next successive triangle, added to 16, the next sue-
cessive square, will yield 22, the next successive
pentagon, and 10 added to 25 will make 85, and so on
without limit. In the same way if the triangles are
added to the corresponding pentagons, they will
produce the hexagons in an orderly series, and the
triangles linked with them in turn will give the
heptagons in order, and after them the octagons, and
so on to infinity.® To help the memory let the
various polygonal numbers be written out in parallel
rows, the first consisting of triangles, the next of
squares, the next after these of pentagons, then of
hexagons, then of heptagons, then, if it is so desired,
of the other polygonal numbers in order.

as is proved below, p. 98 n. o, and Nicomachns's assertion
is equivalent to saying
w4+ dni(n- Ia-2)=n+fn(n— 1{a-3)+ dn{n-1).
YoL. 1 H a7



GREEK MATHEMATICS

pfiwar xal mhdros

T T
|

f1|lu!nu1 |i’|.'i_[pt e

péyuror alr
verpdymro ﬂ-ﬁl'iﬁ"“'*!‘#ﬂ;ﬂ!ﬂ p
worrdyares | o | « | 8| #B| 2 |va|o | B | pi | pme
fdypurol nlf'_uiwm;&‘r‘?-;'wlm 5
dordywres | @ InqiM]'u|m;|mq prll | ade

Bdlag

(v.) Gnomons of Polygonal Numbers

Tambl. in Nicom. Arith. Introd., ed. Pistelli 62. 10-18

Kal & 7 oyquaroypadin 8¢ tdv modvydwuww
do pév émi mi_»ﬂuv al alral pevobor whevpal
prruvoperas kaf® Exacror, al 8¢ mapa ralras
evamolndthicovrar T Tiv yvwpdvey mepldoe alel
dMagodpevar, plon pév & Tpipave, dvo b
TeTpaydve kal Tpels v merrayuww kal dpolms
én’ dmewpov, kata Svddos xdvradlla Swadopiy Tijs
rhjocws TAv molvydivwy mpds TV mootTTe T
dAacaouédvwy yuoudins.

® i.f., the principle will be made clear from the figures for
the gnomons of the square and pentagon given on pp. B8-80
n.a. The general formula s that in a polygon of a sides, the
number of sides changed to form the next highest polygon
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Baeantn avn Levorn

15| 21

Triangles | 1
Equares 1
Pentagons | 1
Hexagons | 1 [
Heplagons | 1
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gle] g =ls ]

=3 | w |

(v.) Guomons af Polygonal Numbers

Iamblichus, On Nicomachus's Introduction to Arithmetie,
ed. Pistelli 62, 10-18

Now in the representation of the polygons two of
the sides always remain the same but are produced,
while the sides intercepted between them are con-
tinually changed when the gnomons are placed
round, one being changed in the triangle, two in the
square, three in the pentagon and so on to infinity,
the difference between the designation of the poly-
gons and the number of sides changed being two.s

is a—2. (This leads lamblichus to introduce immediately
Thymaridas's rule for solving » simultaneous equations, s
the fm.:ild- 2 gccurs in this also. For this rule see infra,
, 138~ s
WFI‘QI]I Iu.t!]bllnhm‘s account it follows that the suecessive
Encmons to a polygon of a sides are
Ll+{a-2) 1+%a=2),...1+(r-1)a-23),
and the g-gonal number of side » is the sum of n terms

this series, or
f+n{n= 1)a-2)
299
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(¢) Somz ProrertiEs oF NUMBERS
(i.) The " Sieve ” of Eratosthenes
Micom. Arith. Tntrod. 1. 18, 2-4, ed. Hoche 20, 17-32. 18

‘H 8¢ rovrwy yéveas omd "Eparosfévovs wa-
Metrar kdorwov, émeadi dvareduppévovs Tols e-
puwaots Aafdvres kai dduaxpirovs €f adrav Tj Tijs
yevéoews pellédy Tavm Siaywplloper, s &
dpydvou 7 xooxlvov Twos kal {Big pév Tols mpei-
rous wal doufiérous, bla B¢ Tods Bevrdpovs kal
ouvliérovs, ywpls 8¢ Tols juxtols elpioroper. €om
3¢ ¢ Tpémos Toll kooxivou Towiros éxlbépevos
Tobs dmd Tpuidos wdwras egeli)s mepioools ws
Suvarde pdMiora éml pijmioTor orixov, apfapevos
dms Tol mpdov émawom, Tivas olos T€ dom
perpeiy, kal edplowew Svvardy dvra Tobs Bio péoous
mapalelnorras petpeiv, pixpls of av mpoxwpely
éBéAwpev, oly s Eruye Bé kal elxi) perpoivra,
dM\d Tov pév mpdiTws xeluevov, Touréomi Tov Bio
péoovs dmepPaivovra ward TIv Tol mpwrioTou €v
T orlyw xeapdov moodTTa peTpiiget, TouTdoTt
xard T éavrob- Tpis ydp Tov 8’ dr’ dieivov Bio

* Nicomnchus has heen di.s-cuse.mirtl:: different species of
odd numbers, which are explained al on p. 68 m. e

¥ That is, Eratosthenes, for whom see p. 156 n. a, set out
the odd numbers beginning with 3 in a column.  For con-
yenience we will set them out horizontally as follows : -
4. 5, 7.9, 11, 18, 15, 17, 19, 21, 23, 25 27, 20, 31, 33, 35.
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(¢) Some Prorenties or Nusmsens
(i.) The " Sieve " of Eratosthenes

KNicomachus, Introduction to Arithmetic L. 13, 2-4,
ed. Hoche 29, 17-32. 18

The method of obtaining these® is called by
Fratosthenes a sieve, since we take the odd numbers
mixed together and indiscriminate, and out of them
by this method, as though by some instrument or
sieve, we separate the prime and imcomposite by
themselves, and the secol r and composite by
themselves, and also find those that are mixed. The
nature of the sieve is as follows : I set forth in as lo
a column as possible all the odd numbers, beginning
with three, and, starting with the first, 1 examine
which numbers in the series it will measure, and I find
it will measure the numbers obtained by passing over
two intermediate numbers, so far as we care to pro-
ceed, not measuring them at random and by hap-
hazard, but it will measure the number first found by
this process, that is, the one obtained by passing over
two intermediate numbers, according to the magni-
tude of the number lying at the heng of the column,
that is, according to the magnitude of itself ; for it
will measure it thrice.! It will measure the number

We now strike out from this list the multiples of 3, because
they will not be prime numbers, and this is done by passing
dwver two numbers at a time and striking out the next. That
Is, we over 5 and 7 and strike out 9, we pass over 11 and
13 Jﬁm out 15, and so0 on without limit. As Nico-
machus notes in a rather cumbrous way, the numbers struck
out, 3, 8, 15, 21, 27 . . ., when divided by 3 gives us in order
the numbers in the or?]nul column 8, 5, 7.0 .. . . There
is here the foundation for a logieal theory of the infinlte, but
it was left for Russell and Whitehead to develop it.
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amﬂﬂm kara Ty Tob Sevrépov Terayudvov
mevrdxis ydp: Tov 8¢ mepurépw mddw Svo Gua-
Aelrovra ward T Toll rp:mu rmypmu* ﬂmm:
T-ﬁp. Tay 55 T fre'pnt'répw wep 3:50 x{q.t.mv pTd
v Tl TETGPTW mu}rpﬂ'au- Srdnes }'ap wai E:r
Ermpas- @ uurep -rpaw? elra perd Toiiror mr
dMns d a emi Tov Emtpou ehllen aKoma, 'ru'us'
olés ¢ éomi perpeiv, xai eipioxw miyTas Tous
ﬂrpuﬁa ﬁmlemmwg, aMd Tor _uﬂ- mpiiToy Kord
L4 Tﬂt.l‘ iv ﬂpmuv fmypsvnu ToToT) TR
Tpis ?up -n:w E-c etfrepor kKard rqr TOb Eempuw
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(ii.) Divisibility of Squares
Theon Smyr., ed. Hiller 25, 17-36. 2

lIEi:&H; e ols Tﬂpﬂ'ymmn; wpﬁfﬁnxm TroL 'r;u-
TOV sxew 7 pnmﬁnf u.@mpf eqﬂ,lg -rpwuu Eyewy
- maAVTWS, 1;1 maAw -rc-mpmv ey 'r.l ;.mmﬁo adiaipe-
teloms Téraprov exsw VTS xm. T pﬂ- ;,:maﬁﬂs
apaipelelons plrov Eyovra Eyerr xal rtéraprov

* The numbers obtained by passing over four numbers are
15, 25,85 . ..
and ean all be divided by 5, leaving
B, e
which is the original series of odd numbers,

Nicomachus proceeds to pass over six numbers at a time,
beginning from 7, but we need not follow him, Clearly in
this way he will nmlunli:.r be able to remove from the series
of odd numbers all that are not prime.  The general formula
is that we obtain all multiples of a prime numh:r n by skip-
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obtained by passing over two from that one

to the magnitude of the second number in order ; for
it will measure it five imes, The number obtained
by passing over two numbers yet again it will measure
according to the magnitude of the third number in
order; for it will measure it seven times. The
number that lies yet two places beyond it will measure
sceording to the magnitude of the fourth number in
order ; for it will measure it nine times ; and we may
proceed without limit in this manner. After this 1
make a fresh start with the second number in the
series and examine which numbers it will measure,
and I find it will measure all the numbers obtained
by passing over four,® and will measure the first
number so obtained according to the magnitude of
the first number in the column ; for it will measure it
thrice. It will measure the second according to the
magnitude of the second, that is, five times; the
third according to the magnitude of the third, that is,
seven times ; and so on in order for ever,

{ii.) Divisibility of Squares
Theon of Smyrnn, ed. Hiller 85, 17-36. 2

It is a property of squares to be divisible by three,
or to become so divisible after subtraction of a unit 3
likewise they are divisible by four, or become so
divisible after subtraction of a unit; even squares
that after subtraction of a unit are divisible by three

ping n- 1 terms at a time, Buot to make sure that any odd
number 2n+ 1 left in the serics s prime we should have to
try to divide it by all the prime numbers up to /% + 1, ani
the method is not a practicable way of ascertaining whether
any large number is prime.
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mdvrws, s & 8, Tov 8¢ povdbos ddapeleions
réraprov Exovra éyew Tplrov mivrws, ds 6 B, 4
76w adrov mdly xal Tpiroy Eyew xal Téraprov, dis
é A5 [§) pnbdérepor Totraw Eyovra Tobrov povddos
ddarpelelons plrov Eew wdvras),' §f pijre mpivov
prire Téruprov Exovra powibos dpapeleions xal
Tpirov Eyew Kal Téraprov, @5 o K.

(iil) A Theorem about Cube Numbers

Nicom. Arith. Introd. il 20. 5, ed. Hoche 119, 12-18

"Exreférrwr yip vav dmo povados €n dmepov
gUvEYiIV TEPTTGY EmoKoTEL olTwws, & TPATOS TOV
Suvvdper wofor mouwet, of 8¢ 8o per' éxelvov owr-
Tebévres Tov Bedrepov, of &¢ dml Todrows Tpels Tow
TpiTov, of B¢ ouvexels Tolrois Téogupes TO¥ TE-
Taprov, oi B¢ édefiis Tolrois mévre Tov wépmrov

L § ... wires om. Bullinldus, Hiller.

* Any number may be written ns Sn, 3n 4 1 or S3u 42, and
its square takes the form

Bn'orfntt6n4 1 or Bt 120+ 4.

In the first case, the square is divisible by three: in the
::.;mnd ;.m.'l third cases it mes 50 divisible after su
a onit,
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can be divided by four, such as 4 itself ; those that
after subtraction of a unit are divisible by four can be
divided by three, such as 9 ; while there are vet again
squares divisible both by three and by four, such as
36 ; and others that are divisible neither by three nor
by four but can be divided, after subtraction of a
unit, by both three and four, such as 25.2

(iii.) A Theorem about Cube Numbers

Nicomachus, Introduction to drithmetio il 20, 5,
ed. Hoche 118, 12-18

When the odd numbers beginning with one are set
out in succession ad infinitum this property can be
noticed, that the first makes a cube, the sum of the
next two after it makes the second cube, the next
three following them make the third cube, the next
four succeeding these make the fourth ecube, the
next five in er after these makes the fifth cube,

As for divigion by four, the square of an even number n s
necessarily divisible by 4. The square of an odd number
2n 4+ 1 may be written 4n® =40+ 1 and becomes divisible by
four after subtraction of a unit. Karpinski observes (Nieo-
machus of Gernea, by M. L. D'Ooge, m&]: * Apparently
Theon desired to divide all square numbers into four classes,
vie., those divisible by three and not by four; by four and not

three ; by three and four ; and by neither three nor four.
In modern mathematical phraseology all square numbers are
ent to 0 or 1, modulus 3, and congroent to
0 or 1, modulus 4. This is written :
ni=1 Emnd, 30,
nt=0 (mod. 3),
n2*=0 or 1 (mod. 4).

** This is the first appearance of any work on congruence
which is fundamental in the modern ry of numbers.”
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wai of éffjs & Tov dxTov wal Toiro péypis
alel.

(iv.) A4 Property of the Pythmen
Inmbl. fa Nicom. Arith, Introd., ed. Pistelli 103, 10-104. 13

"Emel 8¢ é&dbos dmoredeorinif dorw 1) mpuimy
map’ obber dmo povddos ovlvyia, §) mpdry a f ¥
cldorovjoer Tas €fqjs niTh, pnbevds Gpov Koivod
AapBavopévor pmie pny mapelemopevor, alla
perda v A B 7 AapBavopdims ris § i@ £, elra
{ 7 0 xal éfs drodotbws. wiow yap abrm
ébddes yevijoortar peralapBavorans Tov povddos

Towoy del Tijs Sexddos, Tovrdorwv €ls povdda dy-
ayouds: ovrws pap abriy wai devrepwdoupdvay
povdda xadeiofar eAéyoper mpos rav [lulflayopelan,

* That is to say, L= 1% 3+5=0, T+9+11=53
134 16+ 1T+ 19=4, 21+33+25+27+29=5", 31+ 89+35
_;-!31+E'J+4l=l?. and 50 on to infinity, the general formula

ing

[aln= 1)+ 1}+ {nln— 1)+ 8}+ . .o + {n(n=1)+2n- 1}=n?,

B ntl.ng‘ n=1,2 %...r in this formula and adding the
duﬁ!. it s ensily shown that o

R o e e Lalaat §)

a formula which was known to the Roman agrimensores and
robably to Nicomachus. Heath (H.6, M. 1. 109-110) shows
it wat proved by the Arablan algebraist Alkarkhi in o
book Al-Fakhri written in the tenth or cleventh century,
The proof depends on Nicomachus's theorem,

* lamblichus has been considering various groups of
three numbers which éan be formed from the series of naturml
nizmbers, by sing over a specificd number of terms, 5o ns
o hcfm::u:;m ygonal numbers,  Thus 1+ 2+ 8 =86 (triangle),
1+3+5=1 (square), 3+ 4+ 5=12 (pentagon), 14+ 4+7=12
(pentagon), 145+ 9=15 (hexagon).
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the next six in order make the sixth cube, and so
on for ever.®

(iv.) A Property of the Pythmen

Tamblichus, On Nicomachus's Introduction te Avithmetis,
ed. Pistell 103, 10-104. 13

Since the first group,® starting from the unit and
omitting no term, is productive of the hexad, the first
group, 1, 2, 3, will be a model of those that succeed it,
the groups having no common term and leaving none
on one side, but 1, 2, § being followed by 4, 5, 6, then
by 7, 8, 9, and s0 on in order. For all these will
become hexads when the unit takes the place of the
decad in all cases, so reducing it to a unit. For after
this manner we said 10 was called the unit of the
second course ¢ among the Pythagoreans, while 100

* In other words, Iamblichus asks us to consider nni:\;
of three consecutive numbers, the greatest of which
mlc by 8. We may represent such a group generally
as 3p+1, 3p+ 2, 3p+ 3.

4 As Inmblichus had previously explained f‘ Nizom.,
ed. Plsteld 75. 25—77. 4). the Pythagoreans loo :ch a
square number n® as a race course ?g!":.lﬂ.n;} formed of soe-
eessive numbers from 1 (as the sforf, ﬁwﬁl{hﬂ up to n (the
turning poinf, xapzrip) and back again through (n-1),
{m—2), and s0 on to 1 %M the goal, wivea), in this way ¢

14+2+8+ ... +(n=1)
4

at
142484 . ... ([@-1)
As an example we have
14243 « oo 1040484 ... 34241=108

and thence
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wai Tpuwdovpdvay TV uamfa&u. xal rc-:PwBou-
}tﬁﬂl"‘ﬂ‘j!'xﬂmﬁﬂ lé,').é”? Ermtnpl.ﬂpnv
Tov 1€ dvayopérs ol ;\smﬁuﬁ els povida, ¢
wévre mpochafaw a €fas yiveTat.
fqﬁwnﬁswmmmmﬁnptﬂpdr nﬁ-ru.i
els dvo povdbas avayayaw vpuw:ﬂqpl. 8
éxew wdlw {Eaﬁu i © 0 ;.F m.wﬁew TouD
:{y, dv Td X puds o, 13? mpoalis Tois *rpmrw
Exw npouu; efuaa xai ToiTO J}muu; éorar &'
dAov.  kal 1 pév -n-pwq €fis otk éxer perdfeow
Bendbos cq.- ;.mmﬁ-u e dv tﬂﬁoﬂl&g wai grocyeior
Tdv per’ avTiy Ymdpyovoa: 7 8¢ Bevrépa puds
povados pﬁa.ﬂfmv efﬂ, 7 o¢ -rprn;i Eum-' Kali 7)
Terd Tpu.ul-l' xal ’-', .t-m"ﬂj ﬂﬂﬂpﬁul’ wal €is
dxoloth 8 dv dow al perariféperu
Sexddes, Tovabrar xai al emnﬁcs' aqﬁmpcﬂqmwm
éx Toll oiau wm,mros, va 70 Aeimov dpolws éfas
" 7ol yip e puis Bexddos Exovros perdfleaw, éav
aféAw ploy évwedda, Asu,ﬁﬂ:fa‘em éfds. Tob Bé Kb
oo €yovros Oex dBas as peramoloupévas  éav
fvo dwedbas, Aedbrjoera mdhwv éfds, xal
Toiiro 8¢ Slov cupfijoera.
104+20+30+ . .. 100400+80+ .. ,30+20+10=10"

100 + 200+ 300+ . . . 1000+ 800+ 800+ . . . 300 +200+ 100
= 10*
and g0 on. It was in virtue of these relations that the Pytha-

E:.n_-a.n spoke of 10 as the unil of the second course (Sevrepo-
wjsdi

povds), 100 as the unil of the third course (rpusBouudin
powic) and so on.

= The truth of Iamblichus's frupuﬁ'ihun Is proved generally
by Laoria (L¢ seienze esatte nell' antica Grecia, pp. 841-842)
in the following manner.

Let Ne=ng+ 100+ 100+ . o &
108 1
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was called the unit of the third course and 1000 the
unit of the fourth course. Now 4, 5, 6 make the
number 15. Reducing the 10 to a unit, and ad

it to the 5 we get 6. Again, 7, 8, 0 when add
together make tﬁg number 24, in which I reduce the
20 to two units, add them to the 4 and so again
have 6. Once more, adding 10, 11, 12, I make 33, in
which the 30 yields 8, and adding this to the 3 units
I likewise have 6, with a similar result in all cases.
The first 6 does not suffer a change of the 10 into a
monad, being a kind of image and element of those
that succeed it. The second has a change of one
monad, the third of two, the fourth of three, the fifth
of four and 50 on in order, The number of 10s that
have to be changed is also the number of 9s that
have to be taken away from the whole sum in order
that the result may likewise be 6. In the case of 15,
where there is one 10 to be changed, if I take away
one O the remainder will be 6. In the case of 24,
where there are two 10s to be changed, if I take
away two 9s the remainder will again be 6, and
this will happen in all cases.®

be a number written in the decimal system. Let %H] be
the sum of its digits, S®(N) the sum of the digits of S(N), and
50 On.

MNow N-S(N)=0{m+ 1ng+ 11Ing+ « « o)

whenee N=5(N) (mod. 9).
Similarly S(N)=52N{mod. 9)
and 8o on.

Let SN} =54 N{mod. 9)
be the last possible relation of this kind; S®N will be a
oumber N'=0.
Adding all the congruences we get
N=N’ (mod. 98), where N'g8,
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{f} ImraTioNaviry or Tue Squane Roor or 2

Aristot. Anal. Pr. L. 23, 41 a 26-27

[dyres yip of dua roil dbvwdrov mepalvovres 7o
pev hetdos ovMoyilovrar, 70 & &£ dpyijs éF
tmolléoews Sevadovaw, dravy ditvardy Tt ovpBal)
mijs wmiddoews Telelons, olov m datpuerpos 7
SidpeTpos Sua 70 yiveolur Td wepiTra loa Tois
dpriols ouppéTpov Tellelons. 7o pév olv loa yi-
vegBar Ta wepirta vois apriots avMoyilerar, 70 &'
dootiperpor elvas v Sidperpor €€ Umofldaews Bei-
Ko, €mel ebdos gupPaiver dia THv diridacw.

(g) Tux Treony or PuororTion axp Mzaxs
(i.) Arithmetic, Geometric and Harmonic Means
Tambl. éin Nicom. Arith. Introd., ed. Pistelll 100, 19-25

Mévar 8¢ 76 madawdy 7peis Hoav peodryres emi
Nvfaydpov kal rdv kar' adrév pabyparucaw, dpul-

Now, if N is the sum of three consecutive numbers of which
the greatest is divisible by 3, we can write
N=(8p+1)+(3p+2)+ (3p+3),
and the above congruence becomes
Bp + 6= N{mod. 8)

80 that N'=6(mod. 9), with the condition N'=9, But the
only number =8 which s divisible by 6 s 6 itself,
N =6

Ore i =,
= It is generally believed that the Pythogoreans were
aware of the irrationality of 4/2 (Theodorus, for exnmple,
when proving the irationality of numbers began withy/3),
and that Aristotle has indicated the method by which they
proved it. The proof, interpolated in the text of Euclid as
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(f) InraTionawrry oF THE Squank Roor or 2

Aristotle, Prior Analytics i. 23, 41 a 26-27

For all who argue per impossibile infer by syllogism
a false conclusion, and prove the original conclusion
hypothetically when something impossible follows
from a contradictory assumption, as, for example,
that the diagonal [of a square] is incommensurable
[with the side] because odd numbers are equal to
even if it is assumed to be commensurate. It is
inferred by syllogism that odd numbers are equal to
even, and proved hypothetically that the diagonal is
incommensurate, since a false conclusion follows from
the contradictory assumption.®

(g) Tue Tueory or Proromrion axp Meaxs
(i.) Arithmetic, Geometric and Harmonic Means
Tamblichus, (n Nicomochus's Introduction to Arithwatic,
ed. Pistelli 100. 10-25

In ancient days in the time of Pythagoras and the
mathematicians of his school there were only three

x. 117 (Eucl., ed. Heiberg-Menge il 405-410), is roughly as
follows. Suplpuﬁe AC, :ﬂ: dingonal of a square, to be com-
mensurable with its side AB, and let their ratio in its smallest

terms be a3 b,
Now AC2: AB*=qt; §®
and ACP=32AH*, a*=13}2,

Hence o, and therefore a, is even.
Since a: b is in its lowest terms it follows that & is odd,

Let a=%. Then 4e8=28, or b*=2, 0 that &%, and
therefore b is even,

But & was shown to be odd, and is therefore odd and even,
which is imEuth:. Therefore AC cannot be commensur-
ahle with A
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éxer 7ol Tpirov péper. yiverar 8¢ & tatrg 7@

avaloyla 7o vav peldven dpwy Sudornpa peilov,
70 8¢ Tav peovar peiov.”

(ii.) Seven Other Means

Nicom. Arith, Infrod. i, 28, 811, ed. Hoche 141. 4-144. 10
Terdpry pév 9 xal dmevavria eyopéiny 3 7o
drrikelalior xal jmwcmﬂﬂs'm& i dppovucii tmdp-
L Grav év Tpioiv Gpots ais & pdyworos mpds Tow
gﬁxmmu oUTws 1) TV edarTarwy Siadopd mpds
i vaw paldvav €y, olov

¥, &, 5,
* i, b is the harmonic mean between o and ¢ if

Erbob-ca

L e e

Ly it My |

whiech ean be written e e
111
o thet b

form an arithmetical progression, and Archytas goes on to
assert that .
il
5
' It is easily seen how the Pythagoreans would have
the three means in thelr musieal studles (see A, E.
Tavlor, 4 Commentary on Plofe’s Timagus, p, 95). They
would first have noticed that when they took three vibrating
strings, of which the first gave out a note an octive below the
while the second gave out a note an octave helow the
third, the lengths of the strings would be proportional to
4,2, 1.  Here the Sudompa §s in each case an octave,  The
reans would then have noticed that if they took three
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third by the same part of the third® In this pro-
poertion the interval between the greater terms is
the greater, that between the lesser terms is the
I ilh

(il.) Sevenm Other Means

Nicomachus, Mntreduction to Arithmetic i, 28, 3-11,
ed. Hoche 141, 4-144. 19

The fourth mean, which is also called subeontrary
by reason of its being reciprocal and antithetical to
the harmonie, comes about when of three terms the

test bears the same ratio to the least as the
ifference of the lesser terms bears to the difference
of the greater,® as in the case of

3r 5, 6,

strings soun a given nate, its major fourth and its upper
octave, the iimgcugﬂu of ‘the strings wujTM be proportional to
12, 8, 6, which are in harmonic progression. Finally they
wirild have observed that if they took three strings sotnding
a note, its mﬁjur fifth and its upper octaye, the lengths of the
strings would be proportional to 12, 9, 6, which are terms in
arithmetical progression. But the fact that the means are
consistently given in the order arithmetic, geometric, har-
mole, I.mi nt the name ** harmonic " was substituted by
Archytas for the older name su}mnl:rar!\’ " su that
these means had already been arithmetically defined before
they were seen to be exemplified in the fundamental intervals
of the octave.
* ., b will be the subcontrary mean to a, e, if

¢ b-a
a e-b
In this and the succeeding examples, following the practice

of Nicomachus, it is assumed that a, &, ¢ are in sscending
order of magnitude.
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év yip Simdaoiy va ovykpliévra dpdrac davepdy
8¢, xal' & fyavriwrac ) dppovisijc Tav yap adréw
dicpan epass dmapydrrav kal dv Simdagin ye
Adyw, év pév T4 wpo Tavrys % Tav pelovaw
Urepoxm mpos Ty Ty eAnTrdvwy v alrér fowle
Aiyov, € Tavry 8¢ dvdmaky 3} Tdv edarrdvwr mpds
Ty Ty paldvar: Bov 8é ratdms loréor éxeivo, 76
dimddowy dmoredeiofar 76 dmo 7ol pellovos wai
péaow mpos 6 bmo Tol pdoov kal édayiorov, Tob
yip mevrdiis § Sumddowoy o éfdiis E.

Al 3¢ 3vo peodmres mépmTy wal fxry wapa 'n%v
yewperpuay exddothyoay dudorepar, duadépovar
&w oUTws® 1) pév wéumry éorw, Grav &
7 dpois ts & pédos mpos Tov eddywrTor offrw
xai ) abrdv Tovray Biadopd mpos TV Tob eplorov
wpos Tov péoov, olov

B, 5, &
durddowos ydp 0 pév & 7oi B, péoos Spos o
élayiorov, & 8¢ B Tob a, Eﬁaxl'uﬁ.fv Eta@ﬁrwpég
&aiﬁp&.v peyiorav: & 8 drevavriov admpy T

L]
*

* An elaborate classification of ratios is given by Nicom,
Avith, Introd, 1. 17-23. They are glven in o convenient form
for reference by Heath, H.G M. i, 100-104, with the Latin
names used by Boethius in his De Fasfitutions drithinetioa,
which is virtually a translation of Nicornnchus's work.

* is., in the harmonic mean

c_e=b
a b-a
and in the subcontrary mean
e _b-a
. a e— b

¢ This property happens to be true of the particular
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for the ratios formed are both seen to be the double.s
It is clear in what way this mean is contrary to the
harmonic ; for whereas they both have the same ex-
tremes, standing in the double ratio, in the case of the
former mean this was also the ratio of the difference
of the greater terms towards that of the lesser, while
in the case of the present mean it is the ratio of the
difference of the lesser terms to that of the greater.
This property peculiar to the present mean deserves
to be known, that the product of the greater and
middle terms is double the product of the middle
and least terms, for six times five is double five times
three.

The next two means, the fifth and sixth, were
both fashioned after the geometric, and differ from
each other in this way. The fifth exists when of
three terms the middle bears to the least the same
ratio as their difference bears to the difference be-
tween the preatest and the middle terms,® as in the
case of

2, %53

for 4 is double 2, that is, the middle term is double
the least, and 2 is double 1, that is, the difference of
the least terms is double the difference of the greatest.

pnumbers Nicomachus has chosen, but s not in general true
of the subcontrary mean,  What s universally troe Is that if

SR
a b-a
then afr =ab x:—zbu.
4 i, b is the fifth mean of a, ¢, if
b _b-a
a o-&
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YeEwpeTpik]] motel, €neivd domw, o émi pudv dxelims
?g 6 péoos mpos Tov é\drTova, ofrws 7 Tob pei-
ovos mpos TOV pégor Umepoy) wpos T Tob péoou
-:{:; mdﬂimm. émt 8¢ Tavrys dvimadw 1 Tob
eAdrrovos mpds Tiv Tob peilovos: Biov 8 Guws
Kl Tavrys dori 16 Sumddowy ylveolaw 76 dmo
Tol peylorow Kxai péoov Toil Umd Toll pepiorov
Kai c{iuxfo'mu. 76 yap mevrdias 8 Sumddaioy Tod
worixis . !

‘H 8¢ & yiveras, Srav év rpuly Spois § dis &
péyioTos mpos Tov péoov, ofrws 1) Tob péaov mapd
Tov €Adyworov Umepoys) mpos Tiv Tol peyiorou
wapd Tov péoov, o

EJ sl E’l
€ ol yap exdrepor Adye: t’:}muia & alria wxai
Tis Wpos TV yewperpiky dmevavridryros,
g'mrp{-ﬁﬁ yap :t?l'-"ra.flﬂﬂ LI Myw.r- f.?'}mu;n?f
ws eml s wéumTys.

Kal al pév wapa rois mpdatley BpvMoviuerar 2¢
peadTyres alde elol, Tpeis pév al mpwrdrvro éyp

® i, If b is the geometric mean between a and e,

b e _e=b
a b b-a
while if b is the fifth mean between a and o,
b b-—a
- a et

The property which Nicomachus notes anbout this mean needs
sneralizing as in the case of his similar remark sbout the
rth mean, i.e., if

b

=}
then acr=ac x
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What makes it subcontrary to the geometric mean is
this property, that in the case of the geometric mean
the middle term bears to the lesser the same ratio as
the excess of the greater term over the middle bears
to that of the middle term over the lesser, while in
the ense of this mean a contrary relation holds. It
is a peculiar property of this mean that the product
of the atest and middle terms is double the pro-
duct of the greatest and least, for five times four is
double of five times two.®

The sixth mean comes about when of three terms
the greatest bears the.same ratio to the middle term
as the excess of the middle term over the least bears
to the excess of the greatest term over the middle,*
as in the case of

1, 4,6

for in each ecase the ratio is the sesquialter (3:2).
No doubt, it is ealled subeontrary to the geometric
mean because the ratios are reversed, as in the case
of the fifth mean.®

These are then what are commonly ealled the six
mneans, three prototypes which came down to Plato

* ie., b Is the sixth mean between a and b if
enb—u
- e=b

£ g, If & is the geometric mean between a and ¢,
¢ =
b b—n'

while if b is the sixth mean between o and ¢,

¢ b—a

ek
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"Apwororédovs xal IMdroves dvabey dmd MMufla-

yopov Snpelvacar, Tpeis 8" Erepac dnelvars Srevay-
Tiaw Tois per’ édelvovs dmopmuaroypddors Te wal
aipeTiarais v ypiloe ywopevar: Téooapas 8¢ rivas
€Tépas peraxuoivres Tols TolTwy dpovs Te Kal
diuadopas eméfeupdy Tives of wdw epdarralopdvas
Tois Tov malwdv ovyypdupacw, A ds mepi-
epydrepov Aedemrodoynuévas, ds Suws mpds 76 p)
eiv dyvoeiv €mrpoyaoréoy TH6¢ 7.

Mpdrrn pév yap adrav, éP8oun B¢ & TH Taade
owwrdfer €omwv, Srav ] s O péyaros mpds Tow
d\dyioror, ofrws wal 7 Tiv abrov diahopa mpoe
v Tiw edarrovaw, ofow

& 7, 0,

Tipeshios ydp & Adyos éxarépov ouyxpice: évopiras.

'Oydoy 8¢ peodrys, 7ris Todraw Sevrépa dori,
ylveras, Grav dis & péyworos mpds Tov eAdyiorop,
olirws 7 Biadopd v@v drpaw mpds Ty T@w oy

, o
El z] E‘
Kai atrn yip Tjuodlovs Exet Tods Svo Adyous.
‘H 8¢ évdrn pédv & 5 vdv macdy ouvrdfe,
TpiTy 8¢ & 76 rav ébevpypdvaw dpliuc vrdpyet,
oTar TP Gpwy dvrwv, by Adyor Exer & péaos TPos

® lamblichus: says (in Nicom., ed. Pistelli 101, 1-5) that
the school of Eudoxus discoversd theee means, but in other
places (ibid. 116. 1-4, 113. 16-18) he gives the credit, in part
at least, to Archytas and Hippasus,

120



PYTHAGOREAN ARITHMETIC

and Aristotle from Pythagoras, and three others sub-
contrary to these which came into use with later
writers and partisans.” By playing about with the
terms and their differences certain men discovered
four other means which do not find a place in the
writings of the ancients, but which must neverthe-
less be treated briefly in some fashion, although they
are superfluous refinements, in order not to appear
ignorant,

The first of these, or the seventh in the complete
list, exists when the greatest term bears the same
relation to the least as their difference bears to the
difference of the lesser terms,® as in the case of

6, 8,9,

for the ratio of each is seen by compounding the
terms to be the sesquialter, :
The eighth mean, or the second of these, comes
about when the greatest term bears to the least the
same ratio as the difference of the extremes bears to
the difference of the greater terms,® as in the case of

6,7,9;

for here the two ratios are the sesquialter,

The ninth mean in the complete series, and the
third in the number of those more recently discovered,
comes about when there are three terms and the

¥ i.e., b is the seventh mean between o and o if
¢ e—i

a b-a
® i.¢., b is the eighth mean between a and e if
e _e=a

- —

a e=b
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rov éddyiaroy, Tobrov xal 7 Tdw diepwy brepoy
wpos T Tav edayioTwy €y, ws
» i‘
'H 5¢ énl mdomis Szxdﬂ; jrev wuqﬂﬁqu, 'rE'.l'lx.Fn]
b év 111" T wwnpurmp éxlléoe o aparm, oTay €y
apots 7] WS 0 pegos wpos Tov eAdyioTow,
olirws xai 7 diadopa ﬂIlw dkpwy mpds T duadopar
v pecldvar, olov
¥ € 9]
emibi 5 o ev é‘xn-ré
Eﬂffquﬁmmu Tolvuy m T Slz-m mﬁu};mp
upm. éxneiollwoar ¥4’ & mapdberypa mwods o
etodvorroy,

w_pcf.r'l;'qs‘ a, B, 7,
E‘-et:-rcpag @, g., o,
TRITHS. ¥ 8, 5,
TETRPTNS S,
TERTTYS §. 3:- £,
Eierns a, 8, 5,
% i, b is the ninth mean between a and ¢ if
Bed
a b=a'
* i.e., b Is the tenth mean between a and ¢ if
B d-u
a ¢=5

* Pappus ([l 18, ed. Hultsch 84. 12-86. 14) gives a similar
list, but in a different order after the sixth mean, Nos. 8,
8, 10 in Nicomachus's list are respectively Nos. 9, 10, 7
in that of Pappus. Moreover Pappus omits No. 7 in the
list of Nicomachus and gives ns No, # an additional mean

equivalent to the formula r——“ °. The two lists thus give

=b &
five means ndditional to ths: first six.
188



PYTHAGOREAN ARITHMETIC

middle bears to the least the same ratio as the differ-
ence between the extremes bears to the difference
between the least terms,® as

4, 8,7.

Finally, the tenth in the complete series, and the
fourth in the list set out by the moderns, is seen when
«in three terms the middle term bears to the least the
same ratio as the diference between the extremes
bears to the difference of the greater terms,! as in
the ease of
3, 5,8;

for the ratio in each couple is the superbipartient
(5:3).

To sum up, then, let the terms of the ten propor-
tions be set out in one figure so as to be taken in at
a glanee.®

a<b<c
: b-a a b ¢ .
First (R T -—=B=-;nr1thmc1m
c—-b a P
b— ]
Second 1, 2, 4 | “ym-=4; geometric
TGS i s 8[ I S e
: E= ) ¢ harmome
i b—n ¢; subcontra
Fourth 8, 5, 6 c—b a to harmnnirg
b-a & <l
Fifth CO g g ; subeontrary

Sixth 1, 4, 6 !. =L‘ : Eﬂﬂlmm!h'ln
] " e | E
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Eﬁa‘;ﬂﬂf 5, s 'Er
Syddns 0.0,
évdris 8, & L,
dexaris 7 & T

(iit.) Pappus's Equations betrreen Means
Papp. Coll, iii. 18, 48, ed. Hultsch 88, 5-18

Tpeis dvddoyov forwoay dpor of A, B, I kal
owapporépe piv o A, ' perd B 7dv B {ooe
ekxelolw 6 A, ovvapdordpe 8¢ v B, T 4 E,
7@ 8¢ I' 6 Z+ Myw dru kai of A, E, Z dpou dvd-
Aoydw elow.

"Exel yip as d A wpds vov B, ofrws & B mpds
rov I, éorar kai ovvlévre dis ovvapddrepos & A, B
mpos Tov B, odrws owauddrepos d B, I’ mpds wdv
[ kai mdvres dpa of fyodpevor mpds mdvras Tods
émopdvous elotv év 74 adrd Myo ds ovvapddrepos
o A, B perd ovvapdorépov 706 B, T mwpos ouvapudd-
repov 7ov B, T', olrws owvapdorepos 6 B, T' mpds
vov I'.  wal éoror owvapdorépw piv 74 A, B pera
auvapdorépov 7o B, T loos 6 A, auvapdorépw 8¢
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Seventh 6, 8, 9 E-—.-E

Bighth 6, 7, 0 E_E

Ninth 4, 6, 7 i—: %

Teuth 8.5 o | =2t 5
[l " o= bn-ﬂ ar ¢=a+

(iii.) Pappus's Equations between Means
Pappus, Collection iil. 18, 48, ad. Hultsch 88, 5-18

Let A, B, I' be three terms in [geometric] propor-
tion® and let A=A+T +2B, E=B+T, Z=T"; Isay
that 4, E, Z are terms in [geometric] proportion.

For since A:B=B:T, it follows that A+B:B
=B+I':T; and therefore all the antecedents bear
to all the consequents® the same ratio, so that
A+B+B+T :B+1‘-B+I‘:[‘. Now A=A+B+

* According to Theon (ed. Hiller 106. 15-20), Adrastus
said the geometric mean was called * both proportion par
exeellence and primary,” though the other means were also
commaonly called some writers (rovrae 3¢ dmow
J.Mpnmr;du Mﬂﬂm : AMpeofiar wal dradoplar

WI’ lﬂ ‘I"ﬁf ﬂh: “]Id"l"lrruf
il ﬁhl u.i'-nu-ﬂm &uh}:lu

*The ex antecedents,”™ literally * |
{terms)," * consequents,” or * following (terms),” are
those used in Evclid v. Def. 11 of reg.
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7@ B, FTioos d E,waliva "'d Z. wxalol A E, Z
Epﬂ-a’aﬂn}ﬁvlﬂmv.

fbid., iil. 238, 57, ed. Hultsch 102

ﬂﬂn’mt&s
Meadryres A BT {ﬂiﬁx&%‘;{_
3 - : A
RS b g
i @
i g a
yeupeTpAT i a § g a
a
5 i
i (3
dppin ia 58
Srearria EEE §ap

* This is one of a series of propositions given by Pappus to
the following effect.  If A, B, I‘I;T: three terms in Fmtrlr
on, It is ible to form from them three r terms
4, E, %, being linear functions of A, B, I, which satisfy the
different proportions. In this case A, E, Z are also in geo-
metric proportion, but in the other examples A, E, Z are
made to satisfy the harmonie, the subeontrary, and the fifth,
sixth, eighth, ninth and tenth means of Pappus's list.  The
problems are, of course, problems in indeterminate analysis
of the second degree.  Pappus does not include solutions for
the arithmetic and seventh proportions, Tanmrﬁ.‘lﬂmnim‘
scientifiquen i., pp. D7-08) suggests ns the reason that in these
cuses the equations of the proportions, A+Z=2E and,
A=E +Z, are already linear, there is no need to assume that
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B+1', E=B+T and Z=I"; and therefore A, E, Z
are in [geometric] proportion.®

fid. §ii. 23, 57, ed. Hultsch 102

The three least
Means &!"HT ia terms of numbers exhibiting

= the means’
A=2A+3B+ T

Arithmetic E= A+28+ T G, 4, 2
&= B+ T
A= A+9B+ T

Geometrie E= B+ T e 2,1
= 3,
A=2A48B+ T

Harmonic E= 98+ T 6 3 2
Z= B+ T
A=2A+H4B+ T

Subcontrary | E=2A+2B+ I 6 5 9
&= B+ I'

Al'=B*% nnd consequently there is one indeterminate too
many. But the complete results are shown in the table
reproduced on these pages from F"ﬁ:’ {ed. Hultsch, p.
102, with explanation, pp. 100-104}, first column in the
Greek table gives the means which A, E, Z are to satisfy,
The second column gives the number of times A, B, I' have
to be taken to form A, E, Z respectively.  In the case of the
gi;onutrie progression already considered, the table shows
that to form A we have to tnke A once, B twiee and " onee ;
to form E we have to take B once and I" once ;- and to form

Z we take I' once.  The third column gives the least integral
values of A, E, Z satisfying the respective proportions [i.e,
values of A, E, Z, supposing A, B, I' to be each unity)s in

the
the case of the geometric proportion the values are 4, 2, I.
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(iv.) Plato on Means beticeen tiwo Synares or two Cubes
Plat. Tim. 31 s-32 n
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Solution in terms of The three least
Means oumbers exhibiting
et the means
A= A+8B+ T
Fifth B= A+9B+ I 548
&= B+ T
A= A+3B+2I
Sixth E= A+2B+ T 8 ¢ 1
Z= A+ B-T
S A= A+ B+ T
= e B*‘F Al s
Fighth %=!.ﬂ|.+i~tlg+ F
e AERSE 6 4, 3
Z= 9B+ T
A= A+%B+ T gy
Ninth E= A+ B+ T 4 9, 2
&= B+ I |
A= A+ B+ T
= I \ |

N.B.—For the differences between this list of means and
that given by Nicomachus, see p, 132 n, e,

(iv.) Plato on Means between two Squares or two Cubes
Pluto, Timasws 31 u-32 »

But it is not possible that two things alone be
joined without a third ; for in between there must
needs be some bond joining the two. . , . Now if the
body of the All had had to come into being as a
plane surface, having no depth, one mean would have

YOL. I K 129
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airijs a0vdelv kai éavriy, viv 3¢ otepeoaidij yip
aldroy mpooixer elvar, 7a B¢ oreped pla pév ol-
démore, v 8¢ del peodryres owvapudrrovaw.

(v.) 4 Theorem aof Arehytas

A tns ap. Boeth, Da fnst, Mus, il 11,
ey c?i. Friedlein 985-286

Demonstratio Archytae superparticularem in aequa
dividi non posse.

Superparticularis proportio scindi in acqua medio
proportionaliter interposito numero non potest, Id
vera erius firmiter demonstrabitor.  Quam
enim demonstrationem ponit Archytas, nimium fluxa
est. Haee vero est huiusmodi. Sit, inquit, super-
particularis proportio -4-B-, sumo in eadem propor-
tione minimos -C-DE-. Quoniam igitur sunt minimi
in eadem portione -C-DE- et sunt superparticu-
lares, -DE- numerus -C* numerum parte una sua
eiusque transcendit. Sit hacc -D-. Dico, quoniam
I mon erit numerns, sed unitas. Si enim est nu-

® In other words, one mean is sufficient to connect in
continuous proportion two square numbers, but two are
required to connect cube numbers.  Plato’s remarks are
equivalent to saying that

a: ab=ab: bt

and a* ta®h=a® ; bt =gl 19,

¥ The superparticularis ratio ({mpdmos Myes) Is the
ratio in which ene nomber contains the other and an aliquot
part of it, i, is the ratio "+,

* That is, # geometric mean.  Archytos's proof as pre-
served by Boethius is substantinlly identical with that given
by Euclid in his Sectio Canonis, prop. 8 { Buelid, ed. Hei
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sufficed to bind together both itself and its fellow-
terms ; but now it is otherwise—for it behoved it to
be solid in shape, and what brings solids into harmony

is mever one mean, but always two.?

(v.) 4 Theorem of Archytas

Arch ns quoted by Boethins, On Wusie fi. 11,
T T SRS I

Archytas's proof that a superparticular ratio can-
not be divided into equal parts.
A superparticular ratio ® cannot be divided into
;q::;u.l parts by a mean proportional © {Jl,aced between.,
t will later be more conclusively proved. For
the proof which Archytas gives is very loose. It is
after this manner. t there be, he says, a super-
particular ratio 4 : B* I take C, D+ E the least
numbers in the same ratio.* Therefore, since C,
D+ E, are the least numbers in the same ratio and
are superEn.rticu]nrs, the number IY+ E exceeds the
number C by an aliquot part of itself and of C.
Let the excess be DS I say that D is not a nuinber
but a unit. For, if D is a number and an aliquot

Menge vill. 162, 7-26). It is subsequently used by Eunclid
(prop. 16), to show that the musical tone, whose numeri-
cal value is 9: B, cnnnot be divided into two or more equal

# Archytas writes the smaller number first instead of
second, s Euclid does,

* In Archytas's proof D+ E is represented by DE.  Euelid,
following his nsual practice, takes a straight line divided
into two parts. To find O, D+ £, presupposes Euelid vil,

&3,
f i, B is supposed equal to O,
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merus -D- et pars est eius, qui est -DE- metitur -D-
numerus -DE- numeram 3 quocirea et -E: numerum
metietur, quo fit, ut -C- quoque metiatur.  Utrumque
igitur -C- et -DE: numeros metietur I} pumerns,
quod est impossibile. Qui enim sunt minimi in
eadem proportione quibuslibet aliis numeris, hi primi
ad se invicem sunt, et solam differentiam retinent
unitatem. Unitas igitur est -D-. Igitur -DE- nu-
merus -+ numerum unitate transeendit. (Quocirca
nullus incidit medivs numerus, qui eam proportionem
acqualiter scindat. Quo fit, ut nec inter eos, qui ean-
dem his proportionem tenent, medius possit nume-
rus collocari, qui eandem proportionem aequaliter
scindat.

(4) Awgennaic EquaTroxns

(i.) Side- and Diameter-numbers
Theon Smyr., ed. Hiller 42, 10-44. 17

"Qomep 8¢ Tprywvixots kal Terpaywiixols wai
merroywikols Kal xkatd Ta Aoird oyjpaera Adyous
éyovar Buvduer of dpifpol, otrws xai wAevpikols
kal BiapeTpiwovs Adyous eUpoipey dv kata Tols
ameppatikols Adyovs épdanlopdvovs Tols dpilfipots.
éic yap Tovrewy pulpllerar Ta oxijpara. domep ol
mAVTWY TOV pdrTwy Katd TOV dreTdri Kai
ameppaTikoy Acyov 1) povds dpyei, olrws Kal Ths
Suaperpov. wal Tis wAeupds f&m &y T povddt
evploxerat. oloy éxtifarral Sve powides, v T

Baper elvaw Budperpov, Tiv e mlevpdy, émeuds)

& This upposes Euelld vii. 22,
* This is nn inference from Euclid vil. 20, Heath ( H.G. M.
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of D+ E, the number I} measures the number
+E; therefore it measures the number E, that
is, the number ) measures € also. The number D
therefore measures both € and D + E, which is im-
possible. For the least numbers which are in the
same ratio as any other numbers whatsoever are
prime to one another,® and the only difference they
retain is unity., Therefore D is a opnit. Therefore
the number D + E exceeds the number € by a unit,
Hence there is no number which is a mean between
the two numbers. For this reason no mean can be
placed between the numbers in the same proportion
so as to divide that proportion equally.?

(A) Arcennatc EquaTioxs

(i.) Side- and Diameter-numbers
Theon of Smyrna, ed. Hiller 42, 1044, 1T

Even as numbers are invested with power to make
triangles, squares, pentagons and the other figures,
so also we find side and diameter © ratios appearing
in numbers in accordance with the generative prin-
ciples; for it is these which give harmony to the
figures. Therefore since the unit, according to the
supreme generative principle, is the starting-point of
all the figures, so also in the unit will be found the
ratio of the dinmeter to the side.  To make this clear,
let two units be taken, of which we set one to be a
diameter and the other a side, since the unit, as the

i. 00} considers that this proposition hnﬂ!:m the existence, at
least ns early as the date of Archytas (sbout 430-365 .c.), of
an Elements of arithmetic in the form which we call Euclidean.

¢ Or " di L
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povida, mdvrwy ofcar d Bet dvvdper xnl
j&p&v elvar wai Em,u.!-rpnu Pxﬁvm; ﬂpOﬂTlﬂF‘ETﬂ-l

v w?ueup& Em;.h: i) 8¢ Suapidrpe 3!:0 TAsvpak,
éredyy ooov 1) mﬁxpa dis ﬁvmm, 7 Sudperpos
dmaf. g’}-t’wm oty pelluny pév 15 7 Emgerpos', ehdT-
Twy B 1) mhevpd. mﬂ i-rrl jrév s ﬂpmﬂ;ag mAevpis
Té xal ﬁm.p.{‘pnu €in 4v 7o amo TS pumﬁqs'
Smfurpau rnpuymmv powdde ped €darror 9 Ul Exmla-
guov Toi dwd s povddos rhupus TeTpaywYOU” €V
ooy ai povades: 7o & & Toil Ei'DS' povdde
Elarrov ﬁrﬁumov mpoatiauey &7 7 pév. mAevpd
Bm,-.u'rpm-, TouTEégTL TH ;.wvu& povddas Eorer 9
wAevpa dpa o 'u.omfa-:uv TH Ee Buapérpo wpoo-
ﬂt.u;.:ev dde wAevpds, Tovrdort pumﬁl dto ;.mm-
Eus' e:ur'rm 7 duiperpos povddwy TpLDY” sl -m
pév dmd tis Bvdios mAevpds Tﬂpﬂ-}'ﬁul’ﬂl‘ 8, 7o
8" dwd tijs 7puddos Buapdrpov Terpdywvoy §- 7o 0

x
5 ; P |
dpn pm'n'ﬁc peilor 7 SimAdowov Toi dmd Tis B
m
ITu.JI.u npwﬂm;.cw T p:ﬂ' B mevpd Sudperpor Ty
7piada: €orar 7) whevpd € 77 de rpm& é::t-uf‘pq.-ﬂ
wlzupq.g-, rovréort dis Ta B dorau {- dorar 7o pév
ano Tis (€) wAevpds TeTpdywror ke, 7o 8¢ dmo Tis
g {Biapérpov) pf- povdde Edacaor 3§ Simddaiov Tob
ke dpa 7o plf. mdlw av T (&) whevpd mpootijs
v L Bidperpov, éorau L,E wav 15 £ Buapérpw
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beginning of all things, must have it in its capacity
to be both side and diameter. Now let there be
added to the side a diameter and to the diameter
two sides, for as often as the square on the diameter
is taken once, so often is the square on the side taken
twice. The diameter will therefore become the
greater and the side will become the less. Now in
the case of the first side and diameter the square on
the unit diameter will be less by a unit than twice
the square on the unit side; for units are equal,
and 1 is less by a unit than twice 1. Let us add to
the side a diameter, that is, to the unit let us add a
unit ; therefore the [second] side will be two units,
To the dinmeter let us now add two sides, that is, to
the unit let us add two units ; the [second] diameter
will therefore be three units. Now the SqUATE on
the side of two units will be 4, while the square on
the diameter of three units will be 9; and 9 is
greater by a unit than twice the square on the side 2.
Again, lét us add to the side 2 the diameter 3 ; the
[third] side will be 5. To the diameter 8 let us add
two sides, that is, twice 2: the third diameter will
be 7. Now the square from the side 5 will be 25,
while that from the diameter 7 will be 40; and 40 is
less by a unit than twice 25.  Again, add to the side
5 the diameter 7 ; the result will be 12, And to the
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mpootls dis -n}v ¢ m?.n.rpm- forac L. wal Tob dmd
s 1 TerTpaydivoy 76 dmd s ol pnm&. wAdov )

dimAdaov. m:l.t mm T0 lfq; ijs wpoabijxns
upm’tus y:}rmptm;, forai 76 dvdloyor @ .
TOTE pev [ arrov, more 8¢ .uuwﬁi. 'rr?cmv i
Bemddotoy 70 dwo IS, Em;.ufpon '!I'E"I'pﬂ'}r{uvar Tob
u.wﬂr Tijs wAeupds: xal pyrai al Towabra: kai TAeupal
xai didjerpot.

Procl. in Plat. Remp., ed. Kroll ii. 27. 1122
[poerifleaar 8¢ ol Iuvbaydpeior Tovrov Toudvie

# In algcbraleal notation, o palr of side- and diameter-
numbers, @, ds are '-m:h that
l_ Bﬂ-‘ =

and the law for the [‘ﬂrmﬂun of any pair of such numbers
from the preceding pair is

d- =20,y +d1|-l.

p= gy +dya,
The general proof of the property of these numbers Is not

given by Theon (doubtless as being well known), It can be
exhibited algebraically as follows

dei-2oat=  (2aa, ""'Ih:r Hana+ dua)®
. ang®

= (g~ gﬂn—':,}

+ (tna®— 20y

by similar reasoning, and so on.  Starting with a; =1, d; =1
as the first palr of side and diameter numbers, we have

d?—2a,2=-1
and therefore by the above equation we have
2 ga'l =4 '|‘
dy'- Zaf=—1,
and so on, the positive and negative signs alternating. The
136
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diameter 7 add twice the side 5; the result will be
17. And the square of 17 is greater by a unit than
twice the square of 12, Proceeding in this way in
order, there will be the same alternating proportion ;
the square on the dinmeter will be now greater by a
unit, now less by a unit, than twice the square on
the side ; and such sides and diameters are both
rational.?

Proclus, Commentary on Plafo's Republie, ed. Kroll
1. 97, 11-22

The Pythagoreans proposed this elegant theorem
values of the first few pairs in the series are, as Theon correctly

il

(1, 1), (2, 3), (5. T (12, 17),
the last giving, for example, the equation

1T =-2.192=280-288= + 1,
It is clear that the successive side- and diameter-numbers
are rational approximations to the sides and hypotenuses of
Increasing isosceles right-angled triangles (hence the name),
and therefore that the successive pairs give closer approxima-
tions to 4/2, namely

L& & H, ete,

and this suggests one reason why the early Greek mathe-
maticinns were so interested in them.

The series was clearly known before Plato's time, for in the
famous passage about the geometrical number (Republic
546 c) he distinguishes between the rofiopal and the frra-
tional ** diameter of five.”  Ina square of side 5, the dingonal
or diameter is /50, and this is the ** irrational diameter of
five " ; the  rational diameter * was the integral approxi-
mation 4/50 - 1 =7, which we have seen above to be the third
diameter number.

In fact, since the publication of Kroll's edition of Proclus's
commentary, the belief that these approximations are Pytha-
gorean has been fully confirmed, as the next passage will
show,
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Bedspypa yhadupov wepl vdv Biapérpwy xai mev-
piav, o7t 7) ey duiperpos mpooafoboa Ty wAevpdy,
r}s‘ fomiv Didperpos, yiverar wAeupd, 7 B¢ wAevpa
tu;wﬁ aurrefleion xai mpooiaBoiioa -rﬁ:-' &iper&av
v eauTis ywrrm Sudperpos. wal TobTo Oei-
KvuTaL Bid Tiv év TG Sevrépw Ew:;xeuuu ypa

an' éxelvov. v edleia Ty Etxu, Tpo; ﬁc
sﬁvﬁmw, -rd amo 1'1:,&: aAns cril-jr kvl :rpormﬂpbn Kl
T6 dmo ravTys pdvms ﬂrpﬂymm SimAdoa Toll Te
dmd Tis ﬁflﬂ!lﬂs‘ xal ol dmd 1':;15‘ TUYKELETTS €K
Tijs Wpioetas kal Tis wpoohndlelons.

(ii.) The " Bloam " of Thymaridas
Inmbl. in Nieom. Arith. Intred., ed. Pistelli 62. 15-63. 2
"Evreifler xai 7 épobos 7oi BOupapdelov ém-

* This is Evelid ii. 10, which asserts that if AT is bisected

ot B
A B r A

and produced to A, then
AAT+ AT2 =2 AR+ 2BAS,
If AB=g, I'A =y, this gives
(F2+ ¥+ =2+ Nz + )t

or (224 v - Axr+ yP =22 yy’
Tb.ﬂl:furc.hjr. w) are a pair of numbers satisfying one of the
equations 2% - yi= 1 |,
then (#+y), (22 + y) arc another pair of numbers satisfying
the r equation.

Proclus is not 4 uul.:%g exactly the Foelidean enunciation,
for which see I u Heiberg-Menge i, 146, 15-22,

* Thymnrir]u was apparently an early Pythagorean, not
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ahout the diameters and sides, that when the dia-
meter receives the side of which it is diameter it
becomes a side, while the side, added to itself and
receiving its diameter, becomes a diameter. And
this is proved graphically in the second book of the
Elements by him [sc. Euclid]. If a straight line be
bisected and a straight line be added to it, the square
on the whole line including the added straight line
and the sqhu-lhu on the latter by itself are together
double of the square on the half and of the square on
the straight line made up of the half and the added
straight line.s

(ii.) The ** Bloom " of Thymaridas ®

Inmblichus, On Nicomachus's Introduction to Arithmetic,
ed. Pistelli 62. 18-63. 2

The method of the " bloom ™ of Thymaridas was

Iater than the time of Flato, who lived at Paros.  The name
fmd { Aower or Bloom) given to his method shows that it
must have been widely known in antiquity, though the term
is not confined to this particalar proposition. It is presum-
ably used to give a sense of distinetion, much as we say
* flower of the army.” The Greek is unfortunately most
obscure, but the mmn]nﬁﬂwu successfully extracted by
Nesselman (Die Algebra Criechen, pp. 232-236), who
is followed by Gow {Hiltwg_ of Greek Mathematics, p. 07),
Cantor { Vorlesungen 1%, 158-150), Loria (Le scienze esatte
nell' antica Gremia, pp. 807-808), and Heath (H.G.AL, i.
M-06, Diophantus of Alecandrin, 2nd ed., pp. 114-118).
The ** bloom " is & rule for solving » simultaneous equations
connecting n unknown quantities, and states in effect :

(1) ir atm =5
while =+5=n, r+z=1,
then ==n+5,-53
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avbhjparos éidlh. dpopévwy yip §) dopiorey

EpLOaLEVY WPLOLEVoY TL Kal evos olrrogolby Tols
gul.mis xal' Exacrov cuwwreldiros, 16 fx wdiTaw
alfiporaliey wAijflos émi pév Tpiiv pera miv €€ dpyis
opalleiony moodTyra Slov TG ﬁ;x érre mpao-
véper v ad’ of 76 Aetmor kall’ fwacrov vdv Aot~
mav dpapethiveral, éni 8¢ reoodpwr 74 oy xal
émi wévre 70 TpiTov Kal émi & T6 Téraprov xal del
drolotfws, Svddos wsdvraifla Swdopls dmupai-
vopdins mpos Te TV wogdTTa Tow peplopévav
wal wpos Ty Tol poplov kAfjouw.

(2) i 4T+ Byt oy =5,
while =x+zy=ay, z4xy=a, aimymn,
than  g=ith*s=3
3 .

(3) while generally, if a+o+m+ .. +2a3=5,
while BT =0 THE =y o . B e =,
then ==l|,+l|+ - e Mg —-8
n-2 5
Inmblichus goes on to show how other equations can be
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thence taken.® When any determined or undefined

quantities amount to a given sum, and the sum of
one of them plus every other [in pairs] is given, the
sum of these pairs minus the first given sum is, if
there be three quantities, equal to the quantity which
was added to 3[ the rest [in the pairs}; if there be
four quantities, one-half is so equal ; if there be five

uantities, one-third ; if there be six quantities, one-

urth, and so on continually, there being always a
difference of 2 between the number of quantities to
be divided and the denomination of the part,

reduced to this form, so that the rule ** does not leave us in
the lureh " (od mopdieed) in these cases,

One of the most interesting features in this passage is the
distinetion between the dperpdvor, or known quantity, and
the ddpioror, or unknown. This anbicipates the phrase
whijfor povdBow ddpioror, “ an undefined number of units,”
by which Diophantus was Iater to deseribe his unknown

vantity. Indeed, Thi'ma.ridm was already bordering on
that indeterminate analysis which Diophantus was so brill-
la;ilttﬁytoﬁgmhp: he has passed beyond the realm of strict
arithme

* This pmu;?u immedintely follows the section deseribing
how gnomons of polygonal numbers are formed; see pp. 86-89

n, a, where it is shown that if n is the number of sides in
the palygon, the successive gnomonic numbers differ by n-2.
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IV. PROCLUS'S SUMMARY

Procl. in Euel, i., ed. Friedlein 64. 16-T0. 18
"Emel 8¢ ypi ras dpyds xal vdw rexviy kal Tdv
émoruidy mpos Ty wapoboar weplodoy axomelv,
fyouey, om. wap’ AdyumTions pev evpiotia #Pt-'l'lrw
1) yewperpla wape Tav woAAdv lordpyrar, €k TS
Ty ywpiwy dvagermjoems Aafoboe Ty yéveaw.
dmfym yap v exelvors avry did fl}ll-' dvodoy Tob
Nellov Tols mpogijxovras dpovs éxdorois ddavi-

* The course of Greek geometry from the carliest days to
the time of Euclid is reviewed in the few pages from Procius’s
Commentary on Ewclid, Book i, which are here reproduced.
This * Summary © of Proclus has often been called the
* Eudemian summary,” on the assumption that it is extracted
from the lost History of Geometry by Eudemus, the pupil of
Aristotle.  But the latter part dealing with Euclid cannot
have been written by Eudemus, who preeeded Enelid, nor is
there any stylistic reason for attributing the enrlier and later

riions to different hands. Heath (The Thirtesn Hooks af

id's Elements, 1., pp. 37, 38, and H.0UM 6 118, 120)
ives arguments for belicving that the author cannot have
n Proclus himself, nnd suggests that the body of the
SUMMArY wis tn'kmut? Proclus from a compendium by some
writer later than Eodemus, though the earlier portion was
based, directly or indirectly, on Fudemus's History., The
summary was written primarily for an understanding of the
way in which the elements of geometry had come into being.
The more advanced discoverles are therefore omitted or
mentioned only in passing. Procius himself lived from a.p.
410 to 485. On the death of Syrianus he became head of the
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Proclus, On Euelid i., ed. Friedlein 64, 16-70, 18

Smick it behoves us to examine the be innings both
of the arts and of the sciences with rcgtlmme to the
present cycle [of the universe], we say that according
to most accounts geometry was first discovered among
the Egn'_;pﬁms.* taking its origin from the measure-
ment of areas. For they found it necessar‘{v by
reason of the rising of the Nile, which wipe

Neo-Flatonie school at Athens, and his Ceommientary on
Euelid, Book i, seems to be n revised edition of his lectures bo
beginners in mnthematics (Heath, The Thirteen Books af
Euelid's Etemants, L., p. 31). ‘This commentary is one of the
two main sources for the history of Greek grometry, the
other being the Collsction of Pappus.
¥ The tinn origin of geometry ks taught by Herodotus,
il. 109, where it is asserted that Sesostris (Ramses 1, ¢, 1300
n.c.) divided the land among the E in equal rect-
angular plots, on which an annoal tax was levied: when
> the river swept away a portion of & plot, the owner
applied for a reduction of tax, and surveyors had o be sent
down te report,  In this be saw the origin of geometry, and
this story may be the souree of Proclus's account, as al<o of
the si accounts in Heron, Geometrica 2, ed, Heiberg
176. 1-18, Diodorus Siculus i. 69, 81 and Strabo xvii, ¢, 4,
Aristotle also finds the origin of mathematics among the
tinns, but in the existence of a leisured elass of prieats,
not in a practical need (Motaphysica A 1, 981 b23). The
subject is fully dealt with in H.GM. 1. 121, 192, and an
account of Egyptian geometry s given in succeeding pages.
VOL. 1 L 145
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lovros. kal Bavpagrov obdév dmo Tijs xpelas
dpfaclas Ty efpeow xal Tavrys Kal T@y Ay
emomudy, émedy wav 76 év yevéoer depdpevor
dmd Tob drelofs els 1o Télewy mpoagw. amo
alofioews odv els Aoytopdy xal dwo Tovrov émi
voiw 1) perdBagts péoire dv elkoTws. domep olv
mapa Tois Qolfw & vas éumopeias Kai Td
guvalddypara v dpxny édafer 7 TGy aplbpdv
dxpiPis ywdas, obrw 8 xal map' Alyvrrios 1)
yewperpla dua v elpnpdmy alrlay edpyrat.

Balfjs 8¢ mpirov els Alyvmrov éMdw perjyayer
els Ty 'EMNd3a iy Bewplay radryy xal woda pev
adros elpev, moM@v 8¢ Tas dpyds Tois per alrov
ddijoaro, Tois pév safelikdimepor émt ¥,
rois 8¢ alofmmkdrepov. pera Bé Tobrov "Apé-
pioros' & Ernowydpov Tol mouproi abeldds, ds
édapipevos Tijs mepl yewperplay omovdils -

1 Mépepwos Friedlein, following a correction in the
oldest ws, :

® Thales (z. 624-547 n.c.), one of the ** Seven Wise Men ™
of ancient Greece, is universally acknowledged as the founder
of Greek geometry, astronomy and philosophy.  His 4
fame in antiquity rested on his prediction of the eclipse
of the sun of May 28, 585 w.c., which led to the cessation of
bostilities between the Medes and Lydians and a lasting
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everybody’s proper boundaries. Nor is there any-

sur;risiﬁln that the discovery both of this and
of the other sciences should have its origin in a
practical need, since everything which is in process of
becoming progresses from the imperfeet to the per-
fect. Thus the transition from perception to reason-
ing and from reasoning to understanding is natural.
Just as exact knowledge of numbers received its
origin among the Phoenicians by reason of trade and
contracts, even so geometry was discovered among
the Egyptians for the aforesaid reason.

Thales @ was the first to go to Egypt and bring back
to Greece this study ; he himself discovered many
propositions, and disclosed the underlying principles
of miuny others to his successors, in some cases his
method being more general, in others more émpirical,
After him Ameristus,® the brother of the poet
Stesichorus, is mentioned as having touched the st udy

peace (Herodotus i. 74) ; what Thales probably did was to
ict the wear in which the eclipse would take place, an
achipvement by no means beyond the astronomical
of the age. wles wus noted for his political sense. He
urgged the separate states of lonia, threatened by the en-
eroachment of the Lydians, to form a federation with a
capital at Teos; and his suceessful dissuasion of his fellow-
Milesians from accepling the overtures of Croesns, king of
the Lydians, may have had an influence on the favoursble
tnrmL!rr granted to Miletus by Cyrus, king of the Persinns,
I.hntﬁtlthu imain n:n.wnlrw this prd'cﬁ:% tru:;mcll:: 'wll.s
robably commercial. In philosophy tnught that the
El.'l is water., For his m&mtmf discoveries, see infra,
pp. L64-169,

* The name 15 uncertain.  Friedlein, in s-u.g,?eaung
Mamercus, observes that Suidas gives a brother of Stesi-
chorus s Mamertinus, which could easily ariee out of
Mamercus.  Another reading is Mamertius,  Nothing more
s known about him. Ehuuninrus, the lyrie poet. flourished
e 611 .,
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poveterae, xai ‘Inmins & "Haelos {ordpnoer dis énl
yewperple 86av avroi AaBdvros. énl 8¢ rovrows
Hvbaydpas miv mept adrjy didocodiar els oyiipa
nmwdelns edevlépov peréornoey, dvwler Tis dpyds
alrijs €manomolpevos xal dvdws xal voepals Ti
Bewpiijara Siepevviipevos, 8s &4 wal v Ty dvd
Adyov' mpayparelav kal Ty T@v Kooy oy~
pdrwy ovoraow dvelpev. pera 3¢ robrov 'Avaé-
aydpas 6 Kdalopdvos modaw edijhare réw xara
yewperpiay xal Olvonidns ¢ Xios, dAyw vedre-
pos dav "Avafaydpov, dv xal & HAdraw év roie
dvrepaorais éumudpevoey ds énl Tois pabipace
dofav AaBdvrew,

v ded Myor conl. Dicls ; “rév dAdywr Friedlein,

* The well-known Sophist, born about 460 B.e., whose
varions nmu:tlilishmmu are described in Plato’s Hippis
Minor, He claimed to have gone once to the Olympic
Games with everything that he wore made by himself, as
well as all kinds of works in prose and verse of his own
composition. His system of mnemonics enabled him to
remember any string of fifty names which he had heard once,
The unmathematical Spartans, however, could not a nte

fus, and from them he could get no fees.  His ehjef
mathematical discovery was the curve known as the quad-
rutrix, which could be used for trisecting an angle or squaring
the eirele (see infra, pp. 336-347).

" The life of Pythagoras is shrouded in mystery. He was
probably born in Samos about 582 nc. and migrated about
529 w.c. to Crotona, the Dorian colony in southern Italy,
where a semi-religions brotherhood sprang up round him,
This brotherhood was subjected to severe persecution in the
fifth century w.c., and the Pythagoreans then took their
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of geometry, and Hippias of Elis ® spoke of him as
having acquired a reputation for geometry. After
these Pythagoras ® transformed this study into the
form of a liberal education, examining its principles
from the beginning and tracking down the theorems
immaterially and intellectually ; he it was who dis-
covered the theory of proportionals © and the construe-
tion of the cosmic figures. After him Anaxagoras
of Clazomenae ¢ touched many questions affecting
geometry, and so did Oenopides of Chios,® being a
little younger than Anaxagoras, both of whom Plato
mentioned in the Rivals f as having acquired a reputa-
tion for mathematies.

doctrines into Greeee proper.  Apart from important mathe-
mutical discoveries, noticed in o separate chapter, the Pyiha-
goreans discovered the numerical ratios of the notes in the
octave, and in astronomy conceived of the earth as a globe
moving with the other ts about a central luminary.

* Friedlein's reading is rde dMdyen, * irmationals,” but
there is grave difficulty in believing that Pythagoras could
have devel n theory of irrationals; in fact, a Pytha-

rean is said to have been drowned ot sea for his impiety in

isclosing the existence of irmtionals. There is an alter
native reading +d¢ deaddyew, and the true reading ecould
casily be rdv dradoyio, or vdv dvd Adyor, * proportionals,”

4 e. 500428 n.c. Clazomenae was o town near Smyrna.
All we know about the mathematics of Anaxagoras is that he
wrote on the squaring of the circle while in prison (infra, p.
308) and may have written a book on perspective (Vitruvios,
Dy architectura vil. praef. 11).

* Oenopides was primarily an astronomer, and Eudemus is
believed 1o have ecredited him with the discovery of the
obliquity of the ecliptic and the period of the Great Year

of Smyrna, ed. Hiller 198, 14-18). In mathematics
“rocius attributed to him the discovery of Euel. . 12 and 1. 23

! Plat. Erastor 132 &, . Socrales finds two lads in the
school of Dionysius disputing about Anaxagoras or Oeno-
pldes ; mﬂ!:lg' seemed to be drawing circles and indieating
certain ntions by placing their at an angle.
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* Hippocrates was in Athens from about 450 to 430 n.c.
For his mathematical achievements, see infra, pp. 234-253,

* Our chicf knowledge of Theodorus comes from the
Theastatua of Plato, whose mathematical teacher he is said
to have been (Diog, Laerl, ii. 103) ; see infra, pp. 350-353,

* Proclus (in Buel. L., ed. Friediein 72 of seq.) explains that
the elements in gpeometry are lending theorems having to
those which follow the relation of an all-pervading prineiple ;
he compares them with the letters of the alphabet ﬁ relation
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After them Hippocrates of Chios? who discovered
the quadrature of the lune, and Theodorus of Cyrene®
became di ished in geometry. For Hippoerates
is the first of those mentioned as having compiled
elespends.® Plato® who came after them, made the
other branches of mathematics as well as etry
tuke a very great step forward by his zeal for them;
and it is obvious how he filled his writings with
mathematical arguments and everywhere stirred up
admiration for mathematics in those who took up
philosophy. At this time also lived Leodamas of
Thasos * and Archytas of Taras/ and Theaetetus of
Athens,? by whom the theorems were increased and
an advance was made towards a more scientific
grouping.

Younger than Leodamas were Neoclides and his
pupil Leon, who added many things to those known

ore them, so that Leon was able to make a collec-
tion of the elements in which he was more careful in
respret both of the number and of the utility of the
things proved ; he also discovered diorizmi, showin,
when the problem investigated can be solved ﬂl1§
when not?®  Eudoxus of Cnidos, a little younger than
Leon and an associate of Plato’s school, was the first

to langunge: and they have, indeed, the same name in
Greek, 4 Eee infra, pp. 386-405,

+ All we know about him is that Plato is said to have
explained or communicated to him the method of analysia
{DHog. Laert. i 24, Procl. in Eucl. L, ed. Friedlein 211.
[ |

#-23).

f For Archytas, see supra, p. 4 0. a,

* Spe infra, pp. ST8-383,

* We have no further knowledge of Neoclides and Leon.
A good example of a divrismos is glven in Plato, Memo
B B—87 u (infro, pp. 304-397), which incidentally shows that
Leon was not the first in this field.
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1 dpiidw Friedlein,

* For Eudoxus, one of the great mathematicians of all
time, see infra, pp. 408-415, He lived ¢, 408-355 n.c. What
the * socalled general theorems ™ may be is uncertain :
Heath (FLG.0 1. 329) ts theorems which are * true of
everything falling under the conception of rnnEnitudr. s are
the definitions and theorems forming part of Fudoxus’s awn
theory of proportion.” The three means which Eudoxus fs
sald to have added to those already known are the three sub-
contrary means (supra, pp. 114-121), Iamblichus (in Nicom,,
101, 1-5) mlso attributes them to Eudoxus, but in other
places (113. 16-18, 116, 1-4) he nssigns them to Archytas
and Hippasus, It is disputed whether the * section ™
which Eudoxus devoted his attention means sections of salids
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to increase the number of the so-called general
theorems ; to the three proportions he added another
three, and increased the number of theorems about
the section, which had their origin with Plato, apply-
ing the method of analysis to them.® Amyelas of
Heraclea,? one of the friends of Plato, and Men-
acchmus,® a pupil of Eudoxus who had associated
with Plato, and his brother Dinostratus? made the
whole of geometry still more perfect. Theudius® of
Magmesia seemed to excel both in mathematics and
inntﬁ rest of philosophy ; for he made an admirable
arrangement of elements and made many particular
propositions more ﬁnﬁrﬂ. Again, Athenaeus® of
Cyzicus, who lived about those times, became famous
in other branches of mathematics but maostly in
geometry. They spent their time together in the
Academy, conducting their investigations in common,
Hermotimus® of Coﬁaph:m advanced farther the in-
vestigations begun by Eudoxus and Theaetetus ; he

by planes, which was the older view and that favoured by
Tan (La gdometrie greeyus, p. T6), or the ** golden sec-
tion ** {Eiﬁsiﬂu of u line in extreme and mean ratio, Euel, ii.
11), a view put forward by Bretschoeider in 1870 (Die (oo~
wigtrie und iz Geoneter vor BEubleides, pp. 167-169). For
discussions of this interesting question see Loria, Le scienze
asatts nall’ antica Grecio, pp. 139-142, Heath, ALGLML L
e lling. be Amyntas, though
e correct ing appears to myntas,
Diogenes I.m-rliu:?fi.i. Jﬁj speaks of Amyclas of Heraclen as
a pupil of Plato and in another place (ix. 40) says that a
n Pyth n-Amvelns dissunded Plato from burning
the works of Democritus. Heraclen was in Pontus.
¢ He discovered the conie sections, see infra, p. 283 n, a,
4 He applicd the quadratrix {imhnhly discovered by
Hippias) to the squaring of the circle,
\ ,i‘;n more i:qh:mwn of Theudins, Athenaeus or Her-
motimus.
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1 MevBatos Friedlein,

* Almost uﬂail;& the same as Philippus of E@PUB' who is
said to have revised and published the Laws of Plato and
(wrongly) to have written the Epinomis, Suidas noles a
number of astronomical and mathematical works by him,

¥ Not much more is known about the life of Euclid than
Is contnined in this passage (see Heath, The Thirteen Books of
Euclid's Elewents, vol, i., pli. 1-6 and H.GLM, i 354-357).
The summary of Fuclid's achievement in the Eloments is n
very fair one, agreeing with the considered judgement of
Heath (H.G.M. i 217): “There is therefore probably little
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discovered many propositions in the elements and
compiled some portion of the theory of loei. Philippus
of Medma,” a disciple of Plato and by him diverted to
mathematics, not only made his investigations accord-
ing to Plato's directions but set himself to do such
things as he thought would fit in with the philosophy
of ‘Pﬁ.ato.

Those who have compiled histories carry the
development of this science up to this point. Not
much younger than these is Buclid, who put together
the elements, arranging in order many of Fudoxus's
theorems, perfecting many of Theaetetus's, and also
hrir::ilng to irrefutable demonstration the things
which had been only loosely proved by his predeces-
sars.  This man lived in the time of the first Ptolemy ;
for Archimedes, who came immediately after the first
Ptolemy, makes mention of Fuclid ; and further they
say that Ptolemy once asked him if there was in

metry a way shorter than that of the elements;
e replied that there was no mi-'nl road to etry.®
He is therefore vounger than the pupils of Plato, but

in the whole compass of the Elements of Euclid, except
the new theory of proportion due to Endoxus and its eonse-
quences, whﬁ'rfl was not in substance Included In the recog-
nized content of geometry and arithmetic by Plato’s time,
although the form and arrangement of the subject-matter
and the method employed in particular cases were different
from what we find in Eoelid ™ (e, H.GLM. i. 357). As Plato
died in 347 n.c., and Archimedes was born in 287 we,
Euelid must have fourished about 300 we.: Prolemy 1
reigned from 306 to 288 n.c. Hod not the confusion been
common in the Middle Ages, it would searcely be necessary
to point out that this Fuclid is to be distinguished from
Euelid of Megara, the philosopher, who lived about 400 u.c.
A about there heinﬂ; no roval road to geometry is also
told of Mennechmus and Alexander (Stobaeus, Fel, ii. 31,
e, Wachsmuth 115)
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* Eratosthenes was born about 284 nc. His ability in
many branches of knnwlrdm:. but failure to achieve the
highest place in any, won for him the nicknames * Beta " and
* Pentathlos.™ l:: became tutor to I‘hﬁhnputnr.mu n!‘P'h;ldmy
Fuergetes (see infra, pp. 256-257) and librarian at Alexandria,
He wrote a book Pgllu-itﬂ and another On Means (both
lost). For his sieve for 'ﬁmiini suceessive prime numbers, see
supra, pp. 100-108 and for his solution of the problem of
doubling the cube, infra, pp. 200-257.  His greatest achieve-
ment was his measurement of the circumference of the earth
to & surprising degree of exactitude (see Heath, H.0 M. |
106-108, (Creek Astronomy, 100-112).

& It is true that the final book of the Elements, as written

Euclid, dealt with the construction of the cosmie, or
Flatonie, figures, but the whole work was cortainly not
designed with a view to their construction,  Euclid, however,
may quite well have been a Platonist.

* Euclid’s Opties survives and is available in the Teubner
text in two recensions, one probably Euclid’s own, the other
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older than Eratosthenes and Archimedes. For these
men were contemporaries, as Fratosthenes® some-
where says. In his aim he was a Platonist, being in
sympathy with this philosophy, whence it comes that
he made the end of the whole Elements the construe-
tion of the so-called Platonie fisures.® There are
many other mathematical writings by this man,
wonderful in their accuracy and mpﬁ;c with scientifie
investigations. Such are the Optics and Catoptrics,
and the Elements of Music, and again the book On
Divisions.* He deserves admiration pre-eminently in
the compilation of his Elements of G on account
of the order and of the selection both of the theorems
and of the problems made with a view to the elements.
For he included not everything which he could have
said, but only such things as he could set down as
elements. And.he all the various forms of

syllogisms, some getting their plausibility from the

by Theon of Alexandria. [t is ible that Proclus has
attributed to Euclid a treatise on Catoptrics | Mirrors) which
was really Theon's ; a treatise by Euclid on this subject is
not otherwise known, Two musical treatises attributed to
Euclid are extant, the Seetio Canonis (Kararops cardvos) nnd
the Fatroductio Harmonico ( dppovuct) 3 the latter,
however, is definitely by Cleonides, a 'pugll Aristoxenus,
and it is not certuin that the former is ids own, The
bhook On Divisions (of Figures) has survived in an Arabic
text discovered by Woepcke at Paris and published in 1851 ;
see R. C. ,r\mhiba.}ki, Euclid's Book on Division of Figures with
a restoration based om Woepcke's tert and the Practica (Jeo-
mtrice of Leomardo Pivono (Cambridge 1915). A Latin
translation (probably by Gherand of Cremona, 1114-1187)
from the Arabic was konown in the Middle Ages, but the
Arabie cannot have been n direct transiation from Euclid’s
Greek. The general character of the treatise Is indiealed hy
Procl. in Ewel, i, cd. Friedlein 144, 22-26, as the division of

figures into like and unlike figures.
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* Lit. * causes,” but afrwe clearly means the same here
a8 day, a8 oﬂen in Aristotle, ef. Met. A 1, |u:3. 18, loayars
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* Geometrical conversion s to be dis lahud fram
logical conversion, as deseribed by Aristotle, Cet, xil. 6 and
elsewhere.  An analysis of the eonversion of metrical
propositions Is given by Proclus (in Huel. . Friedlein,
252, 5 of seq.). In the leading form of conversion {?

dm also ealled. conversion par exeellence,
N woplors do the conversion is simple, the hypo-
158



PROCLUS'S SUMMARY

first principles,® some se out from demonstrative

roofs, all being irrefutable and accurate and in

rmony with seience. In addition to these he used
all the dialectical methods, the divisional in the dis-
covery of fi , the definitive in the existential
arguments, t;\: demonstrative in the passages from
first principles to the things sought, and the analytic
in the converse process from the things sought to the
first principles, And the various species of conver-
sions,* both of the simpler (propositions) and of the
more complex, are in this treatise accurately set forth
and skilfully investigated, what wholes can be con-
verted wit]';v wholes, what wholes with parts and
conversely, and what as with parts. Again,
mention must be made of the continuity of the proofs,
the disposition and arrangement of the things which
precede and those which follow, and the power with
which he treats each detail. Have you, adding or
subtracting accidentally, fallen away unawares trom
science, carried into the opposite error and into
ignorance? Since many things seem to conform
with the truth and to follow from scientific principles,
but lead away from the principles into error and

thesis and conclusion of ene theorem becoming the conclusion
and hypothesis of the converse theorem. The other form of
eon is more complex, being that where several hypo-
theses are combined Into o single enunciation so as to lead to
a single conclusion. In the converse proposition the con-
clusion of the orig-inallrmpmitiun is combined with the
[0} of the original proposition, less one, 50 as to lead
to the omitted hypothesis as the new conclusion.  An example
of the first species of conversion is Euclid i, 6, which is the
converse of Fuclid 1. 5, and Heath's notes thereon are most
valusble (The Thirieen Books of Euelid's Elements, vol. L
Ep. 256-257) : an example of partial conversion is given by
uelid i, 8, which is a converse to i. 4.
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deceive the more superficial, he has handed down
methods for the clear-sighted understanding of these
matters also, and with these methods in our posses-
sion we can train beginners in the discovery of para-
lnElI;hms and avoid being misled. The treatise in
which he gave this machinery to us he entitled
[the book] of Psendaria,® enumerating in order their
various kinds, exercising our intelligence in each
case by theorems of all sorts, setting the true side
by side with the false, and combining the refutation
n{ the error with practical illustration. This book
is therefore -purgative and disciplinary, while the
Elements contains an irrefutable and complete guide
to the actual scientific investigation of geometrical
matters,

& This book is lost. It clearly belonged to elementary
Erometry.

1
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V. THALES
The circle is bisected by ils diameter
Procl. in Euel. L., ed. Friedlein 157, 10-13
To pév olv Beyoropeiobar rov xikdov dmd wijs
diapérpov mpaTov Baly éxeivor dmodeifal daow,
airia 8¢ rijs diyoroplas 7) tis edfeias dmapdynhiros
dia Tol xévrpov ydipmous.

The angles at the base of an isosceles triangle are equal
Thid, 250, 23-251. 2

Adyerar yip B9 mpidros éreivos émoroa wal
eimeiy, s dpa mayros loookedols al wpos 7 Pdoe
ywwin ioa eloly, dpyaixwrepor B¢ Tas loas duolas
wpOTapKEaL,

* The word * demonstrate ' (derodeifer) must not be
taken too literally. Ewven Euelid
did not demonstrate this property
of the circle, but stated It as the
17th definition of his first book.
Thales probably was the first to

oint out this property. Cantor
Gesch, d. Math. %, pp. 109, 140)
and Heath (H.G.M. F 131) sug-
ﬁ::t that his attention may have
n drawn to it by figures of circles
divided into equal sectors by a
number of diameters. Such figures
are found on Egyptian monuments
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V. THALES
The circle tr bisected by its diameter
Proclus, on Euelid i, ed, Friedlein 157. 10-13

Tuky say that Thales was the first to demonstrate®
that the circle is bisected by the diameter, the cause
of the bisection being the unimpeded passage of the
straight line through the centre.

The angles at the base of an isosceles iriangle are equal
Thid, 250, 23-251. 2

[Thales] is said to have been the first to have
known and to have enunciated [the theorem] that the
angles at the base of any isosceles triangle are equal,
though in the more archaic manner he deseribed the
equal angles as similar.®

and vessels brought by Asiatic tributary kings in the time
of the eighteenth dznuty.
¥ This theorem i= Fucl, & 5, the famous pons arinorum.
Heath notes (H.G.M. L 131): " It has been suggested Lhat
the use of the word °similar’ to deseribe the equal angles
of an isosceles triangle indicates that Thales did not yet
concelve of an angle as a magnitude, but as a_fgure hu.v'i?
a certain . a view which would agree closely with
the idea of the Egyptinn se-gef, * that which makes the
nature,’ in the sense of determining a similar or the same
inclination in the faces of pyramids,™
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The vertical and opposite angles are equal
Iid, 299, 1-5
Tobro Tolvor 76 Bewpyua Belovvow, o Sdo
edfacv aAijdas Tepvovady al kata xopudny yw-
vine foar elot, edpmuévor pév, s dmow Edinuos,
i Oalod mwpdirov, Tis B¢ dmoTyuoviis amo-
Beifews flunpdvov mapa 74 Zroiyeiwt].

Equality of Triangles
Ibid. 352, 14-18
Eddnuos 8¢ év rals yewpetpuals loroplous €ls
Oalfjy Tobro dwdyer To fedipmpa. v yap Téw
év faddrry mAolwy dmdoraow 6 of Tpiwou daoiv
atTor deuairat TotTw mwpooxpiofal dmew dva-
yraior.
The angle in a semicircle is a right-angle
Diog. Laert. L 24-25

Mapd e Alyurriow yewperpety palldira dmol
Mapddy mpiror xetaypdfar xikdov 16 Tplywvor

* It is Euel. L 15
* The method by which Thales vsed the theorem referred
to, Euel, i 26, to find the distanee of a ship from the shore,
has given rise to many conjectures. The most attractive is
that of Heath (The Thirtéen Elements of Euclid's Elements,
by Po 305, H.G. M. i, 138). He supposcs that the observer
a rough instrument made of o straight stick and a cross-
plece fastened to it so as to be capable of turning about the
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The vertical and oppasile angles are equal
Ibid, 200, 1-5

This theorem, that when two straight lines cut one
another the vertical and opposite angles are equal,
was first discovered, as Endemus says, by Thales,
though the scientific demonstration was improved
by the writer of the Elements.®

Eguality of Triangles
Tbid, 352, 14-18

Eudemus in his History of Geometry attributes this
theorem to Thales. For he says that the method
:g which Thales showed how to find the distance of

ips at sea necessarily involves this method.®

The angle in a semicircle is a right-angle
Diogenes Laertius L. 24-25

Pamphila says that, having learnt geometry from
the Egyptians, he was the first to inseribe in a eircle

fastening in such o manner so that it could form any angle
with the stick and would remain where it was put. - The obser-
ver, standing on the top of a tower or some other eminence on
the shore, would fix the stick in the upright position and direct
the eross-pieee towards the ship.  Leaving the eross-picee at
this angle, he would turn the stick round, keeping it vertical,
until the cross-piece pointed to some object on the land,
which would be noted. The distance between the foot of the
tower and this object would, by Eucl. i. 26, be equal to the
distance of the ship. Apparently this method is found in
many practical geometries during the first century of printing.

167



GREEK MATHEMATICS

Jpﬂa‘ymm' , xai Bigar foiv. of 8¢ Ilvlaydpar
daoiy, dv dorw "AmolddBupos 6 Aoyrorucds.

- .:::rh.’lln wis o female writer who lived in the reign of
ik o el G ol e o o
1G] " . e IR
hawe been right in aseribing to m:h: discovery that 'Lh:
angle in a semicirele is a right unﬂ:. but the passage hristles
itjzﬁc;llril? ?nbﬁfmm gdﬂm Mﬂﬂl’ﬂl of an ox is
suspiciously like the ter-attested story that Pythagoras
sncrificed oxen when he discovered o certain theorem. This
iz told in a distich hﬁuﬁgallndum reproduced below
{p. i76). In reproducing that distich Plutarch says it is un-
certain whether the theorem was that about the square on
the hypotenuse of a right-angled triangle or that :%mt the
application of areas ; he does not mention the theorem about
angle in a semicirele, Dimlurﬂw probably made
a mistake in bringing in Apo 5 : the reference to the
sacrifice of an ox made him think of Apollodorus’s distich
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a right-angled triangle, whereupon he sacrificed an
ox. Others say it was Pythagoras, among them
being Apollodorus the caleulator.®

about Pythagoras, forgetting that they referred to a different

tion.

Wm are also difficultics on the way of believing that
Thales eouild have discovered the theorem that the angle in
o semicirele is a right angle. Eunclid (iii. 31) proves this
theorem by means of i, 32, that the sum of the ln\%-lu ucl'a:;s
trinngle is two right-angles.  Now Eudemus, as will be fou
below, 176-178, attributed to the Pythagoreans the dis-
COVETY ’:)?'th: theorem that in any triangle the sum of the
angles is equal to two right-angles. The authority of
Eudemus compels us to believe that Thales did not know
this theorem. Could he have proved that the angle in a
semibcirele is a right angle without previously knowing that
the sum of the angles of any triangle is two right-angles?
Heath ( H.6G. AL, §. 136-137) shows how he could have done s0;
and so Pamphila, for all her late date, may have preserved a
correct tion.
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VI. PYTHAGOREAN GEOMETRY
. (a) Gexenaw
Apollon. Mirab, 6; Diels, Vors, . 98, 20-81

Mvbaydpas Mimadpyov vids 6 pdv mparov
Siemovelro mepl Td prat ot wal Tovs dpflpods,
darepor B€ wore wai Tis Pepexidov reparomailas
otk dméoT.

A:ristul:. Met. A 5, 085 b 23-26
'Ev 8¢ rovrois xal mpd rodraw of xadotjuevor
Mvfaydperon réw pafipudrwy  dijdpevor mpdiros
Tabrd Te mporfyayov, kai errpadéres v atrois Tis
TovTwy dpyas TAv Svrew dpyds dnjfipoar elvac

TOEVT .

Diog. Laert. viil. 24-25

Byoi & 6 "ANéfavdpos év rais Taw dloaddan
duaboyais wai Tabra elpynévar v Tuvflayopucois
tmopvijpacy.  dpyiv pwév dmdvrar povdbac ex ¢
Tijs povddos ddpiorov dvdda ds dv TAny T povdbe
airly Svre dmoorivar éx 8¢ Tis povddos ral Tijs
dopiorov BudBos 7ods dpifuods- éx 3¢ rav dpilpdv
v onpeia- éx B¢ Todraw Tas ypauuds, é& dv Ta
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VI. PYTHAGOREAN GEOMETRY
(a) GENERAL

Apollonius Paradoxographus, On Marrels 6 Diels, Vors.
i*. 68, 26-31 =

Pyriacoras, the son of Mnesarchus, first worked at

mathematics and numbers, and later at one time did

not hold himself aloof from the wonder-working of

Pherecydes.

Aristotle, Metaphyrica A 5, 985 b 23-26
In the time of these men [Leucippus and Demo-
eritus] and before them the wreallug Pythagoreans
applied themselves to mathematics and were the first
to advance that science ; and because they had been
brought up in it they thought that its principles must
be the principles of all existing things.

Diogenes Laertins viil. 24-25

Alexander in The Successions of Philosophers says
that he found in the Pythagorean memoirs these
beliefs also. The principle of all things is the monad;
arising from the monad, the undetermined dvad acts
as matter to the monad, which is cause ; m the
monad and the undetermined dyad arise numbers ;
from numbers, points ; from these, lines, out of which

s Apollonins is quoting Aristotle’s book On fhe Pytho-
goréans, now lost.
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émimeba oypara: éx 8¢ 7w émmddwr Ta aTeped
oyipara: éx 8¢ Tovrwy T alofyra ewpare, dv
kai Ta oroiyeia elvas Térrapa, wip, Ubwp, ¥iv,
dépa- perafdldew B¢ xai tpémeafar 8 SAwy, wal
yiveallas €f alrdv xdouov épifuyo -, voepdy, adai-
poedT], Lg;lw,w mepiéyorta TV Yy Kai avTip
odatpoedij xal meprowkaupiy.
Diog. Laert. viil. 11-12

Tobrovr kol yewuerpiay €mi wepas dyayer,
Moipibos wmpdrmov evpdvros Tds dpyas Taw oToi=
yelwy atris, s dmow "Arricdelns v Sevrepw
Hepi 'A.".mtj}lirvﬁpuu. pddiora de oyoddoar Tor Tlu-
Baydpar wepi 70 dplfuymicor elbos adrijs Tov Te
Kavdva TOV €x pids yopdis elpelv. olk Nuélnoe &
o8’ laTpikiis. ¢qoi & "AmoddBwpos & AoyioTixis
exaTdp fbgar atrdv, etpdira ot Toil dpllo-
yuwioy Tpiyavoy 1) tmoteivovoa wAupd toor Sdva-
Tat Tals mepieyovoais. xal foTwv emiypappa obrws

fuira [vflaydpns 10 mepucheds edpero ypappa,

ke’ €’ orw xheumy Tpyaye Bovluainy,

Procl. in Eucl. L, ed. Friedlein 84, 13-23

-

"Ooa 6¢ mpayuareuwdeorépay exer fewplay wal
ovvrelel wpos -n;'l:'u ddnv dlocodlar, TovTar mpo-
yovpdmy womodpela Ty dwopmow, [plobires
rovs [lvflayopeiovs, ofs mpdyeipor Fv wal roiro
otpfolor ' oydpa xal Papa, al\’ of oydpa wai
rpunfodor ' evdeicvupdiwry, ws dpa Bel TV Yew=
peTpiary dxely  peradidxer, {cnuﬁ' ExagToy
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PYTHAGOREAN GEOMETRY

arise plane figures ; from planes, solid figures; from
these, sensible bodies, whose elements are four—
fire, water, carth, air; these elements interchange
and turn into one another completely, and out of
them arises a world which is animate, intelligent,
spherical, and having as its centre the carth, which
also is spherical and is inhabited round about.

Diogenes Laertius viii, 11-12

He [Pythagoras] it was who brought geometry to
perfection, after Moeris had first difcuvggﬂd tl'lt:?bw
ginnings of the clements of that science, as Anti-
cleides says in the second book of his Hisfory of
Alexander. He adds that Pythagoras specially applied
himself to the arithmetical aspect of geometry and
he discovered the musical intervals on the mono-
chord ; nor did he neglect even medicine. Apollo-
dorus the caleulator says that he sacrificed a hecatomb
on finding that the square on the hypotenuse of the
riﬁhtwang ed I:ri.nl:gle is equal to the squares on the
sides containing the right angle. And there is an
epigram as follows ;

As when Pythagoras the famous figure found,
For w a sacrifice renowned he brought.

Proclus, en Euclid L., ed. Friedlein 84. 13-23

Whatsoever offers a more profitable field of research
and contributes to the whole of philosophy, we shall
make the stnrtini-point. of furtgcr inquiry, therein
imitating the Pythagoreans, among whom there was
prevalent this motto, ' A figure and a platform, not a
figure and sixpence,” by which they implied that the
geometry deserving study is that which, at each
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Be) ﬁ?}m rifpow els dvodov xai dmaiper T
q&uﬁng tyos, dAX" ok év Tols alobyrols rara-
,Bmpnp mfmamv Kok -n'iv m.lro-:xﬂ:-' Tols Eﬂ;'rﬂif

{av dmomAnpoiv. xai Tavtns oroxalopémy Tis
evreifley meplaywyis xarapeleiv.

Plut. Nen posse suav, vivi see, Epic, 11, 1084 n
Kai Mufaydpas émi 7@ Saypdppar: Boiv efvaer,
ais dnow 'Amodébuwpos:
fwixa “uﬂa}rapus 7o rre'mm\ses' ellpero ypduua
wely' €8’ Grw Aapmpiy fyero Bovfuoiny.

eiTe n-tpt Tijs wmmua'qs' s ooy Stvarar Tois
ﬂpuxowm v aplhjv, eire wpdfdmua wepl Toi
ywplov Tijs mapafodis.

Plut, Quaest, Cone, viil, 2. 4, 720 &

*Eort ydp év Tois ysm;.wrpmwmmtg Bewpiipao,
piMoy B¢ mpoBlhjpact, To Eueu- elbidy Sollévrwy
dAo 'rpm:v mapafdlew 70 pev m'm- 7 & Juotow
&’ m:u dagw fevpelévrt Bioar Tov huﬁayupuv.
-:ru.iu yip duéde y.i.a:;!wupwﬂpcv -rnmu xm povor-

mcpuv ewelvor 7ol Eswpqguan. 8 v Umo-
Telvovoar dmédefe Tals wepl Ty dpbiy loow
Suvapdmy.

() Sum ov THE AxciEs oF A TriaxoLE
Procl. in Ewel. i., cd. Friedlein 370, 2-16
Edbypos 8¢ & mepumaryminds els rovs IMufayo-
pelovs dvamdumer v Totbe Tob fBewpijuaros -
peawe, &1t Tpiywroy drar dvoly opfals loas Eye
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PYTHAGOREAN GEOMETRY

theorem, sets up a platform for further ascent and
lifts the soul on high, instead of allowing it to descend
among sensible objects and so fulfil the common needs
of mortal men and in this lower aim neglect con-
version to things above.

Plutarch, The Epicurean Life 11, 1094 »
Pythagoras sacrificed an ox in ¥irtue of his pro-
position, as Apollodorus says—
As when the fam l‘ found
R R A N St b b et an
whether it was the theorem that the square on the
hypotenuse is equa- to the squares on the sides con-
taining the right angle, or the problem about the
application of the area.

Platarch, Convivial Questions vili. 2. 4, 720 a

Among the most geometrical theorems, or rather
problems, is this—given two figures, to apply a third
equal to the one and similar to the other; it was
in virtue of this discovery they say Pythagoras
sacrificed, This is unquestionably more subtle and
elegant than the theorem which he proved that the
square on the hypotenuse is equal to the sghares on
the sides about the right angle.

{b) Som or THE Ancies of A Tmiavere

Proclus, on Euelid 1., ed. Friedleln 859, 2-16
Fudemus the Peripatetic ascribes to the Pytha-
goreans the discovery of this theorem, that any
trinngle has its internal angles equal to two right

* See supra, p. 168 n. a, and p. 174,
VOL. 1 N 177
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Tis drros ywwas. kai Sewaivar ¢molv adrots
ofirws T0 mpoxeluevov. doTw Tpiyevoy 76 ABT,
xai fyfw Sia tob A 75 BI' mapaddglos 7 AE.
emel odv wapdMglol elow ai BI, AE, kal ai
dvalAaf foas elolv, lon dpa 1) pév dmo AAB 3 dmo
ABT, 7 8é dmd EAI' mjj dmd AT'B. xowun) mpoo-
xelofw 9 BAI'. ai dpa dwe AAB, BAT, TAE,
rovrdoriv ai dmé AAB, BAE, rovrdomw ai dto
dpllal foa: eloi tals 7of ABI' rpuyddvov 7puai yu-
vias, al dpa Tpeis Tof Tpiyavov Sdoww dpbais
elowv lomt.

(c) “* Pyriacoras’s Tueores ™

Eucl, Elem. . 47
'Ev Tois dploywriois tpiydivois 1o dmd Tis T
opbiy ywviay dmorewodons wAewpds Terpdywvov
ivov dori Tois dmo Tdv Tiv apliy yawviay wepi-

sxovody mAevpdiv TeTpaydvors.
"Eorw tpiywvor dplloydviov 10 ABI dpthp
exov v e BAT yeviar Adyw dri To amd Tijs
BI' rerpdywvay foov éari tois dmé raw BA, AT

TeTpaywvoLs.
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PYTHAGOREAN GEOMETRY
angles. He says they proved the theorem in question
A A E

B r

after this fashion. Let ABI' be a triune;le. and
through A let AE be drawn parallel to BI'. Now
since BI', AE are parallel, and the alternate angles
are equal, the angle AAB is equal to the angle ABT,
and EAI" is equal to ATB. Let BAL be added to
both. Then the angles AAB, BAT, TAE, that is, the
angles AAB, BAE, that is, two right angles, are equal
to the three angles of the triangle. Therefore the
three angles of the triangle are equal to two right
angles,

(¢) ** Pyruaconas’s Tugones "
Euclid, Elements I, 47
In right-angled triangles the square on the side sub-
tending the right angle is equal to the squares on the sides
containing the right angle.
Let ABI' be a right-angled triangle having the

angle BAT' right; I say that the square on BD' is
equal to the squares on BA, AT
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*Avayeypidbow yip dmd pév mijs BI' rerpdywvor
-5 BAEL, dmd 8¢ vav BA, AT ra HB, 0L, xal
Bia Toi A dmorépp Tav BA, TE mapdAnlos 7xfew
1} AA- kal Eﬂ'{gfﬁxﬂmﬂv at AA, ZD. kol émel
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For let there be described on BI' the square BAET,
and on BA, AT the squares HB, OI' [Euncl. i. 4-61; and
through A let AA be drawn parallel to either BA or
TE, and let AA, ZI' be joined.® Then, since each of

® [n this famous “ windmill" figure, the lines AA, BE,
TZ meet in a point.  Fuoelld has no need to mention this fact,
but it I'Md:;umd by Heron: see infra, p. 185 n. b

If AA, E:-rﬁmdlmhr from
A, meets BT , a5 in the de- A
tached portion of the figure here
reproduced, the trin.ungckm MBA,
MAT are similar to triangle
ARD and to one another. It
follows from Eucl. Elem. vi. 4
and 17 (which do not depend on B M 1B
i 47) that

BA'=EM . BI',

and AIM=TM.BI\
Therefore BA® + AI? =B¥1[B,‘-I +T'M)

The theory portion developed in Euclid's sixth book
therefore uﬂ't:r?r:bmp!e method of ipﬁmvlnﬁ- * Pythagoras’s
Theorem.” This proof, moreover, s of the same type as
Fucl. Elem. I 47 innsmuch as it is based on the equality of
the square on BI' to the sum of two rectangles. s has
b udu;tm i ) propnp ﬁhmmeIﬁhgud I g

is unte on, which applied only
commensurable mTrrrmﬂu. hen  the im::]:mmmsuruhle
wns d.i.sem'er;:l. it 1: nwﬁ!;}mﬂ a nwpprmf
independent of proportions. E are recast Pytha-
Fnru‘: invalidated in the form here given 50 as to get
t into the first book in nccordance with his general plan of
the Elements.

I.’nfur other methods w:_‘;ieh the tl'wurcmkdmn be proved,
i evidence on s discove
Ethu]mmwnnd the i‘l.im‘.ﬂ“F of the theorem in FIT :{

b?lnuiu, and Indin, see Heath, The Thirteen Books o

Euclid's  Elements, 1., pp. 351-366, 4 Manual of Gres
iea, pp. B5-100,
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opfl) dorw érarepa rav tmo BAT, BAH
mpos B Tor elffeln 7 BA kal @ mpos a
ompel @ A Bbo edbeint ai AT, AH pi) émi ma
atra pdpn kelpevar Tis dbeliis yovias Svaly
dpllais fons mowbow: €n” elflelas dpa doriv ) T'A
TﬁAH. Emmm%mtq B 'rﬂ A6 JWW
er edflelas. kol dmel unj oriv 7 O u'.rm ABI" ywwin
i) dmwe ZBA- dplh) yap éxarépa- xour) mpoanelafin
1'? tmo ABT- ﬂqupa:}wu&ﬂﬁaiqﬁm?.ﬁr
coTw lon. kai émei-iom foriv psu

E-EZHH;BA,EWS'IJM Bﬁﬁﬁum;

B, BI' loai cioiv évardpa (mﬂpr;' .lﬁu wvﬁu /]
o .ﬁBAwag T 151:‘0 ZBr fm’; Bams dpa 7 AA
Bdoer i ZT [éarw] o, ol -ro ABA Tplywmv T
?BF TpIy W EoTiv u:ﬂ:w wal [éor] Tob pév ABA
TpUpEVOL 5mﬁamul o BA rrupu)d'lﬂnypupynr
ﬁam:-r TE ‘]mp ™y m}r'l}lf €xovot v BA kal é&v rai;
rum:ug elot mapaddi] n’lmi‘ rais BA, AA- 7o 6¢ ZBI
rpi.ymmu 5u'rﬂl.amnu 70 HB rerpdywrov: Bdow te
yap mr..\w TV atre q‘xﬂm v ZB fr Taly
uﬁ'm.r.g eloi nupq?c.‘.?v\m; Tais ZB, HT. [-ru. Bé
T mwr Emhi:rm ira aAljdos m“rw_j ooy dpa
éorl wal 7o Bﬁ wapc.ru'?ﬁdypa#par 7@ HB 7e-
Tpaywwy.  opolos 5?; Wt{mﬂpiﬂﬂp v AE,
BK Euxﬁ'r]oem xai 70 ['A maﬂ.&ql&ypupqmv
ml.- & @ar -rﬁpﬂ.}-m Shov dpa T BJE[" TE-
Tpuyn.wav Suoi Tois HB, OI' ter n.y-:um:s' torow
foriv. wal éoTt TO pév BAET TeTpdywvoy amo T
BI' u.m}rpmﬂ:—*. 7a d¢ HB, OI' dmd rav Bﬁ. Al
76 dpa amd 7is BI' mhevpds ﬂ'rpﬂywmv ooy €ori
rois dwd Tav BA, AT mlevpan Ts-rpuywvmg

"Ev dpa Tois npﬁa}rwwmr Tpiyawots T dmd Tis
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the angles BAT', BAH is right, it follows that with a
straight line BA and at the point A on it, two straight
lines AT", AH, not lying on the same side, make the
adjacent angles equal to two right angles ; therefore
I'A is in o straight line with AH [Eucl. i. 14]. For
the same reasons BA is also in a straight line with A6,
And since the angle ABI' is equal to the angle ZBA,
for each is right, let the angle ABI' be added to each ;
the whole angle ABA is therefore equal to the whole
angle ZBI', And since AB is equal to BI', and ZB to
BA, the two Iguidms] AB, BA are equal to the two
[sides] BI', ZB respectively ; and the angle ABA is
equal to the angle ZBI'. The base AA is therefore
equal to the base ZI', and the triangle ABA is equal to
the triangle ZBI' [Eucl. i. 4]. Now the parallelogram
BA is double the triangle ABA, for they have the
same base BA and are in the same parallels BA, AA
[Euel. i. 41). And the square HB is double the tri-
angle ZBI', for they have the same base ZB and are
in the same parallels ZB, HI". Therefore the paral-
lelogram BA is equal to the square HB.  Similarly, if
AE, BK are joined, it can also be proved that the
parallelogram I'A is equal to the square OI'. There-
fore the whole square BAEI is equal to the two
squares HB, 6", And the square BAET is described
on BI', while the squares HB, OI'" are described on
BA, Al. Therefore the square on the side BI' is
equal to the squares on the sides BA, AT. d
Therefore in right-angled triangles the square on

! gm, Heiberg. The words are equivalent to Common
Notion 5, which must also be an interpolation as it is covered
by Common Notion 2, xal ddv loows fon mpoorel, ra dda dovie
foa, * if equnls are added to equals the wholes are equal.”
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i Spbip yawviay imorewolons mheupds rerpdywror
igoy dovl vois dmo @y v dpbiy [ywviav] mepi-
exougwy TACUpEY TeTpayuivols: omep Edet Deibat.
Procl. in Buel. 1., ed. Friediein 426, 6-14

Téw pév loropeiv o dpyaia Bovdopdvwy drotor-
ras 70 fewpnua zoiro els Ivbaydpay dvameu-
mévraw foriv ebpeiv kal Bovliry Aeydirwr adrdv
éml 7fj edpéoer. éyer B¢ Bavpdle pév xal Tobs
mpuwTovs e€mordrras Tfj Tolde 7ol fewpipares
ableln, peldvws 8¢ dyapar vov Erogyewriv, od
povow ori 8i' dmodeifews évapyeordrns Todro Kar-
edjjoaro, dM’ om kai 76 wafodukdirepoy airoi
Tois aveAéynTois Aoyois Tijs émomijuns émlecer v
@ éxrw Bifdip.

Thid, 4290, 9-15

Tije 8¢ 7of Erowyewwrodi dmodeifews oboys
gavepis oldér vyoijpar Seiv mpoalleivar mepirriv,
dala apreioflas Tols yeypapuévors, émel wal oo
mpogélleody Tt mAedv, s ol mepl "Hpowa xai
Mdmmov, fpayndobnoar mpocdafetv = vav &v +6
frrep Bedevypévww, obdevds évexa mpayparewsiBovs.

* Euel. vi. 31, fn ri ﬁ-‘—n:iﬂrrl' tricungles the figure on the
#ide subfending the right angle iv equal 1o the similar and
similarly described figures on the sides containing the right

by ol wepl "Hpawa xai ldemor Proclus douhtless means, in
accordance with his proctice elsewhere, Heron and Pappus
themselves.  Pappus, in Coll. iv. 1, ed. Hultsch 176-178,
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the side subtending the right angle is equal to the
Tm on the sides containing the right angle;
which was to be proved.

Proclus, on Ewelid i, ed, Friedlein 426. 6-14

If we listen to those who wish to relate ancient
history, we find some of them attributing this theorem
to Pythagoras and saying that he sacrificed an ox
upon the discovery. For my part, while 1 admire

ose who first became acquainted with the truth of
this theorem, I marvel more at the writer of the
Elements, not only becavse he established it by a
most lucid demonstration, but because he insisted
on the more general theorem by the irrefutable
arguments of science in the sixth book.®

Itid. 429, 9-15

The proof by the writer of the Elements being
clear, I think that it is unnecessary to add anything
further, and that we may be content with what has
been written, since, in fact, those who have added
anything more, such as Heron and Pappus, were
compelled to make wse of what is proved in the
sixth book, with no real object.®

peneralized ** Pythagoras’s Theorem * by proving that if any

trin is taken (not necessarily right-nogled), and oy
lelograms nre described on two of the sides, their sum
equal to a third parallclogram. Proclus’s wonds can,
however, hardly refer to this elegant theorem.  Heron is
known from the Arnbic commentary of an-Nairfzl on Euelid’s
Elements (ed. Besthorn-Heiberg 175-185) to have proved
that in Euclid’s figure AA, BK, I'Z meel in a point,  Heron
used three lemmas proved on the prineiples of k i. alone,
but they wonld more M:S}'brp!und from Book vi. Itls
qnihellzcly&nhmim ers to this proof,
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() Tue AppuicaTioN oF Aneas

One of the greatest of Pythagorean discoveries was
the method known as the application of areas, which
became a powerful engine in the hands of successive
Greek geometers. The geometer is said fo apply
(mapafiides) an area to a given straight line when a
rectangle or parallelogram equal to the area is con-
structed on that struigit line exactly ; the area is said
to fall short or be deficient (i\Aeizery) when the rect-
angle or parallelogram is constructed on a portion of
the straight line ; and fo exceed (imepfalden) when
the rectangle or parallelogram is eonstructed on the
straight line produced. The method is developed in
the following propositions of Euclid's Elements :
i. 44, 45 ii. 5,6, 113 vi. 27, 28, 20. These proposi-

Procl, in Eucl, L, ed. Friedlein 410, 15-420, 12

Eore pév Ls:pxaiu, daciv of wepl Tov Eddnpor, xal
THs TAY ayopelaww povans edpijpara Tabra, 7
Te i) Taw ywpiwy xal 1) vmepfoly xal 7
eMeyfus. amd 8¢ Tovrwy wxai oi vedTepor T
dvdpara Aafidvres perijyayov adra wal émi Tds
Kwwvikas Aeyoudvas ypapuds, xal TovTwy TV pér
mapafolijy, Ty Bé UmepPodiy xaléourres, T e
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tions are equivalent to the solution of quadratie
equations, not only in particular eases but in the most
general form.  The application of arens (mapaBoki rav
xoplur) is therefore a vital part of the  geometrical
algebra * of the Greeks, who dealt in figures as
familiarly as we do in symbaols.  This method is the
foundation of Fuclid’s theory of irrationals and
Apollonins’s treatment of the conie sections. The
subject will be introduced by Proclus's comment an
Euel. i, 44, and then the relevant Blpmpnedtiuns of
Enclid will be given, with their equivalents in modern
algebraical notation, Though the precise form of the
later propositions cannot be due to Pythagoras, de-
ending as they do on a theory of proportion invented
v Eudoxus, there can be no doubt, as Fudemus said,
that the method goes back to the Pythagorean
school, and most probably to the master himself.

Proclus, on Euclid |, ed. Friedlein 419, 15-420, 12

These thi are ancient, says Fudemus, being
discoveries :fathe Muse of the Pythagoreans,
I mean the application of areas, their exceeding
and their falling short. From these men the
more recent ometers took the names that
they gave to the so-called conie lines, calling one
of these the parabole, one the Ayperbola and one
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Meufur, éxelvan Tdv wadaudy xal fefwy drdpav
év émmédw raraypadij ywplwy mpos edfeiav dipi-
auEny Ta DO TOUTWY CUAOpEre TV dropdToy
opanTwy. drav yap edfelas éxwepdims 7o dolbléy
xewplov wdoy Tjj edllely oupmapareivys, rire mapa-
PdMew dxeivo 0 ywplow daciy, drav peilov 8¢
moujoys Toll ywplov T pixos abris vis edfelas,
Tore UmepBaldewr, orav 8¢ Edagaor, ds Tob ywplov
ypaddiras elal 7 THe elfelas dnrds, Tore &A-
Acimer. kal obrws & 70 &xrw Biflw kal s
vrepPodijs 6 Edwdeldns pimuoveder xal Tijs é\-
Aclpewss, évratfa 8¢ wijs mapafoldis éberjfln o
dolfldvr Tpiyeive mapd Ty Bofleioay edfeiav lovov
eilédwy wapafaleiv [mapaddnddypappor], Tva pun
povoy cvoramy éxwpey mapalnloypdupov TH
Bollévre Tpuypdivey oo, dMa wal wap’ edfeiar
ahpeopdimy mapaSodiy.

Eucl. Elem. 1, 44

Hapa i Bofleicar edlfleiar v Solldvm Tpryuvw
tooy wapaddnAéypappor wapafadely év i Soflelay
yavia edfvypdppe.

"Eores 7 pév bolleioa edfleia 7 AB, 76 3¢ Solew
Tpiyevor 76 T, 4} 8¢ Bolelon pawvia edbiypajpos 4
A- Bei 81) mapa T Bobeioar edbeiay Ty AB 76
Soflévr tpiyeivew i I' foov wapalypldypappuor

mapafalely &v log 7 A yovip.
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the ellipse, inasmuch as those god-like men of old saw
the things significd by these names in the construe-
tion,in a plane, of areas upon a finite straight line. For
when n straight line is set out and you lay the given
area exactly alongside the whole of the straight line,
they say that you apply that area; but when yoo
m{c the length of the area greater than the straight
line, then it is said to exceed, and when you make it
less, so that when the area is drawn a portion of the
straight line extends beyond it, it is said to fall short.
In the sixth book Fuclid speaks in this way both of
exceeding and of falling short, but here he needed
only the application, as he sought to apply to the
givenstraight line an area equal to the given triangle,
in order that we might have not only the construction
of a parallelogram equal to the given triangle, but
also its application to a finite straight line.

Enclid, Elements i. 44
T a given siraight line fo apply in a given reclilineal
le a parallelogram equal to a given triungle.

t AB be the given straight line, I' the given
triangle and A the given rectilineal angle ; then it is
required to applﬁ to the given straight line AB, in an
angle equal to the angle 4, a parallelogram equal to
the given triangle T". )

Y K
M / r
A
A
189

E




GREEK MATHEMATICS

Zweordre 7@ I spiydive foov mapaddndd-
ypappoy 76 BEZH & ywvlg 7 twé EBH, 1] dorv
ion v A kal relofle dore én’ edfelas elvar Tiw
BE 7jj AB, xai dujyfw 4 ZH éni v6 O, xai 8d
708 A dmarépg vaw BH, EZ mapdAplos fixfew %
AB), xal émeleaiyfw 7 OB. xal énel elc mapalbij-
Aovs ras AB, EZ efeia &vémener 7 OZ, al dpa
tmo ABZ, OZE yuwviai dvaiv dpfais elow foar. al
dpa tmo BOH, HZE 8do dpfav é\davovés elow-
ai 8¢ dmd dagadver 7 Sto dpbav els drepor
éxfalMdpevar ovpmizroven: al OB, ZE. dpa
éefaldpevar ovpmegoivrar, exBefljobwany Kxal
aupmarérwoar kard 76 K, xal bid 706 K oqueiov
gmorépg Tav EA, Z0 wapdlAnlos fxbw 7 KA, xai
exBeBhabwaay ai @A, HB éni ra A, M onueia.
mapaddnAdypappoy dpa dori 70 BAKZ, Suduerpos
8¢ adroii 5 OK, mepl 8¢ iy OK mapaldyAdypappn
pév va AH, ME, va 8¢ Acydpera mapardypiipara
7a AB, BZ- {oov dpa éovi 76 AB 7& BZ, da\a
70 BZ 74 T rpiydve éotly Toov: kal 76 AB dpa
7@ I dorev oo, kal émel {om éoriy +) dmd HBE
ywwia 75 dwe ABM, ald % dwé HBE 5 A dorw
tom, xai ) dmo ABM dpa mj A yawwig doviv ioy.

Hapd iy Bobleioar dpa edfeiar mip AB =4
dobévri mpuyivew 7o T loor wapaddyddypappov
7 éfdmrar 76 AB év ywwin i dwe ABM, 7
€orw lon 71 A Gmep édet morijoad.

# Sineo any rectilineal figure can be divided into lrinni[:]ﬂ-.
this proposition ean be used to solve Euclid's next problem
(i 45), which is: v Boflm: elfrypdppe icow ;
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Let the parallelogram BEZH be constructed, equal
to the triangle T, in the angle EBH which is equal
to A[i. 42]; and let it be placed so that BE is in a
straight line with AR, and let ZH be produced to &,
and through A let AB be drawn parallel to either
BH or EZ [i. 31], and let OB be joined. Then,
since the straight line BZ falls upon the parallels
A, EZ, the angles AOZ, BZE are equal to two right
angles [i. 20]. Therefore the angles BOH, HZE are
less than two right angles, Now the straight lines
produced indefinitely from angles less than two right
angles will meet, Therefore 6B, ZE, if produeed,
will meet. Let them be produced and let them
meet at K, and through the point K let KA be drawn
parallel to either EA or Z0 [i. 81], and let ©A, HB
be produced to the points A, M, Then OAKY is a
parallelogram, BK is its diameter, and AH, ME are
parallelograms, AB, BZ the so-called complements,
about OK. Therefore AB is equal to 'BZ [i. 1.31.
But BZ is equal to the triangle ', and therefore AB
is equal to I' [Common Notion 1]. And since the
angle HBE is equal to the angle ABM [i. 15], while
the angle HBE is equal to 4, therefore the angle
ABM is also equal to A,

Therefore the parallelogram AB, equal to the given
triangle I, has Encn applied to the given straight
line AB in the angle ABM which is equal to & ; which
was to be done.®
ypappor cvorfjoacfor év i Boffeloy ywrip edfvypdpue (fo
eonstruct, in a given rectilineal angle, o parallelogram equal
to a given rectilineal figure). The method is obvious amd will
not here be repenated.  Proclus (in Ewel, 1, ed. Friedlein
422, 24423, 5, eited infra, p. 316) observes that it wos in

consequence of this problem that ancient geometers were
led to investigate the squaring of the circle,
1M
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Eucl, Elem, il. 5

'Edv edfeia ypapp) runli eis loa xal dwea, 76
dme Tov dviowy Tis SAns Tunpdrey Teplexdpevor
gpboyuhvior pera Tof dmo Tis perafd vawv Topaw
Terpaywvor lgov dorl T dmo Tijs Tpeoeins Te-
TPy

Edfeia yup 7is 4 AB rerpijolw els pév loa kard
7o I, els 8¢ dvioa xard 76 A- Aéyw, 671 76 Omd i
AA, AB wepieydpevor opfloydwioy perd Toii amo
rijs I'A rerpaydvor lgov dori 76 dmé mis I'B
rerpaydvgs

"Avayeypidfw yap dmd rijs I'B rerpdywvor 76
FEZB, kai énelediyfw % BE, xal Sia pév o A
ororépa vav I'E, BZ mapdAndos fixfw 4 AH, 54
8¢ 7oi O dmorépa riv AB, EZ mapdd\ylos mwdw
fxbw 5 KM, xai mdlw 5id roif A dmordpq dw
A, BM wapddndos fjxflw 4 AK. xai émel {oov
éori 70 I'O maparlijpwpa v OF maperdypdpar,
wowoy mpooreiole 76 AM: dhov dpa 6 I'M S\
7@ AL lgov doriv. dMa 76 'M & AA loov
griv, émel wal 7 Al' 7 I'B dorw lon: wal 76 AN
dpa 7in AL loov éoriv. kowdv mpooxelolw vé 'O
dlov dpn 76 A 75 MNE swduow foov éoriv.
aMda 6 AO 76 dmo r@v AA, AB éoru Ty yap %

* Lit. ** between the sections.™

* The gnomon §s indicated in the figure of the sss. by the
thres points M, N, = and a dotted curve ; there are thus in
the figure two points M which should not be confused. In
the next proposition a similar gnomon 18 described as NED,
and perhaps this Is what Evclid here wrote,
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Euclid, Elsments ii, 5

If a straight line be cut into equal and unequal segments,
the rectangle contained by the unequal segments of the
whole together with the square om the line betiween the
points of section ® iz equal to the square on the half.

For let a straight line AB be cut into equal seg-
ments at I', and into unequal segments at A; I say

A r A B
=
f, >, W
L] | !
K A M i
%J
M z

that the rectangle contained by AA, AB with the
square on ['A is equal to the square on T'B.

For let the square T'EZB be deseribed on I'B [i. 46]
and let BE be joined, and through A let AH be drawn
parallel to either I'E or BZ, and through 6 let KM
again be drawn parallel to either AB or EZ, and again
through A let AK be drawn parallel to either T'A or
BM LL 31]. Then, since the complement '8 is equal
to the complement O0Z [i. 43], let AM be added to
each ; therefore the whole I'M is equal to the whole
AZ. But T'M is equal to AA, since AT is also equal
to I'B [L:mgj and therefore AN is equal to AZ,
Let T'O be added to cach ; therefore the whole AB is
equal to the gnomon MNZ.* But A6 is the rect-
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AB 7j AB- kai 6 MNE dpa yraipanw ioos dori T
v AA, AB. kowir mpookeioflw 6 AH, ¢ dorww
foov @ dmé mis ['A- & dpa MNE ywdpwy wal
70 AH loa éori 74 dmo rav AA, AB mepeyopdi
view kai 7@ amo 7 DA rerpayavew. dalla
6 MNE swidpwr xal 76 AH 8lov dorl vé TEZB
rerpdywvov, 6 eorw dmo Tis I'B: 76 dpa dmd raw
AA, AB mepiexopevor dplloydior peri Toii amd
Ti§ I‘ﬁ’ TeTpaywvov igov €ori TG dmo Tis I'B
TeTpa :
'E&.r?agpt KTA.

o If the Hhm"ﬂjmh are p, 4, then this theorem s

equivalent Lo the a ical proposition
() (t3)
« ()50

This gives a ready means of obtaining the two rules, respect-
ively attributed l'T:r the Pythagoreans and Plato (ses supra,
pp- 90-95) for finding Integral square numbers which are the
sum of two other integral square numbers. Putting p=ns,

g=1, we have (!:;-_{)'_ (ﬂ’;_])l=ﬁlq

In order that the first two squares may be integers, n muost
beodd. This is the Pythagorean ralc. e

Putting p=2nt g=2,
we have (¥4 1% =(n®*— 1)®=4ns,

This is Plato's ritle, starting from an even number 2m,

The theorem can be to yield a result of even greater
interest, namely, the peometrical solution of the quadratic
equation

. ax— = bs,

as Is shown by Heath (The Thirteen Books of Euclid's Els-
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angle AA, AB ; for AD is equal to AB ; and therefore
the %tmmun MNE is equal to the rectangle AA, AB.
Let AH, which is equal to the square on ', be added
to each ; therefore the gnomon MNE and AH are
equal to the rectangle contained h‘v AA, AB and the
square on I'A.  But the gnomon MNZE and AH are
the whole square I'EZB, which is described on T'B ;
therefore the rectangle contained by AA, AB to-
gether with the square on I'A is equal to the square
on I'B.
Therefore, ate.®

ments, vol. L p. 384, and H.G.M. L 151, 153), following
Simson; see also Loria, Le acienze ssaffe nell’ antica

Grecia, pp. 42-45.
If AB=a, AB=g,
then the theorem shows that

{a~z).r=the rectangle AD=the gnomon MNEZ,
If the area of the gnomon is griven { =47}, then we have

To sol o

(1] ve this on

etrically g find e e

the point A, and in Pyth- A r A b

agorean language this is
fo ly to o gicen
.:m% fl." (m) @ réef-
angle which shall be squal
to a given square (b*) and
shall  fall short by a 0
squars figure, that Is, Lo
construct the rectangle
Af or the n MNE.
Draw rpendicu-
lar to AB and equal to &.
With centre O und radius equal to T'B { = }a) deseribe a eircle.
Provided that & is greater than Ja, this cirele will eut AB in
two paints.  One of these is the required point A, AB =, and

the rectangle A® can be constructed.
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Euel, Elen, ji. 6

"Edv edfeta ypapps) munlj diya, wpoorelly 8¢
115 adri edfein éx' edbeias, 76 Vwd s GAys aiv
4] mpoakeyiévy xai Tis TpoaKEdIT)S TEPLEXTILEVOY
dplfloycivior perd Toff dmwo Tijs putoeias Terpayaivoy
lgov éorl T( amé Tis ovykepdms ék TE TS
Njuoelas kal Tis Tpookeydms TeTpayug.

Edfeia ydp s ) AB Tﬂﬂﬂ'ﬂw dixa xara 76 I’
aqpeiov, mpoaxeiatia 8¢ Tis avT]) edbeila én' edfelas
7 BA- Myw, &7 76 dmd 7w AA, AB mepreydperar

A r B A
1" -H\T
(i i
K A N i
o
E H i

dpflaydvior ,E.I.ET& 7oii amo tijs ['B rerpaywvov ioow
dori Tp amo s I'A Terpaywve.

For by the proposition (il. 5) just proved,
AAAB+TAY=TB*
= H
=0+ A (L. 47)
-~ AA.AB =0
or {a— ) =
The two points in which the cirele cuts AR give two real
solutions of the equation, which are colncident when b= ja
and the cirele touches AB.
There is no diretl evidence that the Pythagoreans, or
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Euclid, Elemants ii. 6

If a straight line be bizected, and a straight line be
added to it in a straight line, the reclangle contained by
the whole with the added straight line and the added
atraight line, together with the square on the half, is equal
to the square on the siraight line made up of the half and
the added straight line.

For let a straight line AB be bisccted at thepoint T,
and let a straight line BA be added to it in a straight
line ; Isay that the rectangle contained by AA, AB
with the square on I'B is equal to the square on T'A#

Euclid for that matter, used this proposition to solve
metrically the quadratic equation az-2*=4%,  But, as will be
shown belpw, Ehc ﬁﬁhmmns miust have solved a similar
equation mrr:agzn imf to il. 11, and it may fairly safely be
assumed that they solved the equations ar— z*=#§ corre.
sponding to ii. 5 and the equntions ar +2* =M and 22 - gz =2
corresponding to i 6,

# 1{5 proof is on the lines of that in the preceding proposi-
tion, the rectangle AM being shown equal to the gnomon
NEO,and can easily be supplied by the reader. | AB=a,
BA=x, and the gnomon N20 have a given value (=8,

then (a+a).x=0
or ar+xt =M,
Ta solve this equation geometrically is fo apply to a given
P
A r B a

#traight line (a) a reciangls equal to a given ripiars (bY) and
exveading by a square figure, in short, to find the point A,
Comdiniied mn pp, 98759, 197
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Euel. Elem. ii. 11
Tay Bofeioar edfeiav repelv dore 76 Imd Tijs
dAns wal Tob €répov T@v TuMpdTwY Teplexdpevor
dpé“oyu‘wm {oov elvar 7@ amd o Aowwod Tpsjparos
TETPAPLEINY.
"Earw 7 Sofleivca edfleia 1) AB- 8¢t &) mp AB

Tepeiv GoTe TO Uwo Ths OAns xal Tob érépov Taw

2———|H
A ) B
/,f-
E}
L K a

irwy mepiexopevor oplloyanior loov elvac @
dmo 7ol Aourob Tpfpares TeTpaywvg.
Continuad from p, 157.]
Simson first showed how to do this. Let BP be drawn
perpendicular to AB and equal to b With centre T' and
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Euelid, Elements Il 11

To cut the given straight line so that the rectangle con-
tained by the whole and one of the segments is equal to the
Fquare on the remaining segment,

Let AB be the given straight line: then it is
required to cut AB so that the rectangle contained by
the whole and one of the segments is equal to the
square on the remaining segment.

radius TP let a circle be drawn cutting AB produced in A,
Then A is the required point.
For by the proposition (ik. §) just proved,

AA . AB+TR*=TA®

=I'P%
=IB*+ BP8
AA . AB =jps
i.e I =}

Because the circle cuts AR &mdumd in two points there
are two real solutions, and as the circle always cuts AB prn-
duced there is always a real solution. This bears out the
algebraical proof that the equation

ar ezl =52

always has two real roots, which are equnl when & = Ja.

we come to deal with Hi mﬁ'&uudmmm of
lunes we shall come across the problem: To &, when z is
given by the equation

v e+ 2t =a?,

This could have been solved theoretically by the above
methads, and the solution was certainly not’ beyond the
ers of Hippocrates, It seems more probahle, however,
F:Du:l. the wording of Eudemus’s aceount, that he used an
npproximate n nical solution for his purpose,
is same construction ean be used to give o geometrical
solution of the equation #*- ar =82, In the figure it has only
o be supposed that AB=a and AA (instead of BA)==
Then the tells us that o — a) =the gnomon =A%,
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*Avayeypddfw yip dme mis AB rerpdywvor 0
ABAT, xai rerpdofw 7 Al 8iya xara 76 E
aypeiov, wai émelevyfo %BE, xai dujyfw 7 TA
éni 70 Z, xal xelofo 7ij BE oy 9 EZ, xai dvaye-
ypdihbes dmd Tis AZ verpdywvor 16 2O, Kai
difxlew 9§ HO éni 76 K- Aéyw, 67t ) AB T{'TF?F‘IH-
wara o B, wore To vmo vav AB, BY) mepieydpevor
dplloyinoy loov mowelv 7@ dwo ijs AB ftrpn?ni»g.

"Emel yap edfeia 1) AT rérpnrac diya xara 76 E,
mpéoxeiral 8¢ adrii 1) ZA, 76 dpa dmo raw I'Z, ZA
mepieyopevor opfoywroy pera Toii dms Tis AE
TeTpayanoy ooy éori T ame Tis EL rerpaydve.
tan Ge U] EZ i EB- 76 dpa md vav I'Z, LA perd
rou amo Tijs AE ioov dori 7@ amo EB. alM\a ¢
dmé EB foa dori a amdé va@v BA, AE- dpbhy yap
ﬁ wp&s' T A }rwlv.r:a‘ TO dpa o vaw I'Z, LA }1('1‘&.
roi dmd s AE foov dori tois dmo vav BA, AE.
KOLPOY u’nirr[_‘pjnﬂw ré dmé tis AE: Aowmov dpa 7o
tmd ranv 1'Z, ZA wepeydpevor dployuhvov loov
€ori 7 amd rijs AB rerpaydve. Kal 0T TO jLEv
oo vav T'Z; ZA 7o ZK- lom yap 7 AZ v ZH-
70 8¢ amo s AB 76 AA- 76 dpa ZK loov dori
7% AA. wowdrv ddppriofw T6 AK: dowrdv dpa 1o
Z0 76 OA loov doriv. xal dom 76 pév DA 16
omd rav AB, BO: fon yap 4 AB +ij BA- 76 8¢ ZO
76 dmo s AB: 7o dpn dwd Tav Eﬁ, BE wepreys-
pevoy dpfloydmor loov ot 7@ dmo BA Terpaydvy.

H dpa erd.

* If AB=a, AB =z, then AB has been so cut at @ that

ola—z)=x*
or P rar=al.
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Let the square ABAT be described on AB, and
let AT' be bisected at the point E, and let BE be
joined, and let I'A be produced to Z, and let EZ
be made equal to BE, and let the square ZO be
deseribed on A¥, and ]et HO be pnﬂur:cd to K3
I say that AB has been so eut at © as to make the
rectangle contained by AB, BE equal to the square
on AB.

For, since the straight line AI' has been bisected
at E, and ZA is added to it, therefore the rectangle
contained by T'Z, ZA together with the square on AE
is equal to the square on EZ [lil 6], But EZ is equal
to EB ; therefore the rectangle contained by I'Z, ZA
together with the square on AE is equal to the square
on EB. But the squares on BA, AE are equal to the
square on EB, for the angle at A is right [i. 47);
therefore the rectangle contained by I'Z, ZA together
with the square on AE is equal to the squares on
BA, AE, Let the square on AE be taken away from
each ; therefore the rectangle contained by I'Z, ZA
which remains is equal to the square on AB. Now
the rectangle I'Z, ZA is ZK, for AZ is equal to ZH ;
and the square on AB is Afi'*- ; therefore ZK is equal
to AA. Let AK be taken away from each; there-
fore the remainder ZO is equal to BA. Now BA is
the rectangle AB, BB, for AB is equal to BA ; and Z8
is the square on A®; therefore the ﬂ:ctu.nglc con-
tained hi!' AR, BO is eqml to the square on DA,

Therefore, ete.®
In other wonds, the 'FrDIHJhlﬂIJI‘I Khl:ﬂ a geometrical solution
of the equation o= a®

for it enables us to find .P.El or r.
This equation is a particular ease of the more peneral

proposition i+ ar =0
which, as was explained in the note on p. 197 n. a, ean besolved
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Eucl. Elem. vi. 27

llavraw riv mapa iy atmjy ebfieiav mapa-
Baddopdvwy Aoypdpey ol t‘ﬂﬂrﬁﬁfﬂ
eldeot wapalyloypdppors dpoios Te wal duolws
Keydvols TG dmo Tis fuoelas dvaypadopdig
péyworav éore 76 amo Tijs fuuoelas rapafalldpevor
Spotor ov T@ E\elpar,

"Eorew edfleia 4 AB xal rerpijoflw 8iya wara

- E
N

Ny RNIE O
H \LMNB
A iy B

by a method based on i, 8, There is good reason to believe,
a5 will be shown below, pp. 222-225, that the Py
knew how to construct a regular pentagon ABCDE, and it is
probable that this theorem was used in the construction, as
ean be shown if CE is allowed to cut AD in F.

For the Pythagoreans, knowing that the sum of the angles
of any triangle is two right angles, would immediately have
deduced that the sum of the internal les of a regular
pentagon is six right angles, and that :ﬁ: of the internal
angles Is therefore $ths of a right angle. It easily follows
that the angles CAD, ADC, DCA are respectively iths, $ths
and $ths of a right angle, while the angles FCD, CDF, DFC
are also respectively fths, $ths and gths of a right .

From this it follows that the triangles ACD, CDF are similar,
while AF=FC=CD.
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Euclid, Elements vi. 27

OF all the parallelograms applied to the same straight
line and deficient by parallelogrammic figures similar and
similarly situated to that described on the half of the
straight line, that parallelogram is greatest swhick is
applied to the half of the siraight line and is similar to
the defects

Let AB be a straight line and let it be bisected

Therefore AC:CD=CD:DF
aor AD: AF=AF FD
ar AD.FD=AF%,
A
( B E
C D

The point F ean therefore be found nccording to the method
of il 6, and the pentagon constructed, starting from AD,

* This proposition gives the conditions under which it Is
possible to solve the next proposition, and so full considera-
tion will be left to the note on p. 210, It is the first example
we have met of & Swopopds. It will be remembered that
nq.-ln;ﬂng to Proclus Leon discovered Swpumpol (see supra,
p- :
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7o I', kal mapaBefijofies mapa v AB edfeiar 7o
AA AGYpaLoy nucmm- elber rrupqllqﬁn-

ypdpgee o AB amypu.qﬁfm amo rr;s‘ T;IF-W'EIR'S‘ 'rﬁi‘
AB, TovUTéoTL riis I'B- Ayw, dri wdvran védv mapd

e AR wupaﬁu.llugnwp mpulﬁqﬁoypap}mv wel

l}uhl.ﬂml' eﬁzm ﬂf.lﬂl.ﬂlf TE NOL QLOMUT KE Ls

i AB peyiordy éomi 7o Af_\ mapaPeflijofiw
yap mapa i AB edfeiov 7o AL mapadd
ypajiiov EMeimov elde mpﬂ)u\vplaypuppm f@%
n;.:auu Te xail n,u.uuug xﬂpwq.l 16 AB- Myw, ot
F'EI-EW eort 7o AA Toii AZ,

*Emei pap Suowdy dori v6 AB Trupu.v.lj.?.u}rpqmr
9 ZB mpmv.qia}rpngpm mepl T m}n}u el

pov. dxbw abrav Suiperpos 1) AB, xal

KTayeypd 70

"Emei odv { ioov inn v I'Z T ZE, wowoy bé To
LB, dhov a dpa o I'e n.ﬁm -rw KE €oTw loov. adda
T TE'-' @ I'H éorw foov, émei xai § A" mjj I'B.
Kal 7o HF dpa T EK iﬂ'ru- loov. wowdy wpoo-
Kﬂfmgw 76 TZ- Gdov & dpa 76 AZ 78 AMN yvdiponi

dorwv oo dore 76 AB  mapalmAdypapsor,

ﬂ:ll.r.rswc 0 AA, 7oi AZ mapaldnloypdppou
petlov éorur,

llderewr dpa vév mapa v adriy edbelar mapa-
BaMap v 'rmpmvﬂ;luypappm Kal dﬂ.emﬂmu

eideot :mpﬂ).?h}?-ny t5 Opoiols TE Kai Opoits
keyévols 1@ dmo TS fjuoelas dvaypadopéve
meu €ott 76 dmo Tis Muoelas moapafiniév
omep €oer Seifm.

Eucl. Elem. vi. 28

llapa v Bofioar edfeiar 73 Solévm elfu-
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at T', and let there be applied to the straight line
AR the parallelogram AA deficient by the parallelo-
grammic figure AB described on the balf of AB,
that is, T'B. I say that, of all the parallelograms
applied to AB and deficient by figures similar and
similarly situated to AB, AA is the greatest.  For let
there be applied to the straight line AB the parallelo-
gram AZ deficient by the parallelogrammic figure
ZB similar and similarly situated to AB. [ say that
AA is greater than AZ.

For since the parallelogram AB is similar to the
parallelogram ZB, they are about the same diameter.
Let their dinmeter AB be drawn and let the figure be
deseribed.

Then, since I'Z is equal to ZE, and ZB is common,
the whole I'D is equal to the whole KE. But I'®
is equal to T'H, since A" is equal to I'B. And
therefore HI is equal to EK. Let I'Z be added to
each. Then the whole AZ is equal to the gnomon
AMX, so that the parallelogram AB, that is, A4, is
greater than the parallelogram AZ.

Therefore of all the parallelograms applied to this
straight line and deficient by parallelogrammic figures
similar and similarly situated to that described on the
half of the straight line the greatest is that applied
from the half'; which was to be proved.

Euclid, Elements vi. 28

To the gmven straight line to apply a parallelogram
205



GREEK MATHEMATICS

ypippe loov wapalnddypappov mapafaleiv é\-
Aeimov efBer mapaldmloypdppew duolw v Sobdm
B¢t B¢ 7o didopevor edbiypappor (& e loov mapa-
Badeiv]' pn peilov elvar roi dwd tHs Tuuoelas
dvaypadopévov duolov T éMeluari [rof Te dmd
Tijs fuoelns xai ¢ Sel Spowor éMelmerv].!

"Eorw 7 pév Soleiva edfeia 7 AB, w6 8¢ Sofliy
ebirypappov, @ Sei loov wapd iy AB mapaBalev
70 I' py) peilov [6v] 7ob dmd vijs fueoeias rijs AB
avaypadopevor duolov T® eMelppars, & B¢ Bel
opotor éMeimar, 76 A+ el &) wapd v Sobeivay
etfciav v AB 76 Sobévre edfvypdupew v T Toov
napadndéypapor wapaBadeiv éeiror elder map-
aldndoypdppe Spolw dvme @ A,

Terprjolls 5 AB 8iya ward 76 E onueiov, xal
avayeypidlw dmé Tijs EB 7@ A Suowov xal duolws
kelpevoy 76 EBZH, xal ovpmerdjpdiofe v6 AH
mapalnAdypappov.

Eil pév ofv loor édori 76 AH @ I, yeypovés dv eln
76 émrayféy: mapaféBAnrar yap mapd miv Sofleigay
ebbleiay miv AB 76 Solévn edfvypippe 6 T looy
mapadgAsypappor o AH éMeimor elder mapal-
Moypdppe 7@ HB duolw dvr 74 A. o 3¢ of,

! The bracketed words are interpolations by Theon in his
recension of the Elements (Heiberg),
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equal lo the given reclilineal figure and deficient by a
parallelogrammic figure similar to the given ome ; thus
the given rectilineal figure must be not than the
parallelogram)] described on the half [of the straight
] and similar to the defect,
Let AB be the given straight line, I' the given
rectilineal figure, to which the figure to be applied

QLS = HE: .0 7

~RRT

to AB is required to be equal, being not greater than
the rallelogram] described on the half [of the
gtraight line] and similar to the defect, and A the
[parallelogram] to which the defeet is required to be
similar ; then it is required to apply to the given
straight line AB a parallelogram equal to the ;{lvcn
rectilineal figure and deficient by a parallelo-
grammie form similar to A,

Let AB be bisected at the point E, and on I let
EBZH be described similar lnﬁimilnrl}r situnted to
A[vi. 18], and let the parallelogram AH be completed,

If then AH is equal to I', that which was enjoined
will have been done ; for there has been applied to
the given straight line AB a parallelogram AH equal
to the given rectilineal figure 1" and deficient by a
parallelogrammic figure HB similar to A, But if not,
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peilov éorw 70 OF o6 I'.  loov EE o BOE fﬁu HB:
F‘E‘{“" c{pu. kai 760 HB vof I'. & E!g pﬂ{ﬂ:-r €oTi
o HB mu ] 54 'rnum Tij mt’pox'l] fooy, 70 B¢ A
ov sl u:.u-g Kelflevor To atro a-uvm—mrm -r&
m u.ﬁz 70 A 7 HB [doriv] Spowor kal 1o
KM 4 HB éorwv duowov. €orw olv dpdloyos
pévupl'?_.::% HE, 7 &¢ ﬁ?m’" HZ. «xai émel Toov
ori 70 HB rois I‘, KM, peilov dpa édori 70 HB
-nw EM- p.ﬁ{-:uv dpa €ori wxal 7 _u.iu HE fﬁ; KA,
7 3@‘ HZ 'r'r;i‘ 4"!.\'[ weloflw 'rr]l pev KA fom 4 H...,
AM urq 1;- HD, wal w_;rremjlqpamﬂm m
ﬂ’HUH pajjiov: lgoy upa wal a_uowv
€ori [0 HH] rio KM [aMda 76 KM & HB dupows
eorwv].  Kai 70 HII dpa 7o HB Epnuil-' €oTw” TeEpL
v abmp dpa Sidperpdv domu o HIT =@ HB.
€orw adrdv Sudperpos ) HIIB, kal karayeypddliw

oTXT A
'Emel offv loov dort 76 BH 7ois I', KM, dv w4
HII 7 KM éorwv {oov, Aourds dpa d TX® ywedpey
Aowrd 7 I loos doriv. kai émel igov dori 70 OP
‘I‘%EE. KOLVOY wp-u-;m«efnﬂw o [1B- dAow Epn 0
8w T EB loov dorly. dMa 3 EB o TE
iﬂ'rl-ll' foov, Enzl Kal mﬁn.-pu. n AE w.).fu_pg. i EB
eorw ton kai 7o TE dpa ~i DB o ioov. Kowdy
mpooreiotiw o EX- SAov dpa 7o TZ o.?l{u T
OXT yvedpovi !'aﬂ:-' igov, aAd’ ¢ DXT ?vu.:_;.u.uv
-r{r'.t I' ddecxtly foos- wal 76 TE dpa 76 I éorww

v Bolleioay Jdpa ebbetay Ty AB 74

Enﬂzuﬂ :E‘; vypaps v I loow rapnﬁlqﬁaypap.—
pov mpu._ﬂfﬂi'qm T LT eNelmov elber mapald-

Aploypappe 7@ IIB dpoly dvme 70 A [émads)-
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let O be greater than I'.  Now BE is equal to HE
and therefore HB is greater than I'.  Let KAMN be
construeted at once equal to the excess by which HB
is greater than I' and similar and similarly situated
to A [vi,25]. But A is similar to HB; therefore KM
is also similar to HB [vi. 21]. Let KA correspond to
HE, AM to HZ. Now, since HE s equal to I'+ KM,
HB is therefore greater than KM. Therefore HE is
greater than KA, and HZ than AM. Let HE be
made equal to KA, and HO equal to AM, and let the
parallelogram EHOII be completed. Therefore it is
equal and similar to KM. Therefore HIT is also
similar to HB. Therefore HII is about the same
diameter as HB [vi. 26]. Let HIIB be their diameter,
and let the fizure be described,

Then since BH is equal to I'+ KM, and in these HIT
is equal to KM, therefore the remainder, the gnomon
YX®, is equal to I'.  And since OF is equal to EE,
let IIB be added to each. Therefore the whole of
OB is equal to the whole of ZB, But SB is equal to
TE, since the side AE is also equal to the side EB
[i. 36]. Therefore TE is also equal to OB, Let EX
be added toboth. Therefore the whole of T is equal
to the whole of the gnomon #XY. But the gnomon
XY was proved equal to I'. Therefore T2 is also
equal to I,

Therefore to the given straight line AB there has
been applied the parallelogram XT equal to the given
rectilineal figure I' and deficient by a parallelo-
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wep 70 B 7§ HIT Spody dorw]: Gmep €er
Euel. Elem, vi. 20
Mapa v Bollcivay edlleiav 76 Sobflévm edbu-
ypdppe Taov mapalmAdypappov mapaBaleiy dmep-
PdMor eiber mapalinioy w opoly T Sobémi.
'Emﬁp}vﬁoﬂﬁa&rﬁchﬁﬁf’,rﬁﬁi Bobléw
elBiypappov, & Sei loov mapa v AB mapafaleiy,
» If AB=a, %Il =2, while the sides of the given !]:lrl"l'iﬂ-
gram A are in the ratio b:e, and the angle of A Is a, then
b
ER= i and

8 H 2
s A RN
A E Z B b
1l TE)=(the 1l 8
(the parallelogram I_Em pard ;Ihsﬂ'ﬁ 111‘:?}

=ar &in a -;:.:Bi:nn.

If the area of the given rectilineal figure T is 5, the proposi-
tion tells us that

ar sin - ?:-’ sin a=5.

To construct the parallelogram TE s therefore equivalent to
salving geometrically the equation
- E"T"'I! ':'::"._""-
[ 5ln a
Heath (The Thirteen Books of Ewclid® Elements, vol. il
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g:lmm}cfarmﬁﬁsiuﬁhrtuﬁ; which was to be
ne.”

Euclid, Elements vi. 29

To the given siraight line to apply a parallelogram

equal to the given mﬁﬁnml‘ﬁgurfpiud exceeding by a
rlogrammic figure similar to the given one.

Let AB be the given straight line, T' the given

Z AMK 8

N .= 'H
rectilineal figure to which the figure to be applied to

. 263-264), shows how the geometrical method s precisely
rcl;uhn.[ent to the algebraical method of com Irdﬁ;g the
square on the left-hand side, and he demonstrates an e fieo
solutions can be obtained geometrically, though Euclid, ecn-
sistently with his practice, gives one only.

For o _real solution it 15 necessary, as every schoolboy
knows, that " i

[ -3

sina b°d

ie. S5 (7.5) (sina) {:)
i.#. S*+HE sin o.EB
i.e. S»pamllelogram HEB,
This is precisely the result obtained in vi. 27,
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'rnr iﬁﬁiaﬂnpumv ﬂirep,ﬂu.‘u.ew,rﬂﬁ Eﬂ&}
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ral -rn MN dpa v EA D,'..I:al.nl' éorir mwepl TV
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abrav Sudperpos 1) ZE, xal xarayeypidbu 16
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WX }-'I-' F’F’ kal émel Loy
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rovréort 70 AD.  kowor vrpuo‘xem-ﬂm 6 EZ* Show
dpa 1o A._. ioov dori o OXW y:.-wp.aﬂ iAa o
tbh‘!’ yvaspey 76 I loos doriv- kal 6 AZ dpa v
I faov Eu*rur
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AB is required to be equal, and A that to which the
excess is required to be similar ; then it is required to
apply to the straight line AB a parallelogram equal
to the rectilineal figure I" and exceeding by a paral-
lelogrammic figure similar to A.

Let AB be bisected at E, and let there be described
on EB the parallelogram BZ similar and similarly
situated to A, and let HO be constructed at once
equal to the sum of BZ, I' and similar and similarly
situated to A.  Let KO correspond to ZA and KH to
ZE. Now since HO is greater than ZB, KO is there-
fore greater than ZA, and KH than ZE. Let ZAZE
be produced, and let ZAM be equal to KO, and ZEN
equal to KH, and let MN be completed ; therefore
MN is both equal to HO and similar, But HO is
similar to EA ; therefore MN is similar to FA [vi.21];
and therefore EA is about the same diameter with
MX [vi. 26]. Let their diameter Z= be drawn, and
let the figure be deseribed.

Since HO is equal to EA+ T, while HO is equal to
MXN, therefore MN is also equal to EA+T'. Let EA be
taken away from each ; therefore the remainder, the
gnomon WX®, is equal to I'.  And since AE is equal
to EB, AN is also equal to NB [i. 36, that is, to
AO[i. 48). Let EE be added to each ; therefore the
whole of AS is equal to the gnomon ®XW. But the
gnomon DXV is equal to I'; therefore AZ is also
equal to I,

Therefore to the given straight line AB there has
been applied a parallelogram AZ equal to the given
rectilineal figure I' and exceeding by a parallelo-
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ypappe 7@ [0 dupoiw dvre 7( A, émel wal v6
EA dorw dpowov 16 Oll- dmep Ber morijoat.

{¢) Tue Innatioxan

Schol. i. in Eucl, Elem, x., Bucl. ed. Heiberg
v. 415, T=417. 14

*HAfow B»e Ty dapyy émi Ty Ths cupperplas
{qrqaw oi Muvfayopeoe ﬂp-:urm atriy s&vpovres-
éx Tijs Taw dplfludv xaravorjoews. xowol pdp
dmdvrwr dvrog pérpov Tis powddos wxal émi Tdw
peyelidy xowor pérpov edpety ok Nvriinoar.
alroy 8¢ 10 mdvra pév kal drowovody dpilfludy xall’
dmolagoiy Topds Ouupoljevor popidy T Kara-
Atprrdvewy eddyioror kal Topds dvemibexTor, mway
B¢ péyeflos éx’ dmepor Swmpodperor p7 kara-
Mpmdverr pdpiov, 6 S 1o elvar éddyiorov Touny
otk embéferas, dMa xal dxeivo én' dmeporv Teuvs-
pevoy ol dmeipa pdpia, AV ExagTov € dmetpov
rpyhjoerar, kal dwdas 76 pév péyeflos wara pév
70 pepilectoc peréyer Tis 7ol dmelpov dpyis,
xara 8¢ Tjv cAdTyra Tis Tol weparos, Tov Bé
dptfudy kard pev vo pepilecfar s 7oil wéparos,

® If the angle of A B a and its sides are in the ratio b; e,
while AB=a and OE =z, then

{parallelogram AZ) =(parallelogram AIT) + (parallelo-
gram BE)
=g sin u+2:..t 5in a.
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grammic form IO similar to A, sinee OI1 is similar
to EA ; which was to be done.®

(¢) Tue ImraTionas®

Euclid, Elements x., Scholium 1., Eucl, ed. Helberg
: v. $15. T-417. 14

The Pythagoreans were the first to make inquiry
into commensurability, having first discovered it as
a result of their observation of numbers ; for though
the unit is a common measure of all numbers they
could not find a common measure of all magnitudes,
The reasom is that all numbers, of whatsoever kind,
howsoever they be divided leave some least part
which will not suffer further division : but all magni-
tudes are divisible ad infinitum and do not leave some

rt which, being the least possible, will not admit of
urther division, but that remainder can be divided
ad infinitum 50 as to give an infinite number of parts,
of which each can be divided ad infinitum ; and, in
sum, magnitude partakes in division of the principle
of the infinite, but in its entirety of the principle of
the finite, while number in division partakes of the

But by the proposition, if S is the area of I’
Y g {parallelogram AZ)=5,
g b 5
T g E!t_sln a
To construet the pa m AZ is thercfore equivalent
to solving geometrically this quadratic equation. ere s
always a real solution, and 50 no Swopouds is n [
in the ense of the preceding proposition.  Heath {The Thir-
teen Books of Ewelid's Elements, vol. ii. pp. 266-267) again
shows how the procedure is equivalent to the algebraic
method of completing the square.  Euclid's solution corre-
sponds to the root with the positive sign.
* For further notices see supra, pp. 110-111, p. 140 n. e
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ward 8¢ miv dAdryra vis rob dwelpov . . . Tdw yip
vilayopeiwy Aoyos Tav mpiTov Tiv wepl Tovraw
Bewplay els Tolpdavés éfayaydvra vavayly mept-

TETELY,

(f) Tue Five Resvran Sovips
Phil. ap. Stoh, Bel, 1, proem. 3, ed. Wachsmuth 18. 5;
Diels, Fors, 1%, 412, 15418, 2 .

Kai ra pév ris odalpas oopara wévre o, vd
v le' oalpa mip (xal) Bwp xal yd xal dip,
Kai 6 Tds odaipas oAnds,' wéumrov.

Agt. Plac. i1, 6. 51 Dicls, Vors. 5, 403, 5-12

MvBayd wévTe oympdrav SvTay orepedv,
amep xu?.t'g::i xal pabnuaricd, éx pév Toi ﬁﬁw
drart tleynre’lua ﬂ‘,:l-' yijr, €x 8¢ s mupauibes T
wip, €x ToU axTaddpov Tov adpa, ék B¢ Tob
elkooaédpov 76 dwp, éx B¢ Toi Swdexadbpov T
7ol Tarros ogaipar,

1 dheds ¢ dduds coniecit Wilamowite,

* A regular solid is one having all its faces equal pol £3
and all its solid angles equal. 'ﬁur term is umﬁll}' rﬂ}m
to those regular solids in which the centre Is singly enclosed.
There are five, and only five, such figures—the pyramid,
cube, octnhedron, dodecabedron and jeosahedron, They
can all be inscribed In a sphere,  Owing to the use made of
them In Plato’s Timasus the construction of the universe
they were often called by the Greeks the sosmie or Platonie
figures. As noted above (p. 148), Proclus attributes the
construction of the cosmic figares to Pythagoms, but Suidas
;r'c;-iru. p. 378) savs Theaetetus was the first to write on them.

theoretical construction of the regulur solids and the
ealeulation of their sides in terms of the radins of the ciroum-
seribed sphere oceupics Book xiil. of Evelid’s Elements, It
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finite, but in its entirety of the infinite. . . . There
is a legend that the first of the Pythagoreans who
made public the investigation of these matters
perished in a shipwreck,

(f) Tuk Five Recurar Sotps® .

Philolaus, cited by Stobaeus, Extraets 1, proem, 3, ed.
Wachsmuth 18, 5: Diels, Vors, i®, 412, 15418, 2

There are five bodies pertaining to the sphere—the
fire, water, earth and air in the sphere, and the vesse]
of the sphere itself as the fifth.*

Agtius, Placita ii. 6. 51 Diecls, Vors. 1. 403, 8-12
Pythagoras, seeing that there are five solid figures,
which are also called the mathematical figures, says
that the earth arose from the cube, fire from tl':r.-
pyramid, air from the octahedron, water from the
icosahedron, and the sphere of the universe from
the dodecahedron.®

calls for mathematical knowledge which the hagoreans

id not possess ; but there is no reason why the F‘;-'tmugnmns
should not have constructed them ractically in the manner
of Plato by putting together triangles, SUTES or}p:nh.gm;.
The here given almost compel that conclusion,

The subject s fully treated in Die finf Platonischen K 3
by Ewva Sachs (Philologische Untersuchungen, 21es Heft,
IMT).  Archimedes, accordi to, Pappus, Coll. v, ed.
Hultsch 252-858, diseovered thirteen sem lar solids,
:'}'Il:iﬂ! faces are all regular polygons, but not all of the same

ind,

* In place of dwds Wilimowits suggests diwds, which is
derived from fAxe and eould be translated * envelope.” This
fragment, it will be noted, does not identify the regular solids
'ldui.E the elements in the sphere, but it is consistent with that
identification, for which the earlicit definite evidence i
Plato's Timasus.

* ABtius's anthority is probably Theophrastus,
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* This p is put into the mouth of Timaeus of Locri,
a Pythagorean leader, and in it Plato is generally held to be
reproducing Pythagorean ideas.

" i.e., the rectangular isosceles triangle and the rectangular
sealene trinngle.
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Plato, Timarus 5% c—55 ¢ *

In the first place, then, it is clear to everyone, |
think, that fire and earth and water and air are
bodies, flﬂuw in every b::?e the form of uthb:cly has
depth. Further, it is absolutely necessary that depth
should be bounded by a pl.lie surface ; nndnfhe
rectilinear plane is composed of triangles. Now all
triangles have their origin in two triangles, each
ha one right angle and the others acute ; and
one of these triangles has on each side half a right
angle marked off by equal sides, while the other has
the right angle divided into unequal parts by unequal
gides,t , . .

Of the two triangles, the isosceles has one nature
only, but the scalene has an infinite number ; and of
these infinite natures the fairest must be chosen, if
we would make a suitable beginning. If, then, any-
one can claim that he has a fairer one for the con-
struction of these bodies, he is no foe but shall prevail
as a friend ; but we shall over all the rest and
lay down as the fairest of the many triangles that
from which the equilateral triangle arises as a third
when two are conjoined. . . ¢

In the next place we have to deseribe the form in
which each kind has come into existence and from
what numbers it is compounded. A beginning must
be made with that kind which is primary and has the
smnllest components, and its element is the trimﬁl:
whose hypotenuse is twice as long as the lesser side.
When a pair of these triangles are joined diagonally
and this is done three times, by drawing the hypo-

* ir., the ** fairest ™ of rectungular scalene trinngles is half
of an equilateral trinngle, the sides being in the proportion
L8, 2.
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wxai vas Ppayelas whevpds els Tatrov ds wévrpov
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% As in the nccompanying dingram, the trinngles AQF,
COD, AQE, BOD, COE, ROF
A are joined together so as to form
the squilateral trinngle ABC. As
Plato’ has already observed, an
equilateral triangle can also be
F E made out of two such trinngles.
A. E. Taylor (4 Commentary
on Plote’s Timaens, pp. 374-375),
first pointed out the correct mean-
ing of word Sidperpor, ** dingon-
B [5] c ally.,” Previously, following
Boeckh, editors had supposed that
it meant "s0 that their hypotenuses coincide,” e.g., trinngle
AOF is placed werd Bidperpor with triangle AOE: Plato almost
certainly meant that trinngles AQF, ::%ﬁ are werd Sudperpor,
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tenuses and shorter sides to a common centre, from
those triangles, six in number, there is produced one
equilateral triangle,

Now when four equilateral triangles are put to-
gether so that the three plane angles meet in a point,
they make one solid angle, which comes next in order
to the most obtuse of the plane angles *; and when
four such angles are formed, the first solid fipure © is
constructed, dividing the whole of the cireumseribed
sphere into equal and similar parts. The second
solid 4 is formed from the same triangles, but is con-
structed out of eight equilateral triangles, which
make one solid angle from four planes; when six
such solid angles have been produced, the second
body s in turn completed. The third solid * is made
up of twice Bixtjy of the elemental triangles and of
twelve solid angles, each solid angle being comprised
::3' five plane equilateral triangles, and the manner
I its formation gives it twenty equilateral triangular
Mses,

Now the first of the elemental triangles was dropped

* The three plane angles together make two right angles,
which is * the most obtuse of the plane angles,”

¢ Le., the regular tetrahedron or pyramid, which has four
faces, each an equilatern] % and four solid angles, each
formed by three of the equilnteral triangles: Plato lnter
malces it the element of fire.

* e, the regulur octahedron, which has eight faces, each
an equilateral triangle, and six solid angles, each formed by
four of the equilateral triangles ; Plato later makes it the
element of air,

* i.¢., the icosahedron, which hns twenty faces, each an
equilateral trinngle (and is therefore made up of 120 elemental
reclangular scalene triangles, inasmuch as six such trinngles
-reulaut towether to form one equilateral triangle), and twelve
solid angles, each formed by five of the equilateral triangles ;
Plato later made it the element of water,



GREEK MATHEMATICS

Tabra yowijoar, 76 3¢ looaxelds Tplywvoy dyéwa
¥ Tol Terdprov dvmw, xard guioTd-
pevov, els 10 xévrpor Tas dpbds ywvias ovvdyor,
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Tolalra oupmayéima yavias okrd) orepeds dm-
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Iambl. De Vita Pythag, 18. 88, ed. Deubner 52. 2-8
Nepi 8 ‘lawdoov pdhiora, dis Hv pdv T
Mubayopelosw, Sui 8¢ 76 eeveyney i ypdgacas
wpuws odalpar v €k ToV Sudexa TETOYVLY
dmalero xard Bddarrar s doefijoas, Bofay &i
Adflow s edpav, elvar 8¢ mdvra éxelvov Tob avfipds

* Asin the accompanying figure, the four isosceles soalene
triangles AOB, DOC, BOC, DOA
placed about the common vertex
O form the square ABCD. The "
fourth figure is the cube, which
has six fices, each n square (and
Is therefore made up of twenty-
four of the elemental rectangular
Isosceles triangles), and eight solid
angles, each formed by three of

C  thesquares ; Plato later makes it
the element of earth,

¥ it the regular dodecabedron.  This requires, however,
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when it had produced these three solids, the nature
of the fourth being produced by the isosceles triangle,
When four such triangles are joined together, with
their right angles drawn towards the centre, the
form one equilateral quadrangle®; and six auvﬂ
quadrangles, put together, uu.gt ecight solid angles,
each com of three plane right angles ; “dg the
shape of the body thus constructed was cubic, having
six plane equilateral quadrangular bases. As there
still remained one compound figure, the fifth,! God
used it for the whole, broidering it with designs.®

Tamblichus, On the Pythagerean Life 18, 68
o Deubrer 2008 *

It is related of Hippasus that he was a Pythagorean,
and that, owing to his being the first to publish and
deseribe the sphere from I:ge twelve pentagons, he
Fﬂtﬁshnd at sea for his impiety, but he received credit

r the discovery, though really it all belonged to

a new element, the regular pentagon, Tt has twelve fuees,
each o regular pentagon, and twenty solid angles, each
formed by three pentagons. The fol uw‘Lni passages give

have known the pro-

evidence that the -t]:igaruus may
perties of the dndtf:."lh ron and pentagon. A number of

objects of dodecahedral form have survived from pre-Pytha-

gorean days,

* This has often been held, following Plutarch, to refer to
the twelve = of the Zodiac, but A. E. Taylor (4 Com-
mentary on Plato's Timaeus, p. 377) rightly points out that
the dodecagon, not the dﬂtlu:.lﬁ;drun. would be the appropri-
ate symbol for the Lodisc. He finds a clue to the meRning
in Timasis Locrws B8 ¥, where it is pointed out that of the
five regular solids inscribable in the same sphere the dode-
cahedron has the maximom volume and “ comes nearest ™
to the sphere.  Burnet finds the real allusion to the l:uap'p]nq
of the apparently spherical heavens into twelve pentagona
regions,
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Lac, Pro Lapau inter Salut, &, ed. Jacobitz 1. 380, 11-14
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* lamblichus tells the same story, almost word for
word, in De communi Mathematica Scientia o, 35 (el
Festa 77. 1824): the only substantial difference is the
substitution of the avaar for moraydvwe, which
is a slip. The story recalls the passage priven above
(p. 216) about the l‘yl.‘!.nﬁmuu who perished at sea for re-
vealing the irrational. He m-ﬂv: very well have been the
same person 85 Hippasus, for the irational would quickly
come to light in & study of the regular solids,
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HIM (for in this way they refer to Pythagoras, and
they do not call him by his name).s

Lucian, On Slips in Greatings 5, ed. Jacobits I, 330, 11-14

The triple interlaced triangle, the pentagram,
which they (the Pythagoreans) used as a password
among members of the same school, was called by
them Health.®

Y Cf. the scholium to Aristo-
phanes, Clouds 609, The penta-
gram is the star-pentagon, as in the
adjoining diagram. The fact that
this was a familiar symbol among
them lends some plausibility to the
belief that they know how to con-
struct the dodecahedron out of twelve

pentagons.

YOL. 1 @ 225
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Plut. De Comm, Notit, 30, 3, 1070 &

"Ert rofvww Spa riva Tpomov amijvryoe Anuoxpirey,
Suamopoiivri duaikds xal émruyds, € xavos Té-
pvoero mapa v Pdow E"I'I'l.'ITE'Et}u, i xph Suavoetofas
TdS TAW THudTwy émavelas, loas 7 dvigovs
yivopévas; dvigol pev ydp oloar To¥ kdvor di-
tﬁpulav&mpéfawh moldas u’wa;supéffsu- Aapfdvorra

iv xal Tpaytryras: towy 8 obodv, loa
ﬁgﬁfm dorat, kﬂix‘mﬁm 70 Toi wuAivdpou
memovlliss 6 xdwvos, €f lowy ovyrelpevos kal odk
dviowy xilkdaw, Gmep €oriv dromdraror,

Archim. Meth., Archim, ed. Heiberg ii. 430, 1-9
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* Plotarch tells this on the authority of Chrysippus.
Democritus came from Abdem. He was born about the
same time as Socrales, and lived to a great age. Plato
igmored him in his dialogues, and is said to hove wished to
burn all his works. The two gnmp;m here given contain all
that is definitely known of his mathematics, but we are
informed that he wrote a book On the Contact of a Circle and
a Sphere ; another on Geomelry ; o third entitled Geometrion ;
a fourth on Numbers ; a fifth On Frrational Lines and Solids;
and & sixth ealied "Exmerdopara, which would deal with the




VII. DEMOCRITUS
Plutarch, On the Commeon Notions 39, 3, 1079 £

Cossiper further in what manner it oceurred to
Demaocritus,® in his happy inquiries in natural seience,
to ask if a cone were cut by a plane parallel to the
base,! what must we think of the surfaces forming
the sections, whether they are equal or unequal ?
For, if they are unequal, they will make the cone
irregular, as having many indentations, like steps,
and unevennesses ; but if they are equal, the sections
will be equal, and the cone will appear to have the
property of the cylinder, and to be made up of equal,
not unequal, eircles, which is very absurd.®

Archimedes, Method, Archim. ed. Heiberg
if. 430, 1-8

This is a reason why, in the case of those theorems
concerning the cone and pyramid of which Fudoxus
first discovered the proof, the theorems that the cone

projection of the armillary sphere on a As his mathe-
matical abilities were obviously great, it is unfortunate that
our information is so meagre.

' A plane indefinitely near to the base is elearly indicated
by what follows.

" This bold inquiry first hrml%'hl the conception of the
indefinitely small into Greek mathematics. The story har-
monizes with Archimedes” statement that Demoeritus gave
expressions for the volume of the cone and pyramid.
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is a third part of the cylinder, and the pyramid of the
prism, having the same base and equal height, no
small share of the credit should be given to Demo-
eritus, who was the first to make the assertion with
regard to the said figure,® though without proof.

* So the Greek. Perhaps * type of figure.”
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() Gexerar
Philop. in Phys. A 2 (Aristob. 185 a 16), ed. Vitelli
$1. 3.0

Immoxpdrns Xids 7es dv Eumopos, Aporpucs) vl
mepimeoay kel wdvre dmedéoans, fAler "Afvale
ypaipopevos robs Anords, xal meAdw mapapérwy &
"Abhjvais did T ypadiw xpdvov, ddoimoer els
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TiAlev, ds émyeipiioas edpeiv Tov Kikdov Terpayw-
mopdv. xal abrov pév ody elpe, Terpaywrivas 5é
Tov pnpuionor gnjfly yevdds e Todrov wxal Tow
wikdoy Terpaywrilew: dk yap 7ol Terpaywvouod
Tob pyviokov xal Tov Tol sxixdov TeTpaywwaudy

¢niflny avddoyileafar.

() Quabrature or Luwes

Simpl. in Phys. A 2 (Aristol. 185 a 14), od. Diels
60, 2288, 32

‘0 pévror Eddnuos év 7 Tewperpnii loropia
obik €ml Terpaywiciis wAevpds Seifal dnov Tov
ImmoxpdTy Tov Tof pmvioxov rerpaywvoudy,
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(a) GeExenran

Philoponus, Commenfary on Aristotle’s Physica A 2
(185 a 18}, ed. Vikelli 31. 3-8

Hirpocmates of Chios was a merchant who fell in
with a pirate ship and lost all his possessions. He
came to Athens to prosecute the pirates and, staying
a long time in Athens by reason of the indictment,
consorted with philosophers, and reached such pro-
ficiency in geometry that he tried to effect the quad-
rature of tge circle. He did not discover this, but
having squared the lune he falsely thought from this
that he could square the eircle also. For he thought
that from the quadrature of the lune the quadrature
of the circle also could be caleulated.®

(b) QuapnaTune or Luxes

Simplicius, Commantary on dristotle’s Physics A 9
(185 a 14), ed. Diels 60, 22-68, 33

Eudemus, however, in his History af Geametry says
that Hippocrates did not demonstrate the quadrature

® A lune [meniscus) is the figure included between two
intersecting arcs of eireles. Tt is unlikely that Hippocrates
himself thought he had squared the cirele, but for a discus-
sion of this point see infra, p. 310 n. &,
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* As Alexander asserted.  Alexander, as quoted by
Simplicins in Phys. (od. Diels 56. 1-57, 24), butes two
ratures to Hippocrates.

8
L
:
A A ;lﬁ B T A
o @

In the first, AB is the diameter of a circle, AT, I'B are
sides of o square inscribed in it, and AET is semicirele
described on A.  Alexander shows that

lune AET =triangle ATA,
In the second, AB is the diameter of semicirele and on TA,
equal to twice AB, n semicircle Is deseribed, I'E, EZ, ZA
are sides of a lar hexagon, and THE, EPZ, ZKA are
semicircles described on TE, EZ, ZA, Alexander shows that
286
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of the lune on the side of a square® but generally, ns
one might say, For every lune has an outer circum-
ference equal to a semicirele or greater or less, and
if Hi ates squared the lune having an outer
circumference equal to a semicircle and greater
and less, the quadrature would appear to be proved

erally. 1 shall set out what Eudemus wrote word

r word, adding only for the sake of clearness a few
things taken from Fuclid’s Elements on account of the
summary style of Eudemus, who set out his proofs
in abridged form in conformity with the ancient
;l‘ﬁ.ﬂiﬂ. He writes thus in the second book of the

listory of Geometry.
lune THE + lune EAZ + lune ZEA + semicircle AB =
trapezium I'EZA,
are easy. Alexander goes on to say that if the
recti | figure equal to the three lunes (** for a rectilineal
ﬂfuu was proved equal to a lune ™) Is subtracted, the circle
will be squared. 9IH’u fallacy is obvious and Hip tes
could hardly have committed it. This throws some doubt on
the whole of Alexander's account, and Simplicius himself
observes that Eudemns's account is to be preferred as he was
* nearer to the times ™ of Hi tes.

* Tt is not always easy to uish what Eudemus wrote
and what Simplicius has added. The task was first
attempted by Allman (Hermathena iv., pp, 180-228 ; Greck
Geometry from Thales to Euelid, pp. 64-75). Diels, in his
edition o Elr.n-g]iciul published in 1882, with the help of
Usener, pri in type what they atiribu by
Eodemus., In 1883 Tannery (‘gﬁimnira seientifiguas L., pp.
el e Tpdlg S iRl

{ Fhilalogus xliii., pp. ) gave in 1884,
Rudio m.ﬁ’m qmgltjinn exhaustively in 1907 (Der
Bericht des Simpliciug ber die (Juadraturen des _Antiphon
und Hippokrates), but unfortunately his judgement is not
alwa; trustworthy. Heath (H.G M. i, 185-200) has an
uni{:nt analysis.  In the following pages T have invm only
such passages as can safely be attributed to Eudemus anid
omitted the rest.
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* The quadratures of lunes, which seemed to belong
to an uncommon class of propositions by reason of the
close relationship to the cirele, were first investigated
by Hippocrates, and seemed to be set out in correct
form; therefore we shall deal with them at length and
go through them. He made his starting-point, and
set out as the first of the theorems nseful to his pur-
pose, that similar segments of circles have the same
ratios as the squares on their bases® And this he
proved by showing that the squares on the diameters
have the same ratios as the cireles.?

* Having first shown this he described in what way
it was possible to squarc a lune whose outer circum-
ference was a semicircle. He did this by cireum-
seribing about a right-angled isosceles triangle a
semicirele and about the base a segment of a circle
similar to those cut off by the sides® Since the
segment about the base is equal to the sum of
those about the sides, it follows that when the part
of the triangle above the segment about the base is
added to both the lune will be equal to the triangle.
Therefore the lune, having been proved equal to
the triangle, can be squared. In this way, taking

® Lit. ** as the bases in square,”

* This is Euncl. xii. 2 (see infra, pp, 4568-485), Euclid proves
it by n method of exhaustion, based on a lemma or its equi-
valent which, on the evidence of Archimedes himself, can
safely be attributed to Evdoxus. We are not told how
Hippocrates effected the proof,

2* s Simplicius notes, this is the problem of Eucl. i, 33
and involves the knowledge that similar segments contain

equal angles.
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& semicircle as the outer circumference of the lune,
Hippocrates readily squared the lune.

" Next in order he assumes [an outer circumference]
greater than a semicirele [obtained by] constructing a
trapezium having three sides equal to one another
while one, the greater of the parallel sides, is such that
the square on it is three times the square on each of
those sides, and then comprehending the trapezium
in a circle and circumseribing about @ its greatest side
a segment similar to those cut off from the eircle by
the three equal sides.® That the said segment ¢ is
greater than a semicircle is clear if a diagonal is
drawn in the trapezium. For this diagonal, sub-
tending two sides of the trapezium, must be such that
the square on it is greater than double the square on

* i.e. * describing on.”

* Simplicius here inserts a proof that o circle can be de-
scribed about the trapezium.
¥ i.e,, the segment bounded by the outer circumference.
Eudemus is going to show that the angle in it is acute and
therefore the segment is greater than a semicirele,
VoL 1 R 241



GREEK MATHEMATICS

wAagiay elvar Surdper. v dpa BT peilov 7 Simddowow
Bihvarar évardpas vdv BA, AT, digre xal w75 [A.
Kai Ty peyiorny dpa Tav Tob Tpameliov wAevpav
7 BA avayxaiov Earrov Sivacfar is te da-
pérpov xai TGv érépwv mhevpiw éxelvms, U4 ﬁv
tmoTelver perd Tijs drapéTpov 9 Aeyleion. ol yap
BI, TA peilor 3 tpimhdawor Sivarrar mijs TA, %
8¢ BA rpumddowr. dfeia dpa doriv ¥ éml Tis
peilovos Tofi wpamellov mlevpds PBefnrvia ywwin.
peilov dpa fuuvrdiov dori 76 Tpdjua dv & doruw.
dmep doriv 3 éfw mepiddpera Toi pyrlorov.

" El 8¢ eddrrav fususdiov ey, wpoypdias
Towvde 1 6 ‘Immokpdrys Tolro kareokevager:

H

£ores kikdos of Eld}l!f?ﬂi‘ &’ 4 [7]' AB, xévrpor
8¢ adroi &’ & K- xai % tui:v ed’ 7} T'A biya e
kai mpos dplds Tepvérw v & § BK- 5 é‘:‘é’¢‘
1} EZ kelolw ravmys fuﬂ:{é wai Tijs mepidepeias
eni 70 B vedovoa tav éx 7o évrpov fuodia odoa
1 % om. Diels.
- e
though Dicts attitutes 1 1o Eudeimns e oy o

since BA is parallel to AT but greater than it, AT and BA
produced will meet in Z.  Then ZAT is an isosceles triangle,

M2




H-IPPDCRATES OF CHIOS

one of the remaining sides. Therefore the square on
BI' is gréater than double the square on either BA,
AT, and therefore alsoon I'A.*  Therefore the square
on BA, the greatest of the sides of the trapezium,
must be less than the sum of the squares on the
diagonal and that one of the other sides which is
subtended by the said [greatest] side together with
the diagonal.® For the squares on BI', I'A are greater
than three times, and the square on BA is equal to
three times, the square on I'A.  Therefore the angle
ﬁtl]lﬂiﬂ%:}u the greatest side of the trapezium ¢ is
acute. Therefore the segment in which it isis greater
than a semicirele. And this segment is the outer
circumference of the June.?

“If [the outer circumference] were less than a
semicircle, Hippocrates solved * this also, using the
following preliminary construction. Let there be a
circle with diameter AB and centre K. Let I'A bisect
BK at right angles ; and let the straight line EZ be
placed between this and the efreunderence \'er%n
towards B so that the square on it is one-and-a- nﬁ'

so that the angle ZAT is ncute, and therefore the angle BAT
is obtuse. z

¥ . BA'<BIM 4+ TAS,

* it the angle BI'A,

* Simplicios notes that Eudemus has omitted the actual
squaring of the lune, presumably as being obvious. Sinee

BA® = 3BA?
(segment on BA) =3 (segment on BA)
=sum of segments on BA, AT, TA,
Adding to each side of the equation the portion of the tra-
ium included by the sides BA, AT and I'A and the clreum-

erence of the segment on BA, we get
trapezium ABAT =lune bounded by the two circumferences

and so the lune is * squared.”
¢ Lit. * constructed."”
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" Totbraww ofv offrws éydvrew 4 Tpamélidy dmue
€4’ of EKBH mepdififerar windos.

* Hepryeypddfis' 8% mept 76 EZH Tpiywvor
Tijpa xixdov, 8oy éru éxdrepor vaw EZ, ZH
duotoy éxdorw tav EK, KB, BH runudrawr.

" Totraw obirws eydvrwv 4 yevdpevos pmvloxos
ol dxtos mepipépeia 9 EKBH fgos fora TE el-
Buypdppew 6 avyceapép dx rov iy Tpupdvn
v BZH, BZK, EKZ. 4 yap dmd Taw edlew@y
¢’ als EZ, ZH ddapolueva évrds Tof pnpiaxov
dnd Toi edfvypdupov Twijpara loa éori Tois éxrds

! Mepoyeypdddor , . . rumpudea, In the text of Simplicius this
sentence precedes the one above and Simplicius’s comments
thereon. 1t is here restored to the place which it must have
oecupied in Eudemus's History, .

* This is the first exsample we have had to record of the
Eype of construction known to the Greeks as retiores, incling-
fions or vergings. The general problem is to place a straight
line 50 s to verge towards (pass through) a given point and
so that a given length is intercepted on it by other lines. In
this ease the problem amounts o finding a Imah x such that,
if Z be taken on TA so that BZ =z and BZ produced to
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times the square on one of the radii.® Let EH be
drawn parallel to AB, and from K let [straight lines]
be drawn joining E and Z. Let the straight line
[KZ] joined to £ and produced meet EH at H, and
again let [straight lines] be drawn from B joining Z
and H. It is then manifest that EZ produced will
pass through B—for by hypothesis EZ verges towards
B—and BH will be equal to EK.

" This being so, I say that the trapezium EKBH
can be comprehended in a cirele.

" Next let a segment of a circle be cirenmscribed
about the triangle EZH ; then clearly each of the
segments on EZ, ZH will be similar to the segments
on EK, KB, BH.

" This being so, the lune so formed, whose outer
circumference is EKBH, will be equal to the recti-
lineal re composed of the three triangles BZH,
BZK, EKZ. For the segments cut off from the
rectilineal re, inside the lune, by the straight lines
EZ, ZH are (together) equal to the segments outside

meet the cirenmference in E, then EZ2 = JAR®, or EZ =4/
AK. If this s done, EB, BZ =ARB . B’ =AK?

or (z+4/F a) . 2=0" where AK =a.
In other words, the problem amounts to solving the quadatric
equation 244/ fon=o",

This would be recognized by the Greeks as the problem of
“appl to a straight line of length /7., a rectangle
m&g&why a square figure and equal in area to o3, and
conld have been solved theo v by the Pyt rean
method preserved In Evel. il 6. Was this the method wsed
by Hippocrates #  Though it may have been, the authorities
ﬁ'ﬂfer to believe he mechanical means (H.G. M. i. 196,

udio, loe cit,, p. 59, Zeathen, Gesehichls d. Muath., p. 80),
He conld have marked on a ruler a length equal to /] AK
and moved it about until it was in the required position.
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! Buvdper must be understood after fuolla as Hret-
schneider first pointed out, but Diels and Rudﬁhink that
Simplicins probably omitted it as obvious, here and In his
own comments.

® dmel. .. dorw.  Eudemus purports to give the proof in
Hippocrates' own words. Unfortunately Simplicius’s ver-
sion is too confused lo be worth reproducing,  The proof is
ht'retgl:m as reconstructed by Hudio,  That it iasuE.Ltmﬂ-
ally the proof given by Hippocrates is clear,
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the rectilineal figure cut off by EK, KB, BH. For
each of the inner segments is one-and-a-half times
each of the outer, because, by hypothesis, the square
on EZ is one-and-a-half times the square on the radius,
that is, the square on EK or KB or BH. Inasmuch
then as the lune is made up of the three segments
and the rectilineal figure less the two segments—the
rectilineal figure including the two segments but not
the three—while the sum of the two segments is equal
to the sum of the three, it follows that the lune is
* equal to the rectilineal figure.

“That this lune has its outer circomference less
than a semicircle, he proves by means of the angle
EKH in the outer segment being obtuse. And that
the angle EKH is obtuse, he proves thus.

Sinee EZ*=3 EK?
and # KR~ 2BZ3,
it is manifest that EK*> 2KZ32,
Therefore EZ*> EK2+ KZ2,

The angle at K is therefore obtuse, so that the seg-
ment in which it is is less than a semicircle.

“ Thus Hippocrates squared every lune, seeing that
[he squared] not anly the lune which has for its outer
circumference a semicirele, but also the lune in which

* This is assumed. Heath (.G, L 185) supplies the
following proof :

By hypothesis, EX? = {KB2,
Also, since A, E, &, I' are concyelic,

. EB.BZ=AB. BI'=KH*
or EZ . ZB+ BE* = KB = {EZ2,

It follows that EZ>ZB and that KB*=2BZ1,
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the outer circumference is greater, and that in which
it is less, than a semicircle,

** But he also squared a lune and a circle together
in the following manner. Let there be two circles

R

with K as centre, such that the square on the diameter
of the outer is six times the square on the dianmeter
of the inner. Let a [regular] hexagon ABI'AEZ be
inscribed in the inner circle, and let KA, KB, KI” be
joined from the centre and produced as far as the
circomference of the outer cirele, and let HO, B,
HI be joined, Then it is elear that HE, 61 are sides
of a [regular] hexagon inscribed in the outer cirele.
About HI let a segment be circamseribed similar to
the segment cut off by HO. Since then HI*=36H2
{for the square on the line subtended by two sides of
the hexagon, together with the square on one other
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“ If HA be a side of the hex , then 1A is a diameter
and the angle THA is right erclore HI® + HAT=]1A",
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side, is equal, since they form a right angle in the
semicirele, -to the square on the diameter, and the
square on the diameter is four times the side of the
hexagon, the dinmeter being twice the side inle
and so four times as great in square @), and OH2=
6 ABY, it is manifest that the segment circumseribed
about HI is equal to the segments cut off from the
outer circle by H8, Bl, together with the segments
cut off from the inner circle by all the sides of the
hexagon.? For H1*=3 HO?, and 01% = HB®, while 02
and HE? are each equal to the sum of the sguares
on the six sides of the inner hexagonal, since, by
hypothesis, the diameter of the outer circle is six times
that of the inner. Therefore the lune HOI is smaller
than the triangle HOI by the segments taken away
from the inner circle by the sides of the hexagon. For
the segment on HI is equal to the sum of the segments
on HO, 01 and those taken away by the hexagon.
Therefore the segments [on] HO, Ol are less than the
segment about lﬂnh_v the segments taken away by
the hexagon. If to both sides there is added the part
of the triangle which is above the segment about HI ¢
out of this and the segment about HI will be formed
the triangle, while out of the latter and the segments
Eﬂu} HE, 81 will be formed the lune, Therefore the
une will be less than the triangle by the segments
taken away by the hexagon. For the lune and the

and =0 HI*+ @H*=1A*=46H* (since [A=20H) Conse
quently HI*=3B0H®,
' For (segment on HI) =3 (segment on HB)
=2 {segment on HB) + 6 (segment
on AB)
={segments on HE, BI)+ (all seg-
ments of inner cirele).
* i.e., the figure bounded by HS, 81 and the are TH.
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(¢) Two Meax PropomrTioNaLs

Procl. in Eunel, L, ed. Friedlein 212, 24-213. 11

‘H 8¢ dmoywyn perdfacls orw dan” dov
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xaragavés, olov domep ral roi Sirdasaopod Tob
xtifov {nrylévros peréleoay v [ v iy dlo,
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TaY dropovpdvey Suypaupdray Ty dmapayiy
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efpev ebdins wepl Ta Siaypdppara elmep Tis &'tc’ag
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i ¥ then

* What Hippoerates showed was that if E:b
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ents taken away by the hexagon are equal to
Etﬁgmtrlnngle. Whenrtl'lé- hexagunugmu addtdez:l both
sides, this triangle and the hexagon will be equal to
the aforesaid lune and to the inner cirele. If then
the aforementioned rectilineal figures ean be squared,
so also can the cirele with the lune.”

(c) Two Mean ProporTionaLs
Proclus, on Euelid 1., ed. Friedlein 212, 24-213. 11

Reduction is a transition from one problem or
theorem to another, whose solution or ummtmt.'ﬁnn
makes manifest also that which is pro
when those who sought to double the cube tmnsf'e:rted
the investigation to another [problem] which it
follows, the discovery of the two means, and from that
time forward inquired how between two given straight
lines two mean proportionals could be found. They
say the first to effect the reduction of the difficult
constructions was Hippocrates of Chios, who also
squared a lune and discovered many other thi
geometry, being unrivalled in the cleverness of his
constructions.®

:—;“:E.lﬂ that if 5 =2a, a cube of side = I8 twice the size of

Tclt.l:: of sidea. Fora Euu:mhcminn o BEE N m.puEEB n. b,
t been supposed from this passage that Hippocrates dis-
ncm::gi the method of geometrical reduection, but this is
unlikely.
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IX. SPECIAL PROBLEMS

1. DUPLICATION OF THE CUBE
(o) GENERAL
Theon Smyr., ed-Hiller 2, 3-12

*Eparoofiéms pév yap & 7 émypadopéve
MAarawnsd dgnow o7¢, Andiows Tob Beol xproavros
&ri amaMayfj Mool Pupdy Tod Gvros BimAagiova
karagxevdoai, modkiy dpyiréxToow dumeadiy dmo-
play [nrobow Smws xpi) aTepeoy aTepeoD ?mu'a@m
Burhdmov, dducéallar Te mevoopévovs mept TovToU
[drewvos. Tév B¢ pdvar adrois, ds dpa ob Bi-
magiov Bwped & Beds dedpevos Tobro Amliows
duavredaaro, mpodépur Bé wal ovedilawr Tois "EA-
Ajow dpelodor pabppdrwv Ko yewperpias SAi-
ywpnKOTLY.

Eutoe. Ot . in Archim, de ¢ Oyl. ii., Archim,

B b fi /g

Baoiei Nrolepaiow 'Eparoofiéms yaipew.

Tawv dpyalwy Tvd Tpaywdomoudy daow eloaya-
yeiv ov Mbvew 76 [MAavikw karaoxevdlorra f!ixf,

* Wilamowitz (G668, Nache., 1804) shows that the letter is
& forgery, but there is no reason to doubt the story it relates,
which is indeed amply confirmed ; and the author must be
thanked for having included in his letter o proof and an
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1. DUPLICATION OF THE CUBE
(a) GExERAL
Theon of Smyrna, ed. Hiller 2. 3-12

In his work entitled Plafonicus FEratosthenes says
that, when the god announced to the Delians by
oracle that to get rid of a plague they must con-
struct an altar double of the existing one, their
craftsmen fell into great |'I¢'.E|1|¢xitj in trying to
find how a solid could be made double of ancther
solid, and they went to ask Plato about jt. He
told them that the god had given this oracle, not
because he wanted an altar of double the size, but
because he wished, in setting this task before them,
to reproach the Greeks for their neglect of mathe-
matics and their contempt for geometry.

Eutocius, Commentary on Archimedes’ Sphere and Oylinder
n ey Archlr:l?ed, Helberg il ﬂﬁfl—ﬂﬂ. 15 :
To King Ptolemy Fratosthenes sends greeting.®
They say that one of the ancient tragic poets
represented Minos as preparing a tomb for Glaucus,

epigram, taken from a votive monument, which are the
genuine work of Eratosthenes (infra, pp. 204-207), The
monareh addressed is Ptolemy Euergetes, to whose som,
Philopator, Eratosthenes was tutor.
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muldpevor B¢, 6mi mavrayoed éxardumedos ebm,
eimetv:
wixpoy ¥ Eefas Pacihicoi anrdy Tddou
SimAdowos €oTw, Tob xalol Bé py opalels
dimAal’ éxacrov xddov év Tdyer Tdgov.
ebder B¢ Buqpapryrédvar: Tév yap mAevpdy SimAa-
qaofleiodv To pdv emimedor yiverar TeTpamAdawy,
76 8¢ orepedv dxramAdowov.  €lnreiro Bé kai i
Tois ‘rewpérpm:. riva dv Tis Tpomoy TO m
orepecy diapévov & T@ alr@ oyipart imdacud-
getev, xal éxadeito 70 Towodrov mpofinua xifov
SirAaoiaouds: dmoflédpuerot yap xiifov élsjrovy Totrov
Surdaoidoar, wdvrww 8¢ SamopotiTwy éml mol
Svow TP 3{:: -I;?ngpc[-rm é Xi‘as'inrv&qaeu, ott,
av elpellf Gvo edlfewv pdw, &y v pellwv Tig
_ €\dgago P:é-s‘ éori ﬁmﬂ.ujﬁ o pe'azs‘m&v&ﬁngmv
Aafety év n'mrq;ci dvadoyla, Simlacmacthjoerar g
xifos, dare To dmépmua adrd els érepov olk
&agaov dmd, katéorpeder. perd xpovow B¢
Tords daaw gﬁw émifalopévovs xata ypmopoy
SimAacidoar Twa Tav Bopdv éumesev els To abro
dndpypua, Samepbapdvovs 8¢ rovs mapd v@ TIAd-
rww ev "Axabyuly yewpérpas dbiolv adrois edpeiv
0 [produevor. Taw. B¢ drlomdvws Embibdvraw
éavrovs kal {grothrwy Sto Tdv Bollerady dvo péoas

= Valckenaer attributed these lines to Furipides, but
Wilamowitz has shown that they cannot be from any play by
Aeschylus, Sophocles or Euripides and must be the work of
some minor poet,

* For if &, y are mean proportionals between a, &,

ha a_x_y

= ¥ b
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and as declaring, when he learnt it was a hundred feet
each way : " Small indeed is the tomb thou hast
chosen for a royal burial.  Let it be double, and thou
shalt not miss that fair form if thou quickly doublest
each side of the tomb.”* He seems to have made a
mistake. For when the sides are doubled, the surface
becomes four times as great and the solid eight times.
It became a subject of inguiry among geometers in
what manner one might double the given solid, while
it remained the same shape, and this problem was
called the duplication of the eube ; for, given a cube,
they sought to double it. When all were for a long
time at a loss, Hippocrates of Chios first conceived
that, if two mean proportionals could be found in
continued proportion between two straight lines, of
which the greater was double the lesser, the cube
would be doubled, so that the puzzle was by him
turned into no less a puzzle. After a time, it is
related, certain Delians, when attempting to double
a certain altar in accordance with an oracle, fell into
the same quandary, and sent over to ask the geo-
meters who were with Plato in the Academy to
find what they sought. When these men applied
themselves diligently and sought to find two mean
proportionals  between two given straight lines,

Therefore L
L] &£
and, eliminating . = =0
a a
50 that ; =E'

This property is staled in Fucl, Elem. v, Def. 10,
If b=2a, then # is the side of o cube double a cube of side a.
Onee this was discoversd by Hippocrates, the problem was
always so treated.
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Aafeiv *Apyitras pﬂ- oT vos Adyeras Sud Tdv
v ivbpey n} weéva, E voofaos & dia TEOV Ka-
Aovpévawy kapmidwy ypapudv: cupBéfnre dé mimw
abrois dmodetkTinds yeypm,ﬁé’m;, Xxetpoupyfjoat de
xal els {aw meaeiv un divacba '.rr?.v}# émi fpayd
L TOW h’f‘p‘ xal taira Euux: 5. ETveronTaL
8¢ s O’ nudv ap}.-uum-l} 15 padia, & s
Eﬂp?ﬂﬂm Bl.rﬂ 'TIHI' aﬂﬂflﬂ'ﬂ“’ MWP suﬂ Fiﬂ'ﬂs‘,
dgas av Tis emTdly.

(b} Sorvmions eivex By Fuvrocros

Eutoe. Comm, in Archim. de Sphaera ot Cyf. ii.; Archim.
. Heiberg fil. 54. 26-56. 1

Els miy odvleoww roib o’

Tovrov Aydlévros émel 8 dvaldoews alrd
mpoéfn Td Tov BAjuaros, lﬂﬁao'l]s' Tils dvadd-
gews els 70 Beiv go Boflesadv Bio péoas avddoyov
Tpogeypety év ouvexel dvaloyia dmalv & T ouv-
féae- * edprigBwaar.” iy 82 edpeav Tolrwy Um
atroil pév pappévr]v ondie D?uus Eupwmpeu,
moMay B¢ whewdy avdpay ypadals & mnumnaptu
76 wpoPAqua Tobro emayyeMopdvais, v T
Edédfov Toi Kmﬁiuu -rra_m;rqrmp:ﬂu ypady,
émeudn qh}crw pev & mpoowplors Sua xap-mﬂm:.r
ypn_upm:- avriy nipneévar, v Bé u.-rruﬁnfﬂ frpog
G i xexpiiofar xapmidas ypappals dMa wal

® ' Given a cone or cylinder, to find a sphere equal to the
cone or eylinder "' (Archim. ed. Heiberg L. 170-174).
* This is o great misfortune, as we may be sure Endoxns
would have treated the subject in his usual brillinnt fashion.
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Archytas of Taras is said to have found them by the
half-eylinders, and Eudoxus by the so-called curved
lines ; but it turned out that all their solutions were
theoretical, and they could not give a practical con-
struction and turn it to use, except to a certain small
extent Menaechmus,and that with difficulty. Aneasy
mechanical solution was, however, found 'Ey me, and
by means of it I will find, not only two means to the
given straight lines, but as many as may be enjoined.

(5} Sorvrions Grves By Furocius

Eutocius, Commentary on Archimedes’ Sphere and Oylinder
il., Archim. ed, Helberg iii. 54, 26-56, 12

On the Synthesis of Prop. 19

With this assumption the problem became for him
one of analysis, and when the analysis resolved itself
into the discovery of two mean proportionals in con-
tinuous proportion between two given straight lines
he says in the synthesis: * Let them be found,”
How they were found we nowhere find deseribed by
him, but we have come across writings of many
famous men dealing with this problem. Among
them is Eudoxus of Cnidos, but we have omitted his
account,” gince he says in the preface that he made
his discovery by means of curved lines, but in the
demonstration itself not only did he not use curved

Tannery (Mémoires scientifiques, vol. i.ﬁfp. &3-61) su
that Eudoxus's construction was a modified form of that by
Archytas, for which see iufm.tﬁl“pu 2684-289, the modification
%ﬁmﬂly rojection on plane. Heath (.00, L
! 1§ mlcﬁ'.rn Tannery's suggestion ingenious and
attractive, but too close an adaptation of Archyias's ideas
to be the work or so original & mathematician as Fudoxus.
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Benpm avaloyiay edpaw s ovvexel mﬂn
Smep Ay dromov dwovojons, 7 Myw wepl Eddofov,
dAMd mepl T@v wal perplivs mepl yewpeT av-
corpappdvay. tva B 4 Taw els fpds enlvuborwy
dvbpay Ewvowr éudavis yamras, ¢ éxdoTov TS
efpéacws Tpémos xal evrabba ypadijgeral.
Tbid. 56, 13-58. 14
Qs MAarww

Ato Sofewiv edfewidy Bio péons dvaloyoy elpely
& oureyel dvadoyie,

Z

-

ile———0l Ly

*Earwoar ai Sofeigar 8o edfeiar al ABT' mpas

* The complete list of solutions given by Eutocius is:
Plato, Heron, Philon, .’h:l.m'llnniui. Diocles, Pa . Sporus,
Menaschmus  (two  solutions), Archytas, Erab nes,
Nicomedes.

¥ It is virtually cortain that this solution is wrongly attri-
buted to Plato,  Futoclus alone mentions it, and if it had
been known to Eratosthenes he could hardly have failed to
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which he found. That would be a foolis

imagine, not only of Fudoxus, but of any one moder-
ately versed in geometry, In order t the ideas
of those men who have come down to us may be made
manifest, the manner in which each made his
discovery will be described here also.®

fhid. 56. 1958, 14
(i.) The Solution of Plato®
Given two straight lines, fo find twwo mean proportionals
én continuons proporiion.

lines but Be used as continuous o diserete Emlmr;ion
thi to

A

a
Let the two given straight lines be AB, BT, per-

cite it l!ou'ﬁr with those of Archytas, Mennechmus and
Eudoxus. Furthermore, Plato told the Delinns, according to
Plutarch's account, that Eudoxus ar Helicon of C
would solve the problem for them : he did not apparently
pose to tackle it himself, And Plutarch twice says that
Fﬁm objected to mechanical solutions as destro the
of geometry, a statement which is consistent with his
nown attitude towards mathematics.

263



GREEK MATHEMATICS

dpbas AAfAass, dv Set Blo pdoas avdhayor etpeiv.
ixBefhiobwaar én’ ebbelas émi vd A, E, xal
wareaxevdabw dpby) ywvia % vmd ZHO, xal év évi
axédet, olov 7@ ZH, wwvelofw xaviv 6 KA v
cwAijrl Ton Svre &v 79 ZH odrws, dore mapdA-
Aoy adrov Bapdvew 7@ HO. &orar 8¢ 7oiiro,
div xal Erepov xavéwov vonbii ovpdvis +@ OH,
mapdMnov 8¢ 7@ ZH, ds 76 OM. owlypuobeioi
yap rav dvoler émpavedv rév ZH, OM owlijow
relexwoadéaw xal Tilwy oupduvdy yevopévwy TOH
KA els Tovs elpquévovs owdijvas éorar 7 xivmots
roi KA mapd\iplos del @ HO. rovraw ot
rarerxevagudvwy kelobw T8 & oxélos Tis ywwias
ruydv 76 HO dador rof T, xal perapepéoben 7j 7e
yowia kal 6 KA xavaw éml rocobrov, dypis v 70
piv H ompeiov éni vijs BA edfelas 7 7o0 HO
axélovs pavovros Ted I, 6 ge KA xavdw katd pev
76 K daty s BE edflelas, xara 8¢ 76 Aowmwdv pépos
rob A, dare elva, dis éxe éml Tijs raraypadis,
v piv dpbiy yoviay Béow éxovoay ds Tiv Umd
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pendicular to each other, between which it is required
to find two mean proportionals, Let them be pro-
duced in a straight line to 4, E, let the right-angle
ZHE be constructed, and in one leg, say ZH, let the
ruler KA be moved in a kind of groove in ZH, in such
s way that it remains parallel to HO. This will come
about if another ruler be conceived fixed to BH, but
parallel to ZH, such as 6M. If the upper surfacesof
ZH, 6] are grooved with axe-like grooves,” and there
are notches on KA fitting into the aforementioned
grooves, the motion of KA will always be parallel to
HE. When this instrument is constructed, let one leg
of the angle, say HO, be placed so as to touch I', and
let the angle and the ruler KA be turned about until
the point H falls upon the straight line BA, while the
leg HO touches I', and the ruler KA touches the
straight line BE at K, and in the other part touches A,
so that it comes about, as in the figure, that the right
angle takes up the position of the angle I'AE, while

2 The grooves are presumably after the manner of the

accompanying disagram, or, as we should say, the notches
and the grooves arc dove-failed. o
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TAE, wdv 8¢ KA xavéva Béow Exew, ofav Exer 1)
EA- Todrwr yip yevapévwy éorar 7o mpokeiuevor.
dpladv yap ovaaw v@v mpos Tois A, E éomw, as

I'B mpés BA, ) AB wpos BE xai 7} EB mpds BA.

Ihid. 58. 15-16
'0s "Hpaw év Myyavicals eloaywyais xal év rois
Aomoukois

Papp. Coll. il 9. 26, ed. Hultsch 62, 26-64. 181 Heron,
Mech. 1. 11, ed. Schmidt 268. 3-250. 15

*Eorwoar yap al dofeiont edfeiar ai AB, BI
npos opfids aMjlas welpeval, dv dei o pdoas
dvdAoyor elpeiv.

* The account may become clearer from the accompany-
ing dingram in the instrument is indicated in its final
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the ruler KA takes up the position EA®  When this
is done, what was enjoined will be brought about.
For since the angles at A, E are right, I'B:BiA=
AB: BE=EB : BA. [Euncl vi. 8, coroll.]

Thid, 58, 15-18

(it) The Solution of Heron in his *' Mechanics " and
** Construction of Engines of War""®

Pappus, Collection iii. 9. 26, ed. Hultsch 62, 2664, 18
Heron, Meckanics . 11, ed. Schmidt 268, 3-270, 15

Let the two given straight lines between which it
is required to find two mean proportionals be AB, BI'
Iying at right angles one to another.

position by dotbed lines. H® is made to pass throogh I' and
the instrument is turned until the point H lies on AB pro-
duced. The ruler is then moved until s edge KA passes
through A. 1f K does not then lie on I'B produced, the
instrument has to be manipulated until all conditions
are fulfilled : (1) HO passes through 't (2) H lies on AB
produced ; (3) KA passes through A; (4) K lies on TB
produced. It may not be easy to do this, but it is possible,
* Heron's own words have been most closely preserved by
ppus, whose version is here given in preference to Eutocius's,
which includes some additions by the commentator. Schmidt
also prefers Pappus's version in his edition of the Greek fi
ments of Heron's Meehanics in the Teubner edition of Heron's
works (vol. ii., fasc, 1), The proof in the Belopoeiea {edited
R“r'c_-,ch:r, Palioredfique des Grees, pp. 116-119) is cxtant.
flon of Byzantium and Apollonins gave substantially
identical proofs.
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Supwemdypwotw 76 ABIA mapaddndoypappor,
xal éxPefMjofwoay ai AT, AA, xai émelaixfwoar
ai AB, TA, xal mapaxelobw wavéwmor mpds T
B onuely kal kiwveiole répvor ras TE, AZ, dypis
ob 7 amd rob H (dyfeioa)' émi T vijs I'E ropsw
lon yémrar 7ij dwd voii H émi mipv 7ijs AZ ropsp.
yeyovéra, wal éorwm 1) pév Tol xavowlov Béos 7
EBZ, iva: 8¢ of EH, HZ. Myw odv o7 ai AZ,
I'E péoar dvddoydv elow vév AB, BI.

"Emel pdp dpbloydwdy dorw 76 ABIA mapad-
AnAdypappor, ai Téooapes ﬂ?ﬂe?m ai AH, HA,
HB, HI' loas dMjAms elofv. dmel ofv lom 5
AH 7§ AH wal Sifjurae 5 HZ, 76 dpa dwo AZA
pera 7of amd AH loov éoriv 74 dwd HZ. &
7d adrd B wal 70 dmwd AETD perd rof dwo I'H
foov éoriv 7 dmé HE, xal eloiv foar ol HE,

! dyfeioa ndd. Hultsch.

® The full proof requires HS to be drawn perpendicular to
AZ 5o that © bisects AA.

Then AZ . ZA+ ABA=Z0N, [Eucl ii. 6
Add HE? to each side.
Then AZ. ZA+ AH*=HZ [Eucl. i. 47
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Let the parallelogram ABI'A be completed, and
let AT', AA be produced and let AB, T'A be joined,

z

a I E

and let a ruler be placed at B and moved about
until the sections I'E, A¥ cut off [from A", AA
Eﬁucud] are such that the straight line drawn

H to the section I'E is equal to the straight
line drawn from *H to the section AZ. Let this
be done, and let the position of the ruler be EBZ,
so that EH, HZ are equal, I say that AZ, T'E are
mean proportionals between AB, BI'.

For since the parallelogram ABI'A is right-angled,
the four straight lines AH, HA, HB, HI' are equal
one to another. Since AH is equal to AH, and HZ
has been drawn (from the vertex of the isosceles
trinngle AHA to the base), therefore ®

AZ.ZA+AH*=HZ,
For the same reasons

AE _El'+T'H*= HE2
But HE, HZ are equal.
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HZ. loov dpa xal 76 mé AZA perd Toi dwd
AH 7§ w6 AET perd 7off amd IH. dv 7o dwd
I'H ivov éoriv 76 amo HA. Aowmov dpa TO Umo
AET foov doriy 7@ tmd AZA. dis dpa 1) EA mpos
AZ, % ZA mpés TE. dis e 1) EA wpds AZ, 7] 7e
BA mpés AZ kal 4 EI' mpés I'B, diore orar kai
s 9 AB wpos AZ, 1) re ZA mpos Il'E xai § T'E
mpos I'B. 7dv dpa AB, BI' péoas dvddoydy elow
at AZ, I'E.]

Butoc. Comm. in Archim. De Sphasra ¢ Cyl. ii., Archim,
ed. Heiberg i, 66. 8-70. 5

"0s Awoxhijs év 7@ [lepi muploww

"Ev xindw fyfwoar 8to Suiperpo mpos dpbis
al AB, TA, xal 8o mepupéparas loar dmeddij-
Plwoay é4' éxdrepa 7ob B ol LB, BZ, xal dud
roi Z mapdAmlos 7ij AB dxfw % ZH, xal én-
eledylo 7 AE. Adyew, dme row T'H, HO 8o péom
drdloydv elow al ZH, HA.

"Hyfew yip &1 7of E 7 AB mapdMndos 1)

* Another fragment from the Tlepl wy of Diocles is
ed by Eutocius (pp. 160 #f seq.). |t contains a solu-

tion by means of conics of the problem of dividing a sphere
by a plane in such a way that the volumes of the resulting
segments shall be in a given rutio, and refers both to Archi-
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Therefore AZ A+ AH*=AE . EI' 4+ TH2,

And AH*= I'H2.
Therefore AZ . ZA=AE.El.
Therefore EA:AZ=ZA :TE,

But (by similar triangles)

EA: AZ=BA : AZ=ET' : TB,
so that AB:AZ=ZA :TE=TE :T'H.

Therefore AZ, I'E are mean proportionals between
AB,BI]

Eutocius, Commentary on Archimedes’ Sphere and Cylinder
ii.y Archim. ed. Heiberg iii. 66, 8-70, 5

(iii.) The Solution of Diocles in his Book
" On Burning Mirrors "' 2

In a cirele let there be drawn two diameters AB,
T'A at right angles, and on either side of B let there
be cut off two equal arcs EB, B, and through Z let
ZH be drawn allel to AB, and let AE be joined.
I say that ZH, HA are two mean proportionals
between 'H, HO,

For let ER be drawn through E parallel to AB;

medes and to Apollonius. Diocles must therefore have
flourished later than these geometers. [t appenrs nlso, from
nllusions in Proclus's mmlnrmun Eucl. i., that the curve
known to Geminus as the was none other than the
curve here described and used bi: Dioeles for finding two
mean propartionals, though the identification is not certain
Ssne Loria, Ly acienze sxatie nell" antica Grecia, pp. 410415,

feath, H.G. M. i. 264). In that case, Diocles preceded
Geminus, who flourished about 70 ne. 12 is probable there-
fore that Diocles lived towards the end of the second century
or the beginning of the first century .

271



GREEK MATHEMATICS
EK- {oq dpa orlv # pév EK = ZH, 7 8¢ KI' 7
HA. &orai yap robro Sijdov dmé 7of A énl 7a
E, Z émlevybacav edfadv: loar yap yivovra
al me TAE, ZAA, xal dplal al mpés Tois K, H-
kai mdvra dpa maow S 70 v AE 1 AZ lonw
elvai: xal Aowm) dpa 5 TK 7fj HA lom doriv.
2rel oty dorw, s % AK mpos KE, 4 AH mpés
HO, a\\' s 7 AK mpis KE, 7 EK mpos KI'-
péom yap dvddoyor 7 EK raw AK, KI': ds dpa
# AK mpds KE xal % EK mpés KI', ovrws 7 AH
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EK will therefore be equal to ZH, and KT" to HA;
this will be clear if straight lines are drawn joining

A

A to E, Z; for the les T'AE, ZAA are equal,
and the angles at K, H are right; and therefore,
since AE=AZ, all things will be equal to all; and
therefore the remaining element I'K is equal to HA,

Now since
AK : EE=AH : HB,

but AK : KE=EK : KT' (for EK is a
mean proportional between AK, KIN),

therefore AK : KE=EK : KI'=AH : HO.
YOL. I T 2748
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mpds HO. wal dorw o 7 pév AK 73 I'H, 7 ¢
KE i ZH, % 8¢ KI' 7j HA ds dpa ) TH mpos
HZ, # ZH mpds HA xal 5) AH mpos HO. div &y
map’ éxdrepa Tob B Andbdow mepupépent loas al
MB, BN, xal 8ia pév tof N mapd\ndos dxfy i
AB 1::- NE, émlevxly 8¢ 5 AM, éoovrar malw Tdv
I'E, E0 péoar dvddoyor ai NE, EA. mAadvew
ofy obrws xal ouwex@v mapadijdav éxfinbeadv
perafd Tav B, A xal tais dwodapfavopévars
o' adrdv mepupepeiars mpos 7@ B lowv releody
dmd o0 B dis émi 70 I xail émi 7a yovdpeva anpueia
emlevybleiodr elfadv dmé Toi A, ds 7av duoiew
raly AE, AM, ruybhjoorrar al mapddinoc al
perafd rav B, A wxard Toa onpea, émi Tis
npoxeipdims xaraypadis ta 0, 0, éd' & xavovos
rapaliéons émleifavres edlelas Efopev wataye
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And AK=TH, KE=ZH, KI'=HA ;

therefore I'H:HZ=ZH : HA=AH : HO.

If then on either side of B there be cut off equal arcs
MB, BN, and NZ be drawn through N parallel to AB,
and AM be joined, NE, EA, will again be mean pro-
portionals between I'E, EO. If in this way more
parallels are drawn continually between B, A, and
ares equal to the ares cut off between them and B are
marked off from B in the direction of I', and straight
lines are drawn from A to the points so obtained,
such as AE, AM, the parallels between B and A will
be cut in eertain points, such as O, 8 in the accom-
panying figure. Joining these points with straight
lines by applying a ruler we shall describe in the
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,'.:Ffl-'rj & KUkAm Twa ypapudy, € T

.lmjrﬂn Tllxnl?iu ptwv@xm o’ m.'m:ll mapdAnos

i AB, éorar 7) dybeioa xal 7 dmodapfavo-

W aun;s* dmo Tis Owapérpov mpis T A

THY TE aﬂa?mpﬁmp.ﬂn]g '

ﬂﬁw -mﬂ TS Mwmn mpds 7@ T oqpuely Kai

Toi ,t-:f,nnus alrijs 7ol dmo Tol €v TH YPappl
a7 cwu émt i I'A Sudperpor.

otrwy mpokareoxevaopdvwy EoTwoay ai Bo-

= Lit. * line.”" It is noteworthy that Diocles, or Eutocius,
conceived the curve as made up of an indefinite number of

A

small straight lines, & typical Greek conception which has
all the power of a theory of infinitesimals while avoiding its
lllﬂml fallacies. The Greeks were never so modern as in

The curve described by Diocles has two branches, sym-
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circle a certain curve,® and if on this any point be
taken at random, and through it a straight line be
drawn parallel to AB, the line so drawn and the
portion of the diameter cut off by it in the direction
of A will be mean proportionals between the portion
of the diameter cut off by it in the direction of the
point I' and the part of the parallel itself between the
point on the curve and the diameter I'A.

With this preliminary construction, let the two

E

hr
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Ocigas 8o edfetar, div Sel Bvo ploas _dvddoyoy
elpeiv, ai A, B, kai éorer xindos, év & i 3m—~
perpot '.-rpos- npﬂus- an}.ms' al A, EZ, mn
v abrg) ) Sid Tdv ouvexdv ampuelny
'}rpup s cus' :rpunpqrm, ﬁDZ Kal yeyovéTw,
A wpag 'rﬁ B, 4 FH mpos HK, xai em-
ion 5 'K xai cx,ﬁ'}.qﬂcm TepvéTew TV
papuﬂv mﬂ; 76 B, xal S 7ob E] 7 EZ mapdl-
In?su; e 7 AM dur dpa -ru mpoyeypapeva
R .-"'L'@ pieoai u'.va'.?l.oyov elow af MA, AA,
m:.l émel dotw, r.u;-tlz T'A wpos A®, offrws 1} FH
mpis HK, wsﬁe“r} HK,oums“r'_lA
v B, dav & 75 adrd p rais A, AM, J{MS
AG wapfpﬁalmm ;u’cm.g rav A, B, de ds N,

E, éoovru eidnupévar Tdv A, B ;.u’crm dvdAoyov
ai N, E- omep &der elpeiv.

Ibid. 78, 13-80, 24
'0s Mévasypos

"Eorwoay al Sofelon 8o edfeim of A, E- Bel
& vdaw A, E 8do péoas ﬂ’.ll'ﬂo}urr fﬁpei'v.

I Tw, xal éorwear of B, T, n:m estmﬂm
ﬂcu’ﬂ evfleia 7 AH wm:pnapévq ware o A, m:u
wpﬂ;ﬂu AmTi i welollw 5 AZ, miixﬂm mpos
apﬂug 7 Z0O, xai 77 B oy weloflw 7 £O. émel

olv Tpeis edfleim uvuhnynv ai A, E I ixo :’mu
rav A, T' loor édori 76 mraﬁ;:B w&pﬂt

meirical about the dinmeter CI) in the accompanying

and procecding to infinity. There is a0 cusp at C an
tangent to the cirele at D is an 11}1“ tote.  If OC is the u;u
of =, and OA the axis of v, whi radius of the circle is
@, then by definition the El.r‘l:ﬂnﬂ equation of the curve is
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given straight lines, between which it is required to
find two mean proportionals, be A, B, and let there be
a circle in which T'A, EZ are two diameters at right
angles to each other, and let there be drawn in it
through the successive points a curve ABDZ, in the
aforesaid manner, and let A : B=TH : HK, and let
T', K be joined, and let the straight line joining them
be produced so as to cut the line in B, and through &
let AM be drawn parallel to EZ ; therefore by what
has been written previously MA, AA are mean pro-
portionals between I'A, AD. And since I'A : AB=
I'H : HK and TH : HE = A : B, if between A, B we
place means N, E in the same ratio as I'A, AM, A4,
A6.2 then N, E will be mean proportionals between
A, B : which was to be found.

Ibid. T8. 13-80. 24
fiv.) The Solutions of Menaechmus

Let the two given straight lines be A, E ; it is re-
quired to find two mean proportionals between A, E.

Assume it done, and let the means be B, I', and let
there be placed in position a straight line AH, with an
end point A, and at A let AZ be placed equal to T,
and let Z6 be drawn at right angles n.ndqict Z6) be
equal to B,  Since the three straight lines A, B, I are
in proportion, A.I'=B*; therefore the rectangle com-

atx A=
e =— or ¥ (@4 x)=(a- =)
ey o (s a)=(o- P
The curve was called by the Greeks the eissoid (covondns
ypapgrf) because the portion within the circle reminded them
of a leaf of ivy (xuoes).
® fo, 0f we take TA:AM=A:N, AM: AA=N:E and
Ad:AB=E:B,
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dofleloms Tijs A xal ijs T, rovréor wijs AZ, loov
éarl 7@ awo Tis B, rovrdon G dmé Tis ZO.
émi mapafolijs dpa 70 O 8w Tof A yeypappdims.
Txfwoay mapddinlor al OK, AK. xal émel Soliév
7o bwo B, I—laov ydp dore 7% dmé A, E—Solliéy
dpa kai 7o mo KOZ. éni dmepfodfs dpa 70 O
év dovpmrwrots Tais KA, AZ. 8Sofiv dpa w6 ©-
dore xal 76 Z.

Lwrethjoerar &) ofrws. forwoav al pév So-
Oeigar ebfeiar ol A, E, 7 8¢ vff 0éver 4 AH me-
wepaguévy kori 76 A, wal yeypddfow Sid Tof A
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prehended by the given straight line A and the
straight line T', that is, AZ, is equal to the square on

A

B
E
E
K 2]
A ¥ H

B, that is, to the square on Z0, Therefore O {5 on
a parabola drawn through A. Let the parallels OK,
AK be drawn. Then since the rectangle B, I is given
—for it is equal to the rectangle A . E—the rectangle
KO .0Z is given. The point @ is therefore on a
hyperbola with asymptotes KA, AZ. Therefore 8
is given ; and so also is Z,

t the synthesis be made in this manner, Let the
given straight lines be A, E, let AH be a straight line
given in position with an end point at A, and let
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wapafoXi), s dfwr pév 7} AH, dpfia 8¢ 7of eldovs
mAevpd ) A, al 8¢ xaraydpevar éni mp AH &
apffi yavin Svwdefwoar Tda mapd Ty A mapa-
kelpeva ywpla whdry Eyovra rds dmodauSavo-
pévas dn" abréwv mpos TH A onpelp. yeypidlfo
kal éorw 1) AP, kat dpth) § AK, xal év dovpmrrdros
rats KA, AZ yeppddliw drepfods), ad’ s al mapa
7as KA, AZ dyfleivar moujoovow 76 ywplov igov
(g tmoe A, E- repet &) iy wapafolajy. Tepvérw
xara 70 O, wal xdferor fyxbwoar al OK, OZ.
emel odv 10 dmo ZO loov dori @ dmo A, AZ,
forwe, ais ) A mpos v 20, § OZ =mpos ZA.
mdhy, émel 18 Omo A, E loov dovl 74 dmd OZA,
dorwv, s 1) A mpos Ty 20, 4 ZA mpos T E.
dM\’ s ) A wpis mpv 40, v L0 wpos LA- xai
ws dpa ) A wpos mv Z0, 4 Z0O mpos ZA kal 1)
ZA mpos E. xeloflw i pév OZ loy 5§ B, 77 8¢
AZ fomq 7 I'. €orw dpa, as 5§ A mpos i B, 4
Bapos mjpp T wal § T wpés E. al A, B, I, E

dpa €fis avddoydv elow- Smep €der edpeiv.
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there be drawn through A a parabola whose axis is
AH, and latus recfwom A, and let the squares of the
ordinates drawn at right angles to AH be equal to
the areas applied to A having as their sides the

ight lines cut off by them towards A. Let it be
drawn, and let it be A6, and let AK be perpendicular
[to AH], and in the asymptotes KA, A7 let there
be drawn a hyperbola, that the straight lines
drawn pnrn!lt:f to K&, AZ will make an area equal
to the rectangle comprehended by A, E. Tt will
then cut the parabola. Let it cut at ©, and let
OK, 8Z be drawn perpendicular.  Since then

Zer=A . AZ,
it follows that
A:ZD=0% :ZA,
Again, since A.E=0Z.ZA,
it follows that

A:FO=FA:E.
But A:Z0=28:ZA,
Therefore A : Z80=20 : ZA=FA: E.

Let B be placed equal to 8%, and T' equal to AZ.
It follows that
AtB=RB:T'=1:E
A, B, I', E are therefore in continuons proportion ;
which was to be found.®

8 If a, x, . b are In continuous proportion,
a =
= .i-—i. and #*=ay, y*=>br, ry=ab,

Thercfore &, ¥ may be determined as the lntﬁmcﬂc;n of
the parubola y* =&z and the hyperbola sy =ab. This is the
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Ibid. 84. 12-88. 2

*H "Apyirov etpnois, s Eddmuos {oropel
"Eorwoar al Solfleioae 8o edfeimt af AA, T

det on vaw AN, T Bvo péoas deddoyor elpeiv.
Peypddliw mept iy pellove v AA xikdos
o ABAZ, xat mj I lon évnpudofies 4 AB wai éxfiy-
fetoa qupmrrérw Tf awo toll A dfamroudy Tol
wikdov xara 1o Il, mapa 8¢ i MMAD Ay 4

analyticnl expression of the solution given abowve, where
E=a and A=8# Mennechmus gave a second solution,

need by Eotocing, determining @, v as the intersection
of the parabolas =* =ay, y* =be,

This Is the earliest known use of conie sections in the
history of Greek mathematics, and Menaechmus is accord-
ingly credited with their discovery.  But the names parabola
and hyperbola were not used him; they are due to
Apollonins ;3 Menaechmus would have them, with
Archimedes, sections of a right-angled and obtuse-angled
COE.

From the equations given above it follows that
2y - br-ay=0
Is a cirele passing throngh the points common to the parabolas
S=ay, y*=bz.

It follows that =, ¥ may be determined by the intersection
of this circle with the hyperbola zy =ab.

This is, In effect, the proof given by Heron, Philon and
Apollonius.  For, in the figure on_p. 260, if AZ, AE are the
Eﬂ-n&dr:ﬂn:te axes, tB=nhBI'-b,rthm&z*+ yi-br—ay=0 is

passing through A, B, I, and xy=ab is the hy
bola having AZ, AE as asymptotes and passing through Eﬂ'
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Itid. 84, 19-84. 9
(v.) The Solution of Archytas, according to Eudemus

Let the two given straight lines be AA, I'; it is
required to two mean proportionals between

Let the cirele ABAZ be described about the greater
straight line AA, and let AB be inserted equal to I and
let it be produced so as to meet at IT the tangent to
the circle at A, Let BEZ be drawn parallel to ITAO,
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BEZ, xal verorjobuw duxvdivipioy opldv émi 7ol
ABA sfuwcuichiov, éni 8¢ tiis AA sjpuxiichior dpliow
& 75 7ob Husvhwbplov mapalmdoypd Kei-
pevov: Tobto b1 T0 fpudihiov meplaydperor ws
dmé o0 A éml 0 B pdvovros vof A wéparos Tijs
Swapérpov Tepel TV svldpiciy émgpdvewy e
i mepiaywy]) Kal ypdfer & abrj ypauTy T,
e &€, dav TS pevovams o ATIA Tplyawvor
meplevexli Ty évavriov 7@ Pusvkdin kimow,
xwwity woujoe empdvaar 77 All £$ﬂfg, 7 &)
memayopdrm oupfale 73] kuvBper ypappfj ke
Tt anpeiov- dpa 8¢ kal To B mepiypdiiec quusikdior
év 14 Tol kawvov émpavela. Eyérw by béow KT
Tov Tdmor THS CUNTTAOCWS TGV PPApEr TO pEV
rwolpevoy fpuxdihor ds Ty Tod AKA, 70 ;
dvrimepurydpevoy Tplywvor v 7ol AAA, 1o B¢
riis elpquéims aupmrdoews onueioy forw o K,
dorw B¢ xal Bid o B ypadduevor fuucixhor 16
BMZ, va% Bé atrob Topt) kel Toi BAZA xixdov
foT BZ, kai amé 7oi K émi 76 7oi BAA
fpuxviAlov émimedov wdfleros Tjxbw: weoeirar o)
émt Ty 7ol wikdov mepupéperay Sud To dpbdv
dorrdvar Tov xudadpor. mmréTw Kal fore 7 K,
kai % awo 7ob | éml 76 A émlevyfeioa ovpfadérw
i BZ xard 76 0, ) 8¢ AA 76 BMZ fjpesconcdion
xara 7o M, émelaiyfwoar 6¢ kai ai KA, MI, MG.
émei ofv éxdrepov Tav AKA, BMZ speucundiow
oplidy éomi wpos T dmokelpevor émimedov, Kkal 1)
Koun) .i:pa atrdy Topt 1) MO mpds dpllas dore 70
Toi Kkioxdov Eémmédw: wore wal mwpos T BL

dpl éorw ) MO. 7o dpa dmo Tdv BOZ, Tou-
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and let a right half-cylinder be conceived upon the
semicirele ABA, and on AA a right scmicimf: lying
in the parallelogram of the half-cylinder. When this
semicirele is moved about from A to B, the end point
A of the diameter remaining fixed, it will cut the
eylindrical surface in its motion and will describe in it
a certain curve, Again, if AA be kept stationary and
the triangle AIIA be moved about with an opposite
motion to that of the semicirele, it will make a conie
surface by means of the straight line ATI, which in its
motion will meet the curve on the eylinder in a certain
point ; at the same time B will deseribe a semicircle
on the surface of the cone, Corresponding to the
point in which the curves meet let the moving semi-
cirele take up a position A’KA* and the triangle
moved in the opposite direction a position AAA ;
let the point of the aforesaid meeting be K, and let
BMZ be the semicircle deseribed through B, and let
BZ be the section common to it and the cirele BAZA,
and let there be drawn from K a perpendicular upon
the plane of the semicircle BAA; it will fall upon
the eireumference of the circle because the cvlinder
is right. Let it fall, and let it be KI, and let the
straight line joining I to A mect BZ in ©; let AA
meet the semicircle BMZ in M, and let KA, MI, M8
be joined, Therefore since each of the semicireles
A'KA, BMZ is at right angles to the underlying
plane, their common section M6 is also at right angles
to the plane of the circle ; so that MO is also at right
angles to BZ. Therefore the rectangle contained by

* In the text and figure of the a5, the same letter is used
to indicate the initial and final positions of A; for von-
venience they are distinguished in the figure and translation
as &, A% It would make the figure easier to grasp if A eoald
be written I1° (for A is the final position of 1),
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méore 76 Yo ABI, loov éori 7§ dmws MO- uoiow
dpa éovi 76 AMI rplywror éxarépw 7av MIO,
MA®, xal 8p8%) 4 omd IMA. Zorw 8¢ xal 4 S
AKA dpbhj. mapdAndoc dpa eloly af KA, MI,
xai €orar dvdloyov, ds 7 AA mpos AK, Tovréorw
7 KA mpés Al obrws 7) 1A mpés AM, 8id v
dpordTyTa Tév Tpwywvwy. téavapes dpa al AA,
AK, Al, AM é&js dvddoyéy elow. Kal dorw ]
AM foq ) T, émel kal 7jj AB- 8do dpa Sofciadv
viv AA, T' 8o péowe dvddoyov ndpmprrar af AK,
AL

* The above solution is a remarkable achievement when it
Is remembered that Archytas flourished in the first half of
the fourth century w.c., at which time Greek geomelry was
still in §ts infancy. It s quite easy, however, for us to repre-
sent the solution analytically. [F AA is taken as the axis
of 2, the perpendicular to AA at A in the plane of the paper
as the axis of y, and the perpendicular to these lines as the
axis of z, and if AA=a, I'=4, then the point K is determined
as the Intersection of the following three curves :

{1) The eylinder i =an,

(2) the curve formed by the motion of the half-cirele about A
(a tore of inner dismeter nil)

ity +l=ay/iT i,

(3) the cone :‘+y’+z‘=:::'.
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BO), OZ, which is the same as the rectangle contained
by A8, 61, is equal to the square on MB ; therefore
the triangle AMI is similar to each of the triangles
MIa, M-i%, and the angle IMA is right. The le
A’KA is alse right. Therefore KA’, MI are 1,
and owing to the similarity of the triangles the
following proportion holds :

A'A - AK=KA : AlI=IA : AM.

Therefore the four straight lines AA, AK, Al, AM
are in continuous proportion. And AM is equal to I,
since it is equal to AB; therefore to the two given
straight lines AA, I', two mean proportionals, AK,
Al, have been found o

Since K is the point of intersection,
AK =/ 52 Al=/F 7
From (2) it follows directly that
AR =g, AT
‘4 a  AK
L& 59 A_REH.
From (1) and (3) it follows that
=-+,'+z=-§’-'—'£—,’—':'—'
=+
o yETpTR=ty
]
., AK=%
AK Al
& ) Ea 3
> | W VR AT
SEAR T AT TR
and AK, Al are mean proportionals between a and k.
YOL. 1 u 280
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Ibid. 88, 3-06. 27
Qs "Eparoofiéms . . .

Aebdafwaar Bvo amoor edffeioi, dv 3ef Sto
péoas dvdloyov elpely év tuveyel dvadoyla, al
AE, AP, xal xelofw éml Twos edfelas 7is EO
A ‘A 1

E Z H 8

wpos dpflas 7 AE, xal énl miis EB 7pla ovveordro
napadnAoypappa dbefis va AZ, ZI, 10, xal
ixbwoay Sudperpor év adrois ol AZ, AH, 10-
coovrac &7 adrar mapdAndor. i.u‘wwas' &) Toi
péoov mapalndoypdppoy roi Z1 ewwwolirw 6
pév AZ émdvw Toil péoov, 16 8¢ 10 dmordrw,
xafldmep émi 7o Bevrépov oyfuaros, éws of
;c":rrrm md A, B, I, A kar' edfleiar, xal Sujybe

6 riv A, B, T, A onuelav edfeia xai oupL-
marérw i EB e’fcﬁ:‘.r?ﬁ:iuﬂ wara 76 K- dorar 51,
ws 1) AK mpos KB, év piv rais AE, ZB mapal-
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Ibid. 88. 3-06. 27 *
(vi.) The Solution of Eratosthener . . ,

Let there be given two unequal straight lines AE,
AB between which it is required to find two mean
proportionals in continued proportion, and let AE be
placed at right angles to the straight line EO,and upon
EO let there be erccted three successive parallelo-
grams ® AZ, ZI, 16, and let the diagonals AZ, AH, 10
be drawn therein ; these will be parallel. While the
middle parallelogram ZI remains stationary, let the
other two approach each other, AZ above the middle
one, 18 below it, as in the second figure,® until A, B,
I’ Alie along a straight line, and let a straight line be
drawn through the points A, B, I', A, and let it meet
E6 produced in K ; it will follow that in the parallels
AE, ZB

AK : KB=EK : KZ

* This is the letter falsely purporting to be by Eratosthenes of
which the ning hasa MH elted, supra, pp, 256-261,
The extract here given (8 « + ) starts in Heiberg's
text at 90. 30. Eratosthenes' solution Is given, with varia-
tions, by Pappus, Collection 1L 7, ed. Hulisch 56, 18-58, 22,

! Pappus says triangles in his account; it makes no

erence,

* See p. 204.
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Midos §) EK mpos KZ, & 8¢ raic AZ, BH mapal-
Mjdots v} ZK mpos KH. ds dpa ) AK mpas KB,
7 EK mpés KZ wal ) KZ npos KH. mdAw, émel
¢orwv, ws ) BK mpos KI', év pdv rais BZ, TH
mapaddijdos 7§ ZK =pds KH, & 8¢ vais BH, I'O
mapaddijdois 7§ HK mpos KB, dis dpa 4 BK mpds
KT, 75 ZK mpos KH wal 4§ HK mpds KO. &AN dis
7 ZK mpos KH, 5 EK mpos KZ- kal ds dpa 4 EK
mpos KZ, 4 ZK mpos KH xal 4§ HK mpos KO.
AN dis 1) EK mpos KZ, 7 AE =pés BZ, s 62
ZK mpis KH, ) BZ mpés T'H, s 8¢ 4 HK mpos
KO, 7 I'H mpés AO- xal s dpa 7 AE mpés BZ,
7 BZ npés TH kal 4 TH mpés AO. nipprra
dpa vav AE, A 8do péoas 5] 7e BZ xai 4 'H.

Tatra ofv énl viv yewperpovpévay émbaveidr
dmodéBeucrar- lva B¢ xal dpyannds Svvdpela Tis
8o péoas Aapfdvew, Samjyvvrar mAulliov Edlwor
i) eepdvrvor 7 yalrcobv éxov Tpels mwaxioxovs
toovs ds Aemrordrous, div & pév péoos évippoorae,
ol 8¢ Bdo émworol elow & yoldBpais, Tois B¢ e-
yébeow rai rais oupperplas dis Exagror davrobs
melflovow: Ta pév yap Tis anodeifews douvrws
ovvredeitar: wpos 8¢ 10 axpiPéorepor AapBiveatar
Tas ypappds dlorexpréov, va év 79 ovvdyeatias
Tols mwarioxovs wapiMple Saudy wdita kal
doyaora xai dpalds ovvamrdpera dA\jAocs.

"Ev 8¢ 7§ dvafhjpare 70 pév dpyavucéy yadxoiv
éorwv wal walijppoorar On’ abmiy T oTepdimy
s oTidys mpoopepoduBioyonudvor, i adroi B
1) dmodeifis owvropditepor dpalopdn kal 76 oyipa,
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and in the parallels AZ, BH
AK : KB=ZK : KH.

Therefore AK:EB=EK:KZ=KZ:KH.

Again, gince in the parallels BZ, 'H
BK : KI'=ZK : KH
and in the parallels BH, '
BE : KI'=HK : K8,
therefore BK : KI'=ZK : KH=HK : K@,
But ZK : KH=EK : KZ, and therefore
EK : KZ=ZK : KH=HK : K®,
But EK : KZ=AE : BZ, ZK : KH =BZ : ',
HK : K8 =1H : A0,
Therefore AE:BZ=BZ:TH=TH : AB,

Therefore between AE, AD two means, BZ, TH,
have been found.

Such is the demonstration on geometrical sur-
faces ; and in order that we may find the two means
mechanically, a board of w or ivory or bronze
is pierced through, having on it three equal tablets,
as smooth as possible, of which the midmost is fixed
and the two outside run in grooves, their sizes and
proportions being a matter of individual choice—for
the proof is accomplished in the same manner; in
order that the lines may be found with the greatest
accuracy, the instrument must be skilfully made, so
that when the tablets are moved everything remains
parallel, smoothly fitting without a gap.

In the votive gift the instrument is of bronze and is
fastened on with lead close under the crown of the
pillar, and bereath it is a shortened form of the proof
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per’ adrd B¢ dmlypappa. dmoyeypidbe ol ao
xal rabra, (va g5 xal ds & 76 dvabjpar. Tdv
8¢ Bo oxmudrwy 76 devTepov yéypamrat ev 7] ariAy.

* Avo riw doflaody edfedv o péoas u.w’).zE#
elpeiv év auveyel dvadopln. Beddofwoar ai AE,
AB. owvwdyw &7 Tobs év Tl Spydre wivaxas, s
av xar evlleiar pdmTar ¢ A, B, I', A oqpeia.
voeloflw Bij, ds €yer émi Tob devrépov oyijparos.
éorv dpa, ws ) AK mpos KB, & pév raiz AE,
BZ mapadhijdos 1) EK mpos KZ, &v 8¢ rais AZ,
BH 4 ZK mpos KH+ dis dpa § EK mpos KZ, %

A

I
A
\{
E A H =]

KZ mpés KH. s 8¢ adrar mpos dAX , 7 TE
AE *.rrﬁ BZ kai 7 BZ wpos ﬁ+ d-fﬁmg &é
deifoper, o1t wal, ws 1) ZB mpos TH, 4 TH =pés
AB- avdloyor dpa ol AE, BZ, I'H, ABD. stpprra
dpa B Tav Bollews@y 8do pdour.

"Edv 8¢ af Sofleion p) loar diow Tais AE, AB),
moujoarTes atrals avddoyor Tas AE, AG toirwy
Mpbdpefla ras pdous xal emavoigopev éx' éxeivas,
xai evdpella memourdTes To emraxfev. dav Beé
mAelovs péoas emrayli edpeiv, ael v wAelous
mwakioxovs karaorpoduela év @ dpyaviw Tdw

Aydbnaopévay péowy: 7 3¢ dmddatis 4 abri:
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and the figure, and along with this is an epigram.
These also shall be written below for you, in order that
you may have what is on the votive gift. Of the two
figures, the second is that which is inscribed on the
pillar.®

" Between two given straight lines to find two
means in continuous proportion. Let AE, A6 be the
given straight lines. Then I move the tables in the
instrument until the points A, B, I', A are in the same
straight line. Let this be pictured as in the second
figure. Then AK : KB is equal, in the parallels AE,
BZ, to EK : KZ, and in the parallels AZ, BH to
ZK : KH; therefore EK : KZ=KZ : KH. Now this
is also the ratio AE : BZ and BZ : TH. Similarly we
shall show that ZB : 'H=TH : A8 ; AE, BZ, I'H,
AB are therefore proportional. Between the two
given straight lines two means have therefore been
found.

" If the given straight lines are not equal to AE,
A8, by making AE, AD proportional to them and
taking the means between these and then going back
to the original lines, we shall do what was enjoined.
If it is required to find more means, we shall con-
tinually insert more tables in the instrument aceord-
ing to the number of means to be taken; and the
proof is the same,

* The short proof and e m which follow are presum-
ably the genuine work of Eralosthenes, being tnken from
the votive gift. The reference to the second figure cannot,

however, be genuine as there was only one figure on the votive
offering ; pgupa Betrepor should be omi
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“ El xtfor EE oAiyou Eurlq-awrp dryalle, Tedyenr
dpdlear 7 u-reprﬁv maoay & m"Jl.a éuumr
b #ﬂﬂimm&m rou wdpa, xdv of ye

aipoy 7 xnﬂl.au qﬁpem-m-s Eupu KOs
rﬁg' 1 pémg- ore ﬂp;.mmv dkpots
IIS.' a(WﬂH’ mas‘ aﬂﬁ.‘ W
;.ar;Sé av y' "Apyvren dvoijyave épya muiwﬁpwr
mlx#imw ma}“l}' TRt
S:{m fﬁ ei 71 feovdéos Edbofowo
e Arampbair Aty g
To Yyap v mMWIKESTL LETOYPaf LUpiE TElyols
peld xev €x Tavpov mrﬂpa’vas‘ dpyOEros.
edalwy, Tlrodepaie, marip Sr waibl aum v
mawl', Goa xal Mnﬁu‘m; Kol ,Bcwdwm hida,
airds é&uprquw 76 '8 €& voTepov, oupavu Zeb,
i H cm'mrr éx afjs dvridoeie Yepos.
xai Ta mmm, Aéyor 8¢é Tus diflepn Aevo-
m
roi Kupnralov roiir’ "Eparoofiévens.”

Ibid. B8, 1-T
Qs Nicopsidns &v 7o Iepl woyyoeddv ypappdy

Ppu-gﬁﬂ B¢ xal Nucoprjdns év 7 mytypﬂ;;pi‘vqu
mpos mrmﬁ Iept koyyoedidy ovyypdppart up}-umu
mmrﬂmv Ty almyy amomAnpolvros xpcmr, Eqﬁ
@ Kal pﬁ}ru..?l.a L€V geTOiLEVOs gﬁuws'rm ¢ dwip,
mold 8¢ Tois "Eparocfiédvovs émeyyelav edpijpaoy

* Ur " with a small effort,” Heiberp.

* Perhiaps 5o called hecause there are three muh sections
—of an acute-angled, right-angled and obtuse-angled cone
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" If, good friend, thou thinkest to produce from a
small [cube] ® one double thereof, or duly to cha
any solid figure into another nature, this is in thy
power, and thou canst measure a byre or corn-pit or
the broad basin of a hollow well by this method, when
thou takest between two rulers means converging
with their extreme ends. Do not seek to do the
difficult business of the eylinders of Archytas, or to
cot the cone in the triads * of Mensechmus, or to
produce any such curved form in lines as is deseribed
by the divine Eudoxus.  Indeed, on these tablets thou
couldst easily find a thousand means, beginning from
a small base. Happy art thou, O Ptolemy, a father
who lives his son’s life in all things, in that thou hast
given him such things as are dear to the Muses and
kings; and in the future, O heavenly Zeus, may
he also receive the sceptre from thy hands. May
this prayer be fulfilled, and may anyone seeing this
votive offering say : This is the gift of Eratosthenes
of Cyrene."

Thid. 98, 1-7

(vii.) The Solfution of Nicomedes in his Book
* On Conchoidal Lines " ¢

Nicomedes also deseribes, in the book written by
him On Conchoids, the construction of an instrument
fulfilling the same purpose, upon which it appears
he prided himself exceedingly, greatly deriding the

{ellipse, parabola and hyperbola). If so, this proves that
Menncchmus discovered the ellipse as well as the other two,
# It follows from this extract that Nicomedes was later
than Eratosthenes ; and as Apollonius ealled o certain curve
** sister of the eochloid " (infra, p. 384), he must have heen
younger than Apollonius. He was therefore born about

270 p.c.
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de dumydvols Te dpa kal yewperpueis Efews
€aTepnLivois.

Papp. Coll. iv. 26. 30-28, 43, ed. Hultsch 242, 153-350, 25
ws’. Els 7ov Simdaswaoudy ol wifov mapdyeral
. ms 0md Nuoprjfovs ypapps) wal yéveow Eye
TouatTY,

‘Exxelofw edfeia ) AB, xal adrfj wpds dpflas
1 TAZ, xai eljdbw 7o ompeiov i wis TAZ
doflév 70 E, xal pévovros tob E oquelov &v &
éorw 7imw 1 TAEZ edfeia depdofiw rard rijs
AAB edlleias édcopéim Sia Tof E aquelov ofraws
dare B mavrds dépecfar 76 A énl ris AB
edfeias xal pi exmimrew édopdims tis TAEZ
b roil E. rowdms 8 surjoews yevopdins &4’
éxdrepa davepor ore 7o I ompeiov ypdiber ypappry
ola éoriv §) AT'M, wai forw adrijs 76 ovpmrwpa
Towolirov. we dv edlleta mpoominTy Tis dmd Tob
E onpeiov mpés miy ypappiy, miy dwodapBavo-
pémy peraf Tis e AB cdfelas wal s ATM
ypeppdis oy ebvae 7jj TA edfela- pevodons yap
s AB xai pévovros Tob E oqueiov, Srav yémrac
70 A émi 76 H, 4 TA edfeia 5 HO edapiocer
wat 70 I' onpeior émi 76 O (meoeirad)'- ion dpa
éoriv 9) TA 7j HO. dpolws xal éav répa tis

Y meoeiran add. Hultsch,

* Eutocius to deseribe Nicomedes' solution ;. we
shall give an alternative account by Pappus,
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discoveries of FEratosthenes as impracticable and
lacking in geometrical sense.®
Phppl-l-i. Collection iv, 26, 35-28. 43, ed. Hultsch
242, 15-250, 25

26. For the duplication of the cube a certain line
is drawn by Nicomedes and generated in this way.

Let there be a straight line AB, with 'AZ at right
angles to it, and on I'AZ let there be taken a certain

/ e .
A / B

Elz

given point E, and while the point E remains in the
same position let the straight line TAEZ be drawn
through the point E and moved about the straight
line AAB in such a way that & always moves along
the straight line AB and does not fall beyond it while
I'AEZ is drawn through E. The motion being after
this fashion on either side, it is clear that the point T'
will describe a curve such as AT'M, and its property is
of this nature: when any straight line drawn from
the point E falls upon the curve, the portion cut off
between the straight line AB and the curve AI'M is
equal to the straight line I'A ; for AB is stationary
and the point E fixed, and when A goes to H, the
straight line I'A will coincide with HO and the point
I' will fall upon ©; therefore I'A is equal to HBO,
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dnd rob E onuelov wpos iy ypapiy wpooméo,
::;j; ﬁnqrﬁmp&q'u ﬁn&hﬁ}ﬁgpu‘m;*; xal Tijs :M]
cias Iony woujoer T emedn) Tavry loat

eloty ai wpoomimrovam).! ol 8¢, dmaiv,
7 pév AB edfeia ravdv, 16 8¢ aqpeiov milos,
dudornua 8¢ 5 T'A, énedy) ravm loar eloly al
:rpmlf:;'umn mpos v AT'M  ypappsv, adr)
be 1} ATM ypa i) m"x-iuitaﬁs' mpwTy (fmedn) xal
1) Sevrépa xmi 1{‘ TpiT Kal 7 Ter exrifleras els
alla Bewpijuara ypmoyedovoa).

wl’. "Ore 8¢ dpyavwds divarar ypddeofar
Ypappun xai én' élarrov del ovumopeverar T
Kavow, TouréoTv Om maodyv TOVY Amd Twor
oqpecwy s AT'O ypapuis énl oy AB edfetar
xafléraw peyiorn doriv 4 TA xdferos, del B2 4
épyiov s TA dyopém xdferos s dmdrepor
peilew doriv, wal 6mi, els Tov perald Témov Tob
wavdves kai Tis woyAoebols €dv Tis §j eldfeia,
exBalopéim rp!}&ni-:rem tmo Tis Koydoedoil,
abros drédefer 6 Niwoprdns, xal fueis &v 76 els
76 "Avddppa Mwdapov, piyn reuen T ywviay

pevol, xexprjpeba Ti mpoewpmuédiy ypapuug.

L ﬁ'ﬂi‘i} (erropgas ** tii {
lata ™ del. Hultsch, =N S e

* Let a be the interval or constant intercept between the
curve and the hase, and & the distance from the pole to the
base (EAY, 1f & is l,:f point on the curve, and EQ=r,
L I'EQ =4, then the fundamental equation of the curve s

r=bsee d+a,

If u is measured backiwards from the base towaris the pole,

then another conchoidal figure is obtained on the same side

of the base as the pole, having for its fundamental equation
r=b seo d-a,

This takes three forms acconling ns @ is greater than,
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Similarly, if any other straight line drawn from the
point E falls upon the carve, the portion cut off by the
curve and the straight line AB will make a straight
line equal to 'A.  Now, says he, let the straight line
AB be called the ruler, the ‘mlnt‘[E the pole, I'A the
interval, since the straight lines falling upon the line
A'M are equal to it, and let the curve ATM itself he
called the first eochloidal line (since there are second
and third and fourth cochloids which are useful for
other theorems).

27. Nicomedes himself proved that the curve can
be described mechanically, and that it continually
approaches closer to the ruler—which is equivalent
to saying that of all the perpendiculars drawn from
points on the line AT'® to the straight line AB the

test is the perpendicular TA, while the perpen-
icular drawn nearer to I'A is always greater than
the more remote; he also proved that any straight
line in the space between the ruler and the cochloid
will be cut, when produced, by the cochloid ; and we
used the aforesaid line in the commentary on the
Analemma® of Diodorus when we sought to trisect an

angle,
equal to, or less than & These three forms are probably
the ** second, third and fourth cochloids,” but we have no
direct information. When a@ is greater than &, the curve has
n loop at the Eﬂc: when a equals b, there is o cusp at the

pole ; when a is less than b, there is no double point.

BB el el o e g b
6. ¥ ns it is ca appus, m
a supposed resemblanee to o shell-fish (xdyples).  Later it was
called the conchoid (soyyondis ) the * mussel-like" curve,
¥ Diodorus of Alekandria lived In the time of Cacsar and
is enmmemorated in the Anthology (xiv. 139) as a maker of
.Enmnum. Ptolemy also wrote an dnalemima, whose object
a graphic representation on a plane of parts of the heavenly

sphiere,
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Awd 3 v elpyuédvan davepdv ds dvvardy éorwv
' ywvias Sollelons s s two HAB xal onpelov
éxrds adrijs Toi [ Sudyew i I'H kal mouely v
KH perafd wijs ypapuds xal rijs AB flopv 7jj
Solleloy.

A B/K B
r

"Hyfw xdferos dmd 7ob I' onpelov énl miv AB
9 'O xai éxBefhijofw, xal w7 Sobeloy o forw
7 AG, kal mAw pév 7o T, Suagrijpare 8¢ 7@
doflévri, rovréorw 1§ AG, xavdn 8¢ o AB ye-
ypidfw xoxhoedrs ypaupy mpdm 4 EAH-
ovpfdder dpa 7 AH bid 76 mpoleyfév. ovp-

i kara 76 H, xal émeledyfo 7 TH- oy
dpa kal 7 KH 7 ofeloy.

i’ Twes 8¢ vis ypioews evexa maparifévres
kavdva 7 I' xwoliow atrov, éws dv éx rijs melpas
7 perall dmodapfavopdin Ths AB edfelas xal
s EAH ypapuis loy yémras 4 Bofleloy: rovrov
yap Gvtos TO mpoweipevor €f dpyis Selavra
(Aéyew 8¢ wiflos wiflov Bimddowos elfplowerar).
mporepov 8¢ Bio bollewsdv edfadv Sto péoas xard
70 ouvexés dvdloyor Aapfdvovrai, dv & pév
Nuwcopribns iy xaragkeviy éféflero pdvov, Tueis
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Now by what has been said it is elear that if there
is an angle, such as HAB, and a point I' outside the
angle, it is possible so to draw I'H as to make KH
between the line and AB equal to a given straight
line,

Let I'D be drawn from the point I' perpendicular to
AB and produced to A so that A8 is equal to the
given straight line, and with I' for pole, the given
straight line, that is A6, for interval, and AB for
ruler let the first cochloid EAH be drawn ; then by
what has been said above it will meet AH ; let it meet
itin H, and let I'H be joined ; KH will therefore be
equal to the given straight line.

28. Some people, following [a more convenient]
usage, apply a ruler to I' and move it until by trial
the portion between the straight line AB and the line
EAH becomes equal to the given straight line ; and
when this is done the problem which was posed at the
outset is solved (I mean a eube which is double of
a cube is found). But first two means in continuous
proportion are taken between two given straight lines;
Nicomedes explained only the construction necessary
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8 xal iy dwddedw ddnppdonper T waTaokev)
To¥ TpowoV TobTow,

Aeddobwaay pap o edfeiar ai TA, AA wpds
dplas aAjAass, dv Bel B pdoas dvdloyov KaTi
76 auvexés edpeiv, kal ovpmempiolfin 76 ABI'A
mapalgAdypappov, xai Terpiobe Bdiya ératépa
v AB, BT 7ois A, E onpueiois, xal émleuyfeion

* The proof is given by Eutocius with very few variations
rﬁ. L1046 ) also in lnnuzerlﬁ-lm by Pappes himself

ii. 8, ed. Hultsch 58, 23-62, 13, wi severnl differences), In
ii. # the straight lines are called AT, AA, whereas here
and in the passage from Eutocius the mss, have T'A, AA.
Wherever we have A here, it is reasonnbly certain that
Pappus wrote A, and vice versa.
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for doing this, but we have supplied a proof to the
construction in this manner.

Let® there be given two straight lines I'A, AA at
right angles to each other between which it is required

M
A A
Fa
B E r
I K

z

to find two means in mnﬁ!lluau! roportion, and let
the parallelogram ABI'A be completed, and let each
of the straight lines AB, BI' be bisected at the points

VOL. 1 X 305
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pev 7 AA ¢'K.3¢|EP- aﬂtu wal ou Emméfw PB
éétfi\q&!&rn KoTd To s 7 d¢ BI' mpas
mwpoaﬂcﬁa\nnmq I"quumn]

kal émeleybw 7 ZH xal adrj mapdAnlos. E
I'e, xai }rmpmr.- olions s omo Tav KI'O q-sr
M{mg 7oi Z Enjxﬂw 7 ZOK ﬂﬂmm o T
OK ; AA '!3 i T'Z (roffro yap dis Emmv
fbel Sm ms K ﬁnﬂ.ﬁaug ypnppr;u;] wal éme-
e ﬁ wai wpmn-r{fm fj
AB Jxlﬁ.h]-ﬂ' “"ﬁ xard TO M Ay 71 doriv o5
M* wpos.' KI', 5§ KI' mpas MA, xu.:j} MA =pos

'En-ﬂ BT rérpnros diya 7é E xal mpdoxeiras

abrfi 7 iz;l" Wﬂpﬂﬂﬂoﬁfppmmﬂaﬂérlﬂ
u:rav ﬂ?‘ﬂ.l-" 'rtp dms EK. mwuv wpoa ﬂwﬁtu TO
dand EZ- 16 dpa two BKI' perd +dv dre I'EZ,
W:rﬂ'a'rw Toi :Eﬂﬁ T'Z, toov éoriv ﬂ:ﬁ; amo KEZ,
TovréoTiv TEH ann KZ. xal ﬂrﬂ s 1 "oL"t mpos
AB, 4+ MA 'ITPD',‘ AK, u'.ls & 4 f'al.'\. Tpos a'"aK
oirews 1) BI mpds I'l{ wal ds t: 7 MA mpds
AR, offrws ) BT mpos TK. al éo7u Tijs pstB
ﬁpiﬂ'{m ﬁ AA, 1';]-5‘ de Bl imdfj f§ 'H- €oras dpa
Jtn.iﬁ.n;q MA Trpos' AA, uumsg Hi‘ﬂpos‘KF
g\’ a5 1) HI' mpos T'K, odr 28 ﬂpﬂ; BK
Bud -m;.- wapa)l.h;.luu; ras HZ, FE Kl
apﬂ. ws 7 MA wpa; AA, ZK mpos KO, oy EE
OmoKeLTaL Kl 13 AA @ fk, emei’ wai ] I'Z toy
oriv ) AA" loy dpa xal ) MA &) ZK- loov dpa
xal 76 dwd MA ¢ drd ZR. xal éori 76 pdv dmo
MA loov o dmo BMA perd 7of dmo AA, 70 &¢

! émel . . . AA. Hultsch thinks these words are inter-
polated ; they appear in both other versions.
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A, E respectively, and let AA be joined and produced,
and let it meet I'B produced in H; and let EZ be
drawn at right angles to BI in such a way that I'Z is

ual to AA, and let ZH be joined and parallel toitlet
![2% be drawn, and, since the angle KI'0) is given, from
the %hren point Z let ZOK be so drawn as to make 6K
equal to AA or to I'Z (that this is possible is proved by
the eochloidal line), and let KA be joined and pro-
duced, and let it meet AB produced in M ; Isay that
AT :KDP=KI' : MA=MA : AA,

Since BI' is bisected at E and KI' lies in BI'
produced, therefore

BK . KI' + 'E2=EK®, [Eucl. ii. 6
Let EZ2 be added to both sides.
Therefore BE.KD +T'E: 4+ EZ*=EK? 4+ EZ2,

that is BE . KT+ TZ2=KZ2, [Bucl . 47
And since MA : AB=MA : AK

and MA : AK=BI': TK,

therefore MA : AB=BI" : TK.
And AA=}AB, I'H=28I
Therefore MA : AA=HI": KT

But on aceount of HZ, T'O being parallels,
HI' : TK=Z0 : BK.,
Therefore, compounding,
MA : AA=ZK : KB,
But by hypothesis AA=OK, since I'Z=AA;

therefore MA=ZK :
therefore MAY=ZK?,
And MA®*= BM . MA +AA2 [Eut.'L ii. 6

so7
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dmo ZK foov i&iﬂ 76 ¢md BKI' perd 7of dmd

ZI', dv 70 amo lmwr aﬂnFZ[uﬂyﬂp
draxerTal 1} AA ['Z_!
BMA 7§ imd BK-'F s ri'pu 7 HE m BK

I'K = Mﬁ. a\ s 7 BM = J".
wpos 'K e t:pcl. AT ﬂp&; I'K, ) TK :'rp-us‘ ﬁM
dori 3: wal s ":l wpuc BK, M.n"h mpos M'
muws' npa'lﬁ Al mpos TK, 4 r mpos ﬁ.M Kai
71 AM mpos AA.

2. SQUARING OF THE CIRCLE
(a) GExNERAL
Plat. De Exil. 17, 607x, ¥
'ﬁ.tﬁptmu [ dvﬁew aqf-mpﬂfm TOTOS -
ovlay, wWomep m}ﬁ uptn;u-r ol gﬁpmﬂ]uw aA\’

Avafaydpas pév & TH Seopermpin Tiv Tob
wiwdov Terpayanoudy dypade.

Aristoph. Aves 1001-1005
METAON. [ pootlels odv &y
wov wawdy' dvwler Tovrovi Tov kaumdlow,
n-ﬁu-; Smﬁ:;m;-uv-—pm-&nm;, MEIZBETAIPOS.
oty parlidew.
METAON. ﬂpﬂq.l pETpoW Kavow paa-nﬂ:w. tva
wtindos

ral cot Terpdywvos.

% This reference shows the popularity of the lem of
squaring the circle in 414 nc., when the Hirds was ﬂni
produced. Melon, who is here burlesqued, is the
astronomer who aboul eighteen yesrs earlier had fou
after any period of 6040 days (a Ilulzm-nrnh'mb::nldar
808
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and it was proved that
ZK=BK.KI'+ZI?,
and here  I'Z%=AA? (for by hypothesis AA=T7) ;
therefore BM .MA=BK .KT;
therefore MB : BK=TK : MA. [Eucl. vi. 16

But BM : BK=AI':T'K ;
therefore AT :TK=TK : AM.
And MB:BK=DMA : AA;

and therefore AT : TK=TK : AM=AM : AA.

2. SQUARING OF THE CIRCLE
{a) GENERAL
Plutarch, On Erile 17, 807k, ¥

There is no place that can take away the happi-
ness of a man, nor yet his virtue or wisdom.
Anaxagoras, indeed, wrote on the squaring of the
circle while in the prison.

Aristophanes, Birds 1001-1005 *

Merox. So then applying here my flexible rod, and
there my compass—you understand ? PrisTne-
Tamos. 1 don't

Merox. With the straight rod 1 measure so that
the circle may become a square for you.

years) the sun and moon occupy the same relative positions
ns at the beginning, and had just built a water-clock worled
by water from a neigh spring on the Colonus in
the Athenian Agorn.  Actually, Meton made no eontribu-
tion to squaring the circle: all he seems to be represented as

doing is to divide the circle into four quadrants by two
diameters at right angles.
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(B) Arproxmvation sy Porveoxs

(i.) Antiphon
Aristot. Phys. A 2, 185 a 1417

"Apa 8 obde Mew dravra mpomike, dAN' 7 Soa
€x rdv dpydv Tis émbBenards edderar, Goa B¢ pi,
od, olov Tiv Terpaywwousy Tiv pdv Sk Taw
TENpATWY yewperpuol Swddoar, oy 8¢ 'Avre-
$divros ol yewperpinob.

Them, in Phys. A 2 (Aristot. 185 a 14), ed. Schenkl
3304 T

"Emel xal 7a Pevdoypadnjpara Soa pdv od@le
Tas yewperpinds brolives Avréov T@ yewpdrpy,
Goa 8¢ pdyeras mpos éxelvas, maparyréov, olow

* Antiphon was an Athenian sophist conbem with
p ph porary

* The comments of Themistius, Philoponus and Simplicius
on this passage are of t importance in the history of
Greek geometry. All three agree (Simplicius with a re-
servation) that * the quadratare by means of segments " is
to be aseribed to Hippocrates of Cim Simplicius's repro-
duction of the passage in Fudemus's Histary of Geomatry
which Mhmufnﬂﬂmmmﬂ by Hi has
already been given (supra, pp. 253). The quadra-
tures there contain no fallacy. What then is the
fallacy with which Aristotle and the commentators charge
Hi les? It is most probably an alleged assumption
by Hippocrates that because he had squared a particular
lune in each of three kinds, he had squared al of
lunes; and, as he bad also squared & figure const of a
lnne and a circle, that he squared circle.  In foct,
the hatimnﬁuln:ld lm wuh:nl: of a kﬂ“whhhl}& ht?:]
previons 1l s 50 nd not ¥ squ e

{u:%!d Hippocrates think that he had squared the
¥ There is no renson to suppose that he so thought, and
it Is extremely unlikely that a mathematician of his calibre
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(b) Areroxmation av Povveons
(i.) Antiphon®
Aristotle, Phyrics A 2, 1850 14-17

At the same time it is not convenient to refute
everything, but only false demonstrations starting
from the fundamental principles, and otherwise not ;
thus it is the business of the geometer to refute the
quadrature by means of segments, but it is not the
business of the geometer to refute that of Antiphon.®

Themistius, Commentary on Arisfotle’s Physics A 2
{185 & 14), ed. Schenk] 3. 304, 7

Tor such false arguments as preserve the geo-
metrical hypotheses are to be refuted by geometry,
but such as conflict with them are to be left alone.

pould be so deluded.  Hetberg (Philol. xliii. 356-344) thinks
that in the then state of logic he may have thought he had
uared the eirele. BjGrnbo (in {’luly-WEswwn. Real-
neyclopddie, xvil. 1787-1799) thinks he knew perfectly well
what he had done, but used ln caleulated to give the
impression that he had squared the cirele.  Both suggestions
are highly improbable. Heath (H.G.M. L. 197) prefers to
think that Hippocrates was trying to put what he had dis-
ﬁmrnd Iﬂéhaghm?ﬂ fu::u"h;t H!Ight. Rm-‘i [1&:&&!4‘!
yrics, p. of opinion t ppocrates sin roved
his quadratures of lunes and the sum mlum nn gir]:k no
doubt in the hope of ultimatcly squaring the cirele, but
without any claim to have done so. his appears the
best view. Aristotle has misunderstood what Hippocrates
claimed to have done, et :
rpfuara means * segments,” a not properly used
of ** lunes,”” but mathematical terminology was fﬁl"ﬂ in
Aristotle’s time, and rpfpe may have been used to denote
any portion :utnutofpncitﬂh In De Casle 1. 8, 200 a 4,
Athnﬂ:uulttudmuten“ sector.”
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Bo Twis wikdov émyepioavres rerpaywvilew
‘lsmoxpdrys Te & Xios xal & Avridaw, wov pév
obv 'lmmoxpdrovs Auréor. Tas yip dpyas dvddrray
napadoyileras 76 povov pdv éxeivov oy pmviorov
Terpaywvioar G5 ypdderas mepi Tiv ToU Terpa-
Tt;lﬁ mAevpdy 7ol eis Tov xindov dyypadopdvon,
mdvra' 8¢ pnviowov oldy e Terpayawilew Aafeiv
els' amédety, mpos Avmiddvra B¢ odker dv &
Myew & yewpérpns, bs dyypddeoy Tpiyamov lad-
mhevpoy els Tov Kukdov kal &' exdors Taw
whevpiv  Erepov  loooxes aumards mpds T
mepupepein Tob xikdov xal Tofro édelils mowdv
@erd mote dpapudoew rob redevraiov Tpiydwou
v whevpav edbeiav odoar 77 wepubepela.
Simpl. én Phyr. A 2 (Aristot. 185 a 14), ed. Diels
« 2055, 24

'O B¢ "Avmidan ypd'jﬁug xindov evdypapé T
Xwpiov €is abrov molvywvov Tav éyypddeatia
dvvapdvwy, fotw 8¢ el Tiyou Terpdyewor 7o

fvov. . . . kal Sfjdov St 7

mapd Tas yewperpueds dpyas yéyover oty s o
'&fﬂﬁpﬁ; W: " T ﬁwﬂr&%’:‘m p&pu’é yew-
péTpys 76 Tov kbkdov riis edflelas xard onpeior
dnreaflas ds dpxjv, 6 B¢ "Avridin draipel roiro.”
od ydp Umoriferar & yewpérpne Toiiro, dAX® dmo-
Seixyvow abrd & 7@ Tpirw BiPMw. dpewov obv

Yedera ., . oely: a locons in the text is satisfactorily

filled, ns Schenkl notes, if these words are supplied from
Simplicius,

* Accounts differ about Antiphon's procedure, but it
makes no difference to the result, which I; to get & regular
polygon approaching the circle as its limit.  Themistius was
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Examples are given by two men who tried to square
the circle, Hippocrates of Chios and Antiphon. The
attempt of Hippocrates is to be refuted.  For, while
preserving the principles, he commits a paralogi
bﬂ' squaring only that lune which is deseribed aE?n]:
the side of the square inscribed in the circle, though
including every lune that ean be squared in the proof.
But the geometer could have nothing to say against
Antiphon, who inseribed an equilateral triangle in
the circle,” and on each of the sides set up another
trinngle, an isosceles triangle with its vertex on the
circumference of the circle, and continued this pro-
cess, thinking that at some time he would make the
side of the iﬂt triangle, although a straight line,
coincide with the circumference.

Simplicius, Commentary on Aristotle’s Phyrica A 2
(185 a 14), ed, Diels 54, 20-55, 24

Antiphon deseribed a cirele and inscribed some one
of the (regular) polygons that can be inseribed
therein. Suppose, for example, that the inscribed
polygon is & square, . . . It is clear that the breach
with the principles of geometry comes about not, as
Alexander says, * because the geometer lays down as
u hypothesis that a circle touches a straight line in one
point [only], while Antiphon violates this," For the
geometer does not lay this down as a hypothesis, but
it is proved in the third book of the Elements* It

the earliest of the commentators, and Heath considers his
im:;u“:n ':brllle hu.uthtntie version." Etmlumm makes
ntip grin by insceribing a square, then an octagon and
50 on.  Simplicins, as will be seen below, allows him to
begin with any one of the regular polygons, but starts with
the square as an example,
'sgmi. Elem, iii. 16,
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Adyew dpyypy el 70 dbtvaror elvar  elfelny
dbapudoar mepibepela, dAN' 7 pédv dxrds xara &
anpetov éddderar Toi wikdov, 1) 8¢ drds xard o
povor kxal ob wAeiw, wal 7 émady ward omueioy
yiverar. xal pévroi Tépvwr del 70 perafd Tijs
edllelas xai Tis 7ol wixdov mepidepelns émimedow
ob Samamjoet alrd olde waralfferal more T
Tof xikdov wepupéperar, elmep éx' dmepdy dome
Suaiperdy 10 emimedov. el B¢ waradauPdver, av-
npnral Tis apyn) yewperpikry 1) Myovoa éx dmei-
pov elvar Ta peyétly Suaperd. wai Tatrpy kal o
Edénpes v dpyay dvatpeiofal dmow dme Tob
"Avrubdiros.
(ii.) Briyson
Alex. Aphr, in Soph, El. 11 (Aristot, 171 b 7), ed.
Wallies 90, 10-21

AW 6 7ol Bplowros terpaywwiouds ol
xirdov épioTinds fomi kal goduoTirds, O otk ék
Tav olkelwy dpyov Tis yewperplas dAl’ €x Tovwy
xowoTdpwv. TO yip mepiypaden kTos Tou KUKAoY

* Heath (H.G.M. §. 222-223) comments : ** The ohjection
to Antiphon's statement s really nmo more than verbal;
Euclid uses exactly the same construction in xii. 2, only he
expresses the conclusion in a different way, saying that, if
the process be continued far enough, the small segments left
over will be together less than any nssigned area.  Antiphon
in effect snid the same thing, which again we express by
ng that the cirele is the limit of such an inscribed polygon
w the number of its sides is indefinitely Increased.
Antiphon therefore deserves an honourable place in the

of geometry as having originated the idea of ex-
hausting an area by means of inscribed regular polygons
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would be better therefore to say that the principle is
that a straight line cannot coincide with the circum-
ference, a straight line drawn from outside the circle
touching it in one point only, a straight line drawn
from inside cutting it in two points and not more, and
tangential contact being in one point only. Now
continual division of the space between the straight
line and the cirenmference of the cirele will never
exhaust it nor ever reach the circumference of the
circle, if the space is really divisible without limit.
For if the ecircumference could be reached, the
geometrical principle that magnitudes are divisible
without limit would be violated. This was the prin-
ciple which Eudemus says was violated by Antiphon.®

(ii.) Bryson®
Alexander, Commenfary on Aristotle's Sophistic
Refutations 11 (171 b 7), ed. Wallies 00, 10-21
But Bryson's quadrature of the eircle is eristic and
sophistical, because he proceeds not from prineiples
peculiar to geometry but from wider principles. For
to circumseribe a square about the circle and to

with an ever-increasing number of sides, an idea upon which

Eudoxus founded I1Lu'f{xrh-mnking mathod of exhaustion.
The value of Antiphon's construction is Mlustrated

by Archimedes' treatise on the Measurement of a Circle
I_mprudum:d below] . . . The same construction starting
rom A square was likewise the basis of Viela's expression

for —, namely,

. - = -
;nmi-WEE.M'ﬁi s s ow
VI VIOt Vin+Visvh
* Bryson was a pupil either of Socrates or of Euclid of
Megara,
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rerpdyonor xal éros éyypddew Erepov xal peraéd
+&v Bvo rerpaydwwy itepov rerpiyuwvov, elra
Myew 0T 6 perabd Tav duo mpn?émr wiiAos,
duolws B¢ wal 0 perafd rdy Svo TeTpayuvan
Terpdywroy Tol pév €KkTis TeTpayuioy eAdrrovd
elon Toil 8¢ Ovros pellova, Ta 8¢ Tiv adrdy peilova
xal éAdrrova foa foriv, loos dpa o wikdos xal 70
rerpdyavoy, €k Twwy kowdv dMG xal hevdan
dori, Kowdw pév, 5T xal & dplludy Kal v
xai Tomwy kal dAAwmY Kowdv apudoot av, oy
8¢, 671 dxrer wal dvwda 7év Béka Kal énra éddrToves
xal peilovés elov xal Spws odx elalv toot,

(iii.) Archimedes
Procl. in Euel. i, ed. Kroll 422, 24-423. 5

"Ex rotrou 8¢ olpar Tof mpofijparos énaxfiéires
of malaol wal Tov 7ol xikAov TETpayuMIOUOY
fraur. € ydp mapalnAdypappov loov edpi-
gxerar Tl edbuypdppew, [nricews dfiwov, e
xai T eoliypappa Tois mepipepoypdppiors foa
Seucvivar Svvardv. xal o 'ﬁpx:pvjﬁm éderfev, oTe
mis xdrdos ioos dori Tpiydwe opfoywviw, of 7
pév &k kévrpov lom éoriv pu@ Tav mepl TV dpbhije,
7) 8¢ weplperpos ) Pdoe.

Archim. Diws. Cire,, Archim, ed. Heiberg i. 232-242

¥
i

s xdwdos foos fori rpydwe dpfloywrvie, of

» Hryson marks a step beyond Antiphon because he con-
ceived the cirele ns intermediate In area between an inseribed

and an eseribed gon, an flea which was rfull
developed b ir:m:dm The manner in whm e
4 sguare ln{cmmlhte between the inseribed and escribed
816
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inseribe another® within and between the two
squares to take another square, and then to say that
the circle is intermediate between the two squares,
and similarly that the square between the two squares
is less than t{m outside square but greater than the in-
side and that, since things which are greater and less
than the same things are equal, therefore the cirele
and the square are equal, is tg proceed from wider
prineiples (than those of geometry) and false ones ;
wider, beeause the argument would apply to numbers
and times and spaces and other entities, false, be-
cause eight and nine are respectively less and greater
than ten and seven and nevertheless are not equal.
(iil.) Archimedes
Proclus, On Euelid i, ed. Kroll 423, 24428, 5

I think it was in consequence of this problem ? that
the ancient geometers were led to investigate the
squaring of the cirele. For if a parallelogram is
found equal to any rectilineal figure, it is worth
inquiring whether it be not also possible to prove
rectilineal figures equal to eireular.  Archimedes
in fact proved that any circle is equal to a right-
angled triangle wherein one of the sides about the
right-angle is equal to the radius and the base to the
perimeter.

Archimedes, Measurement of a Cirele, Archim,
ed. Heiberg i, 932-249

Prop. 1
Any circle is equal to a right-angled triangle in which
squares s unknown. Some have assumed that it was the
arithmetic mean, others the geometric (see Heath, £ AL

L 238, 234).
* Eucl. i:'. 45. * To construct, in a given rectilineal angle,
iri:l‘mu.l figure."

a parallelogram equal to a given rect
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Eiviumxﬁ-rpw fon @ ra@v mepl Tv dpbiiy,

TEpipETpos
"Eyérw ¢ ﬁBI{ﬁ. xtr.'c?ior fPl?ﬂll’ql @ E, ds
dmdkerrar: Adyw, omi loos €

0 P M

/
A A

1]

H &/ i

El ydp Swardy, éorw pellav 6 xiklos, rai
&yeypidbe 6 AT mpéymm, m:l mpﬂaﬂmm
al mepiupéperar Bixa, xal éorw Ta -r,u:;;mm :3517
éAdaoore ﬂr; un-tpuxqg- ] &nepege: 6 wikdos Toii
Tpeyivou: ppov dpa ért Tol TpLyuvoy
m-n. ;.m.{dv. Qﬂ;gam xivrpov 70 N ral xdifleros
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one of the sides about the right angle is equal to the radws,
and the base is equal to the circum ference.
Let the cirele ABI'A have to the triangle E the
stated relation ; 1 say that it is equal,

For, if possible, let the circle be greater, and let the
square AI' be inscribed, and let the ares be divided
into equal parts [and let BZ, ZA, AM, MA, etc., be
drawn],® and let the segments be less than the excess
by which the circle exceeds the triangle. The
rectilineal figure is therefore greater than the triangle.

* Heiberg's note is: * Tale aliquid Archimedes sine dubio
addiderat: Omnino in tote hoe opusculo genos dicendi et
exponendi brevitate tam negligenti laborat, ut manum

ris us quam Archimedis agnoscas,™
W} I.h!::un.nqhe done is shown in Euvel, Elem. xil. 2,
depending on x. 1. The latter theorem was probably dis-

eovered by Eudoxus, but is commonly known as the **
of Archimedes™ from his repeated wse of it
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% NE: é\doowv dpa 7 NI ijs Toli mpiycmov
mhevpds. €orwe 8¢ wal %) mepiperpos Tod
ypdppov Tis Aocrrijs éAdrrwv, €me kal 5 Tob
xvxAov mepyuiTpov- Edarrov dpa To ebftypappov
roi E Tpuypuivou: Gmep dromov.

*Eorw 8¢ 6 kixdos, € dwvardy, éddogwr 700 E
Tpiydwou, Kal mepiyeypddlo 6 Terpdywrov, Kol
rerpijolwony al wepubéperas dixa, xal 7]
dbanrdpevar Bud Tév anpelwy: dpby dpa 7 vwo
OAP, 7 OP dpa mijs MP édoriv peillonv 7 ydp
PM 7j PA iom dovi* kal 76 POIl mpiyewvor dpa
7o OZAM oyjparos peilov éorv ) 70 Tpuov.
Mdeidfwoar ol 76 [ZA ropel dpowor €ddaoovs
s Umepoxis, ) Umepéyer 76 E voi ABI'A xiixdou:
&ri dpa To mepuyeypappévov edftypappor Toi E
foriv clagoor' Omep dromoy €orw yap peilov,
ari 7 pév NA log dort 1) webérw Tob Tpiycivon,
7 8¢ mepiperpos peilew éori Tis Pdoews tob
Tpiydvor, toos dpa o kikdos 7@ E rpuydvea.

Y

Mavrds wikdov % wepiperpos wijs Swpérpov
ToitmAnoiwy foTi kal €mt Umepéyer eAdomomnt péw
;.II' efddpe péper Tz Swapérpov, peilove Bé 7 Séxa
~ éPBopnkooTopdvols.

* i, the space between the are ZA of the circle and the
sides ZIT, TIA of the eseribed polygon. The name given to
this figure, ropeds, s more properly used of a seefor of n
circle, and Helberg notes 1 * roped Archimedes non seripsit
pro dworprpen.' The process, it is not quite clearly stated
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Let N be the centre, and NE perpendicular [to
ZA]; NE is then less than the side of the tri :
But the perimeter of the rectilineal figure is also less
than the other side, since it is less than the perimeter
of the circle. The rectilineal figure is therefore less
than the triangle E ; which is absurd.

Let the circle be, if possible, less than the triangle
E, and let the square be circumseribed, and let the
arcs be divided into equal parts, and through the
points [of division] let tangents be drawn ; the angle
OAP is therefore right, Therefore OP is greater
than MP ; for PM is equal to PA ; and the triangle
POII is greater than half the fi ﬁm.mrﬁt
the spaces left between the circle and the circum-
scribed polygon, such as the figure® IIZA, be
less than the excess by which E exceeds the circle
ABT'A. Therefore the cireumscribed rectilineal
figure is now less than E ; which is absurd ; for it is

eater, because NA is equal to the perpendicular of

e triangle, while the perimeter is ter than the
base of the triangle, e circle is therefore equal to

the triangle E,
) Prop. 3%

The circumference of any circle is greater than three
times the diameter and exceeds it by a quantily less than
the seventh part of the diaweter bul grealer than ien
xeventy-first parts.
in the Greek, Is to be conlinued wntil the escribed polygon
is such that the spaces left between it and the circle are less
than the excess of E over the elrele. That this can be

done follows from the * Axiom of Archimedes," Eucl. Elem.

x 1.
* The order of the propositions in the manuseripls is
manifestly wrong. Props. 2 and $ must be interchanged.

VOL. I Y az1
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"Eorw sikdos xal Swdperpos % AT xal xérrpov
70 E xal 9 TAZ éddamropdm wal 4 dmwd ZET
wpirov dpbijs: 7 EZ dpa.mpis ZI' Myov éye, v

e N )

75 Tpos vy, 7 8¢ ET mpos [rip] TZ Adyov Eye,
ov ofe mpds pry. Terpiiole ofv o) dmé ZET Siyn
'ﬁ‘; EH- éorw dpa, dis 9 ZE mpéc EI', 4 ZH mpos

I' [kal dvalaf wal owbér]. dis dpa =
¢orepos u LE, EI npés ZT, 5 ET mpos Pﬁ'
awore 7§ I'E wpos TH peilova ”ki)na:r €xet Tmep
doa wpos pvY: 7 EH dpa mpos HI' Suvdper Adyor

[
éxer, Sv M Bov mpos M 3wl pifxer dpa, B¢

* As Eutocius explains in his commentary on this passage
Archim. cd. Heiberr Gil. 234), if EZ Is represented by
and I'Z by 153, then by Pythagoras's theorem EIf=
3065153 =T70227, Since 265°=T0225, EI' is thercfore 365
822
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Let there be a circle with diameter AT and centre
E, and let TAZ be a Mﬁ;nt and the angle ZEI' one-
third of a right angle. en

El:TZ[=/3:1]>2685:158°. . (1)

and EZ:Zl[=2:1] =806:158 . . (2
Now let LZET" be bisected by EH. It follows that
ZE : ET =ZH : HI'[Eucl. vi. 8
so that [ZE+EI : ET =ZH+HI' : HT
=ZI' : HT, or]
ZE+EI' : ZI' =FKEI': HT.
Therefore TE:TH [=ET +ZE : ZT"
= 265 4 306 : 153,
by (1) and (2)]
>571:158 . . (9)
Hence EH® ; HI™? [=EI*+TH?: HT®
>571%+158% : 158%]
= 340450 : 284090,

and a * minute and imperceptible fraction ** [p.dﬂmr fyeorran
xal drewaiofiprov). As the sides of the triang lﬁ the
ratio 1, V'3, 2, this is equivalent to saying that V3> 3§f.
In the second part of the proof Archimedes assumes that
4/ B<ld. The way in which he makes these assumptions,
without explanation of any kind, shows that they were
Eummun in his dlyﬁymdhﬂcﬂ_’:mnui hubmbem spinh.trhn
evising processes w ma Ve red -
v. Heath, The Works of Archintedes, ]I;’I*lﬂli'l'. xe-xcix.
Eutocius fully explains the arithmetical working, where
Archimedes merely sets down the results.  In the translation
the necessary working, where not Ern:n by Archimedes, is
shown in square brackets. In the Greek text as we have it
a few equalities are given where the argument requires
Inequalities, The transiation reproduces what Archimedes
must have written.
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#Ca 7’ mpds pvy. wddw Biya ) dmd HED i EO- S
v adra dpa 5 EI' mpds IO, petlova Adyor &yer
7) v ,apEB y’ mpés pry* 7 OF dpa mpds O peilova
Adyov éxes 3 dv ,apoB ' mpds pry. Erc Blxa 5}
tmé OET = EK- % ET dpa mpos T'K peilova

Adyow éxet 7) 6v BrAB &' mpés pry- % EK dpa mpds
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so that EH : HT >5014:158. . (4)
Again, let ZHET be bisected by EO; then by the

same reasoning

[HE : ET =HO : 6I' [Bucl. vi. 8
so that HE +EI' : ET =HO+0I': OI'
= HT : I‘ﬂ,
‘or HE+ET': HI =EI' : T'Q.
Therefore] ET : 'O [=TE+EH : HT
> 571+ 5011 : 158,
by (5) and (4),]
>11621:158 . (5)
[Hence  BOE2: 02 =El?4T'92: 'o*
> 116212 4+ 1582 ; 1580
a0 "
> 185053433 +%
= 137304337 : 28409,]
so that OFE:er >1172§: 158 . (6)
Again, let OET" be bisected by EK.
Then [BE : ET =0K : KI' . [Eucl.vi.3

s0 that GE+El : EI' =0K+KT : KT
' =0T : I'K, or]
ET : TK [=El'+6F : or
> 1162} + 1172} : 153,
by (5) and (6),)
}ESS%} + 158 .. . 1:7}
[Hence EK? : 'K®? = El2 4 K2 : K2
> 288412 4 1537 : 158¢

> 5472132/ : 23400,]
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I'K peilova 7 &v BrAB 3’ mpos pry. é&n Siya 7 omd
KET 7fj AE: 9 EI' dpa mpos AT peilove [prjred]
Adyor €yer 7imep Ta "Ex_ny Z -:rp&-;?y emel oty
7 tmo ZED 7pivov ofoa opbis mérpnrar rerpinis
diya, 7 vmwo AED dpbijs dome pn'. xelofw olv
atrfj ion mpos v E 1) dmwo TEM- 4 dpa dmo AEM.
dpbijs éore x> wal ) AM dpa edflein Tob mepi
Tov xiklov €ori molvydivou whevpa mAeupds Exov-
705 G5, émel ofv 7 EI' mpés miv TA Belyfn
pellova Adyov éxovea fimep Syoy L' mpos pwy,
dMa iz pév EI 8umdij ) AT, 7ijs 8¢ I'A Simdaoior
7 AM, xal % AT dpa mpés vip 7ob Cr-ydwou
meplperpov peilova Ayov éxer fmep Syoy £’ mpos
M Bym. wal éorw TpimAdowa, kal dmepéyovow
xEL 2, dmep Taw Aoy £’ é\drrovd dorv 7 TO
éfBopov: diore Td molpwror o mepl Tov Kirdow
Tijs Biaperpov fovi TpimAdowoy xai éddrrom §) Td
€880y péper peilov: 1) Tob xikAov dpa mwepiperpos
moAd paMov dldoowy doriv ) Tpimlaclwy kai
efBdpe péper peilenw.

"Eorw wixdos xai Siduerpos 7 AT, 7 8¢ dmd
BAT rpirov dpbijs- ) AB dpa npis BI' dAdogova
Adyov Exer 7} dv ,amva mpos Y [7 8¢ AT mpds I'B,
dv o€ mpos gml. Biya 7 dmo BAI' - AH.
émel olv iom) doriv 9 dm6 BAH 77 éms HI'B, dAa
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o that EK :TK >2330}:158 . . (8)
Again, let ZKEI be bisected by AE.
Then [KE : ET =HKA : AT'  [Eucl vi. 8
sothat EKE+El:El' =KA4+Al: AT
=KI": AT, or]
ET : AT [=ET'+KE : KI
> 28341 + 2330} : 158,
by (7) and (8),]
> 4678} : 158.

Now sinee ZZED, which is the third part of a right
angle, has been bisected four times, £ZAED is one
forty-eighth of a right angle. Let ZTEM be placed
at E equal to it. ZAEM is therefore one twenty-
fourth of a right angle. And AM is therefore the
side of a polygon escribed to the cirele and having
ninety-six .-_a,igcs, Since EI' : I'A was proved to be

eater than 46731 : 153 and AT =2EI", AM=20A,
the ratio of Al to the perimeter of the 96-sided poly-
gon is greater than [4673) : 06. 153, or] 4675} : 14688,
And the ratio [14688 : 4678} ] is greater than 3, bei
in excess by 6674, which is less than the sevent
part of 46734 ; so that the [perimeter of the] escribed

lygon is greater than tﬁrﬂe times the diameter
E; less than the seventh part; a _fortiori therefore
the circumference of the circle is less than 31 times
the diameter.

Let there be a circle with diameter AT" and ZBAT
one-third of a right angle. Then AB : BI'[=4/5 : 1]
<1851 : 7802 t BAT be biseeted by AH, Now
since ZBAH=ZHI'B and ZBAH=ZHAD, there-

& See supra, p. 322 n, a.
. 1
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xai 7jj ¥mé HAT, xai % dme HTB jj dwé HAT
dorw {o7. xal wouwny 1) dmo AHT dpl: kal iy

=)
K

A

I E A

dpa 7 omé HZID' 7piry 75 dmo ATH {oy. iloo-
yawvey dpa 76 AHI' 73 PHZ rpiydwe: &orw
dpa, ws 7 AH mpés HI, 4§ 'H mpis HZ xal 4
ATl mpos I'Z. dW' ds 9 AT mpoes T'Z, [xal]
awvaudorepos 1) 'AB mpos BI': kal ds owwap-
dorepos dpa 3 BAT mpés BI', 4§ AH mpés HI.
dd rofro ofv §) AH mpés [mpy] HI' é\dovova
Adyov Exei mep Jg?‘u;. mpos o, 7) 8¢ AT mpos mjw
I'H éddagova ) dv ,yvy £" 8" mpés Y. Biya 7 dmd
FAH 75 A©: 5 AO dpa Bid 7d alrd mpds T
BT éddogova Adyor Exer 7j &y e Hxd L7 8 mpos g
7) 6v ,awxy mpés o éxarépa yap dxardpas 8 iy’
:’:‘ 7 AT mpds miw T'O 5 v ,awhy 0 wa” mpés
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fore LZHI'B=2HAT. And the right angle AHT is
common. Therefore the third angle HZT is equal to
the third angle AI'H, The tria ni AHT is therefore
equiangular with the triangle 'HZ ; therefore

AH:HIP'=TH : HZ=AT":TZ,

But Al : TZ=TA+AB: BI'.
Therefore BA+ A’ : BI'=AH : HI.
[But BA : BI' <1851 : 780, as stated above,
while AT': BI' =2:1
=1560 : 780.]
Therefore AH : HI' [ =1351 + 1560 : 780]
<2011 3780 . . ., . (la)

Hence AT :T'H® —AH®4 HI?:TH?
<2011% + 7807 : 780°
<0082521 : 608400,)

sothat Al':TH <3018]:780. . . . (2a)
Let ZI'AH be bisected by AB. By the same
reasoning

AD :OI' [=AT+AH:TH
<8013} +2011 : 780, by (1a)

and (2a),]
<50924% : T80
'l:‘!, ¥ ﬁﬂﬂ‘l‘i i ]Is ' ?30
<1825 :240 . . . . (3a)

[Hence Al I'8® =AB24T02: I'ee
' < 18232 4 2402 ; 942
<3380020 : 57600.]
Therefore AT :TO <1838% :240 . . . (4u)
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op. & Biya 7 6m6 OAT 7 KA- kal 7§ AK mpds
7w KT' é\dovova [dpa] Adyor &xes 7 ov ,al mpds
& - éxarépa yap ékarépas wa p't 4 AT dpa mpos
[riw] KT 4 6v a8 s mpés & &n Slya 1) vmd
KAT 75 AA- % AA dpa mpds [rjy] AT Adooora
« Myov &yes 7 v 78 fic & mpds Er, 7 82 AT mpds
TA ddaoova ) 76 Fil 8" wpos &r. dvdmalw
dpa 1) mepiperpos Tob molvydvov mpds Tiw Sud-
perpor peilova Adyov €xer fmep sTA mpos Pl
&', dmep vav Bl 8’ peilovi dorw 1) Tpurdagiova
kai Béwa oa’: xal 1) mepljerpos dpa toi Sr-ydwou
700 & T Kikdp Tis Siapdrpov Tprdaciwr dori
xai peilav 5 i oa’ dore xal & xikdos &t palor
Tpemdaciwy dari xnl pellov 7§ oa’.

‘H dpa rof wixov TepipeTpos THs ﬁtw.liﬁ:;ﬂu
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Further, let ZBAT be bisected by KA.
Then AK : KI' [=Al'+AO:TO
<1838,% + 1823 : 24,
by (8a) and (4a),
<$661.7, : 240]
<}y - 366144 1 {5 - 240
o 21007288 -2 . = ey
[Hence « A : KT =AK24+KI?:KI?
< 10072 + 66° : 66
< 1018405 : 4856.]
Therefore AI':KI' <1009} :66 . . , . (6a)
Further, let ZKAL" be bisected by AA.
Then AA AT [=TA+AK:TK
<1009} + 1007 : 66, by (5a)
and (6a),]
<2016} : 66.
[Hence Al TA =AAZ+AT2:TAR
<2016} * + 66* : 661
<4060284 % : 4356.)
Therefore AT :T'A <2017} : 66,
and invertendo [I'A : AI" > 66 : 2017}.
But I'A is the side of a polygon of 96 sides; and
accordingly] the perimeter of the polygon bears to
the diameter a ratio greater than [96. 66 : 2017}, or]
6336 : 20174, which is greater than 517. Therefore
the perimeter of the 96-sided polygon is greater than
819 times the diameter, so that a fortiori the circle
is greater thap 319 times the diameter.
‘he ptﬁmEtﬂY& the circle is therefore more than
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SPECIAL PROBLEMS

three times the diameter, exceeding by a quantity
less than the seventh part but greater than ten
seventy-first parts.®

Prop. 2

The circle bears to the square on the diameter the ratio
11.:14.

Let there be a circle with diameter AB, and let the
square I'H be circumscribed, and let AE=2T'A,
EZ=1TA. Then, since ATE : ATA=21 : 7, while
ATA : AEZ=7:1 [Euclid vi. 1], it follows that
ATZ : ATA=22 :7.* But the square I'H=4 AT'A,
while the triangle AT'AZ is equal to the circle AB:
therefore the circle bears to the square I'H the ratio
11 : 14,

® We know from Heron, Mefrica i. 26 (ed. Schine 86,
13-17}, that Archimedes made a still closer approximation
to w. The figures in the Greek text are unfortunatel
corrupt, but a Frlu.ulhlc correction by Helben {Nﬂrriitz
Tiddskrift for Filologi, 8 Sér. xx. Fase. 1-2) would give
the approximation

FLEIBOT . .. > > B141485 . . .
Polemy, Symtasis vi. 7 (od. Heiberg 513, 1-5), gives the
value of win sexagesimal fractions as B*ﬁi* % or 31416,

* For dedwoder ABZ:ATA=1:7, and ATE:ATA=
21:7, and therefore cwférn ADZ: ATA =(AEZ+ ATE) :
ATA=22:7. But the same result could be obtained
immediately from Euel. vi. 1.

1 " Hic locus drdd. . . §a mire confusus transcrip-

tori tribuendus, qui eum addidit, postguam . et 3
permutavit; neque enim nr:himmmc miumm

ante prop. 3, qua nititur, posuit ' (Heiberg),
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(¢) Sorvrioxns py Higuer Conves
(i.) General
Simpl. in Cat, 7, ed. Kalbfleisch 192, 1525

*Eorw 8¢ rerpaywviopds wixlov, érav 7 So-
Bévrs Ktk loov Terpdywvor ovornodpela. Tobiro
5¢ "Apwrorélys pév, dis fower, olmw eyvaixe,
mapd B¢ Tois Mubayopelows nipiadal dnow "ldp-
Bhiyos, ‘* dbs BijAdy éorw dmd rdv Eéfrov 7ol
Hubayopelov dmodelfewy, bs dvewler xara Badoxiy
mapédafey Ty péfodov Tijs dmodelfews. xal
Sarepov 8¢, dmatv, *Apyywidns Bid ijs Avkopndous'
ypappds xai Nicoprdys Ba 7ijs idiws TeTpa-
yanlotons kadovpdims xal *Amoddvios Sid Twvos
ypapuis, v abtos pév koyMoeadobs ddeAdny mpoa-
ayopetet, 7 abry 8¢ dorw 7§ Nucopridovs, xai
Kdpros 8¢ Biud rwvos ypaupds, 7 anAds €k Sumdijs
xonjoews walel, dAdot Te moMol moucldws TO mps-
BAnpa xoreoxeduoar,” s "lduBliyos {oropet.
e e e et i b

probably dukeadeds, ** spiral-shaped.”
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(¢) Sowvrions ny Hionen Cunves
(i.) General

Simplicius, Commentary on Aristotle’s Categories T,
ed. K 192, 15-25

The cirele is squared when we construct a square
cqual to the given circle.  Aristotle, it would
appear, did not know how to do this, but Tam-
blichus says it was discovered by the Pythagoreans,
“as is plain from the proofs of Sextus the Pytha-
gorean,® who received the method of the proof from
carly tradition. And later (he SM'S{; Archimedes
effected it by means of the spiralshaped curve?
Nicomedes by means of the curve known by the
special name guadratriz, Apollonius by means of a
certain curve which he himself calls sister of the
cochloid, but which is the same as Nicomedes' curve,®”
Carpus by means of a eertain curve which he simply
ealls that arising from a double motion® and many
others constructed a solution of this problem in
divers ways,” as Inmblichus relates.

" Sextus (more rly Sextius) lived in the reifgn of
Augustus (or 'I'Ibellfirl.lbnrfaid there i= no wvalid reasom for
believing the Pyt reans solved the problem,

* Archimedes himself in his book On Spirals, which will
be noticed when we come to him, merely uses the spiral to
rectify the circle (Prop. 18). Bot the quadrature follows
from Measurement of a Cirele, Prop. 1.

¢ Not further is known of Apollonius's * sister of the
cochloid,' but Heath (H.G.M. i. 232) points out that
Aj ius wrote a treatise on the ecchlios, or eylindrical

that the subtangent to this curve can be used to sguare
the dmlll]hrlﬁcnu?“ jnf tLir:m :j’f[‘:llﬂtl;. l-li.d llw.tkth: name is
suflicien in to justify / onius in - ing of it
the ‘.}sh&rr nFuI]‘Lt u;rﬁluiiﬂ.“ P i =
nnnery thought this was the eyeloid, but there Is no
eye
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(ii.) The Quadratriz
Papp. Coll. iv. 30, 45-32. 50, ed. Hulitsch 250, 33-258, 19
Construction of the Curve

A’. Els vovw mpa}-wwnpmr Toil KixAoy Taped
nis ¥mé Aewoorpirov al Nma,m;ﬁws

wal Towy dAAwy vewrepmv dmd Tob rr:;u

CUNTTULGTOS ktﬁaum ﬂ}vmp.u m:.?lﬂmt |5-r.r’

alrdy Ter ymm{m Kai peéveow Exyet ToLavT.
'Exxcwﬁ TeTpdywroy  TO A.Bl"ui wizi ‘KEPI.

wivrpor 76 A mepubépea peypddliw 5 BEA, xal
B r

A (&) H A
woveiolw 7) pév AB ofirws dore 76 pev A a'r_lpeinv
pﬁwwmﬁqﬂ#aﬂmmm BEA e
ée’pemv. 8¢ BI' wupa.a\).nﬁ.ns' m:: Emgcwm 1]
AA 7 g onpelw depopévy’ xata Tis BA ovva-
wodovbeirw, mll‘x iow xpiven 7 ve AB xwvoupdi
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(ii.) The Quadratriz

Pappus, Collection iv. 30, 45-32. 50, ed. Hultsch
250, 33-258. 10

Construction of the Cherve

30. For the squaring of the circle a certain line was
used by Dinostratus and Nicomedes and certain other
more recent geometers, and it takes its name from
its special property ; for it is called by them the
quadratrix,® and it is generated in this way.

Let ABI'A be a square, and with centre A let the
are BEA be described, and let AB be so moved that
the point A remains fixed while B is carried along the
are BEA ; furthermore let BIY, while always remain-
ing parallel to AA, follow the point B in its motion
along BA, and in equal times let AB, moving uni-

* Heath (H.G.M. i. 295-226) shows that the quadratrix
was diseoversd by Hippias and that he may himself have
used it (though this is not absolutely certain) to rectify, and
&0 to square, the cirele.

1 onueior ddpor dv & in the suss, was corrected by Torelli,
VOL. I z 337
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dpadds v twe BAA ywwiav, TovréoTw 10 B
onueior T BEA mepidéperay, Savvérw, wai 7
BI' =y BA edfeiav mapodevériv, Tovréomy 70 B
anueior kata Tis BA depéofw. cvpfijoerar dndov
i AA edfeln dua dbapudlenr éxarépay Tv TE
AB xai v BI'. rowadmys 81 ywopdims kurjosws
repobow aAijdas év 77 Popd al BI, BA edfeia
xard Tt onpeiov alel ovppebiorduevoy adrais, ¢’
ofl onjeloy ypdderal Tis & T perall Tome TEY
7¢ BAA edfeudv xai mis BEA mepidepeias ypajpus)
éri vd abrd xoldy, ola doriv § BZH, 5 xal ypetei-
&ns elvar Boxel wpis 70 7@ Bobdime KA TeTpd-
yevoy Loy eUpEiv. TO O dpyXIkov avThs CURTTERE
Towoirdy dorw. djris pdp dv Byl rTvyoloa
{mpos v mepupéperay, as 7 ALE, forar dis dAy
0 wepudépea mpos v EA, 7 BA elfela wpos
iy 20+ 7ol yip &k s yeviaews s ypapuis
davepdy duriv.
Sporus's Criticisms

Aa’, Avoapeoreirar 8¢ adrfj ¢ Emdpos edddyws
8id rafira, wpdrov pdv yap mpos & dowel yperdns
elvar wpaypa, roiir' &v itmobéoer Aapfdve. wis
yip dwvardy, dvo onuelwv dpfapévarv dmd voi B

*3 npés T o 'v o Sy % 0dd. Hultsch,
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formly, pass through the angle BAA (that is, the
point B pass along the arc BA), and BI" pass by the
strajfht line BA (that is, let the point B traverse
the length of BA). Plainly then both AB and BI
will coincide simultaneously with the straight line
AA. While the motion is in progress the straight
lines BI', BA will cut one another in their movement
at a certain point which continually changes place
with them, and by this point there is described in
the space between the straight lines BA, AA and the
arc BEA a coneave curve, such as BZH, which appears
to be serviceable for the discovery of a square equal
to the given cirele. Iis principal p y is this,
If any straight line, such as AZE, be drawn to the
cireumference, the ratio of the whole are to EA will
be the same as the ratio of the straight line BA to
26 ; for this is clear from the manner in which the
line was generated.?

Sporus's Criticisins ®
31, With this Sporus is rightly displeased for these
reasons. In the first place, the end for which the
construction seems to be useful is assumed in the
hypothesis. For how is it possible, with two points

*If AZ=p, tZAA=¢, AB=aq, then the equation of the

curve s

§r__a

¢ psing
or mp sin d==2ag,

* These acute criticisms of the quadratrix as a practical
method of squaring the circle appear to be well founded,
Sporus, who was not muoeh older than Pappus himself,
lived towards the end of the third century 4., He compiled
a work ealled Knpla ghlrﬁ:xtmlx an the quadrature of the
elrele and duplication of the cube,
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SPECIAL PROBLEMS

beginning to move from B, to make one of them move
along, a straight line to A and the other along a
circumférence to A in equal time unless first the ratio
of the straight line AB to the circumference BEA is
known ? For it is necessary that the speeds of the
moving points should be in this ratio. And how then
could one, using unadjusted speeds, make the motions
end together, unless this should sometimes happen by
chance # But how could this fail to be irrational ?
Again, the extremity of the curve which they use for
the squaring of the circle, that is, the point in which
the curve cuts the straight line AA, is not found.
Let the construction be conceived as aforesaid.
When the straight lines T'B, BA move s0 as to end
their motion together, they will coincide with AA
and will no longer cut each other. In fact, the inter-
section ceases before the coincidence with A4, yet it
was this intersection which was the extremity of the
curve where it met the straight line AA. Unless,
indeed, anyone should say the curve is conceived as
produced, in the same way that we produce straight
lines, as far as AA.  But this does not follow from the
assumptions made ; the point H can be found only by
assuming the ratio nf the circumference to the straight
line. So unless this ratio is given, we must beware
lest, in following the authority of those men who
discovered the line, we admit its construction, which
is more a matter of mechanics. But first let us deal
with that problem which we have said can be proved
by means of it.
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Application of Quadratriz to Squaring of Circle

Terpayehvou yap diros 706 ABI'A xal s pédv
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B A

r 2] A

8¢ BHO rerpaywmlodans ywopdims, dis mpoeipn-
Tar, Sebavrar, s 7)) AEB mepubdpera mpds
BI' edfleiar, otrws 3 BI' mpés mjp I'O edfleiar.
€l ydp pi éorw, firow mpds pellova fora s 1'©
7) mpos éAdogore.

“Eorw mpérepor,” el Suvardw, mpds pellova rliu('
K, xai wepl wévrpov 76 I meppepeia § LH
yeypidbw réuvovoa v ypapuy xara 5 H,
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Application of Quadratriz to Squaring of Circle

If ABI'A is a square and BEA the arc of a cirele
with centre T, while BHE is a quadratrix generated
in the aforesaid manner, it is proved that the ratio of
the arc AEB towards the straight line BI' is the same
as that of BI' towards the straight line T'0.  For if it
is not, the ratio of the are AEB towards the straight
line B’ will be the same as that of Bl towards e:rtlﬁﬂr
a straight line greater than ' or a straight line less
than I'8). .

Let it be the former, if possible, towards a greater
straight line I'K, and with centre I' let the arc ZHK
be drawn cutting the curve at H, and let the perpen-
dicular HA be drawn, and let I'H be joined and pro-

B A
E

Z

E A e kK a

duced to E. Since thercfore the ratio of the arc
AEB towards the straight line BT is the same as the
343
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ratio of BI', that is I'A, towards 'K, and the ratio of
I'A towards 'K is the same as that of the are BEA
towards the are ZHK (for the ares of circles are in the
same ratio as their diameters), it is clear that the are
ZHK is equal to the straight line B[. And since by
the property of the curve the ratio of the are BEA
towards EA is the same as the ratio of BT towards
HA, therefore the ratio of ZHK towards the are HK
is the same as the ratio of the straight line BI
towards HA. And the arc ZHK was proved equal
to the straight line BI'; therefore the are HK is
also equal to the straight line HA, which is absurd.
Therefore the ratio of the arc BEA towards the
straight line BT is not the same as the ratio of BI'
towards a straight line greater than ['8,

82. | say that neither is it equal to the ratio of BI
towards a straight line less than I'D, For, if it is
possible, let the ratio be towards KT, and with centre
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I'let the are ZMK be described, and let KH at right
angles to I'A cut the quadratrix at H, and let T'H be
joined and produced to E.  In similar manner to what
has been written above, we shall prove also that the
are ZMK is equal to the straight line BI', and that the
ratio of the are BEA towards EA, that is, the ratio of
ZMK towards MK, is the same as that of the straight
line BT towards HK. From this it is clear that the
arc MK is equal to the straight line KH, which is
absurd. The ratio of the are BEA towards the
straight line BI" is therefore not the same as the ratio
of BI' towards a straight line less than 'S, More-
over it was proved not the same as the ratio of BD
towards a straight line greater than I'O ; therefore it
is the same as the ratio of BI" towards I'D itself.

This also is elear, that if a straight line is taken as
a third proportional to the straight lines 6, I'B it
will be equal to the are BEA, and four times this
straight line will be equal to the circumference of the
whole circle. A straight line equal to the cireum-
ference of the circle having been found, a SOUAre can
easily be constructed equal to the circle itself. For
the rectangle mntnincdly the perimeter of the eircle
and the radius is double of the circle, as Archimedes
demonstrated.®

3. TRISECTION OF AN ANGLE
{a) Tvres oFr Geomerricar Pronress

Pappus, Collection bv. 36, 57-59, ed. Hultsch 270, 1-272, 14

36. When the ancient geometers sought to divide

a given rectilineal angle into three equal parts they

were at a loss for this reason, We say that there
® See supra, pp. 316-321,
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ypapusj. Tob 88 adrol yévovs Frepar Shinds elow
* Whether vomol spds dmdareia "
faces " or ** loci w lic on uurf::::ﬁ (:Irit;chﬂmﬁ
I&du:}is a moot point. Euclid wrote two books under the
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are three kinds of problems in geometry, some bein
called plane, some solid, some linear. Those whi
can be solved by means of a straight line and a eir-
cumference of a circle are properly called plane ; for
the lines by which such problems are solved have
their origin in a plane. Such problems, however, as
are solved by using for their discovery one or more of
the sections of the cone are called solid ; for in the
construction it is necessary to use surfaces of solid
figures, I mean the conic surfaces. There remains a
third kind of problem called linear ; for other lines
besides those mentioned are used for their construe-
tion, having a more complicated and less natural
origin as they are generated from more irregular
surfaces and intricate movements, Among such
lines are those found in the so-called surface-loci,* and
many others more complicated than these were dis-
covered by Demetrius of Alexandria in his Linear
Considerations and Philon of Tyana ® as a result of
interweaving plektoids and other surfaces of all
kinds, and they exhibit many wonderful prn‘}_:ertim.
Some of these curves were investigated more fully by
more recent geometers, and among them in the line
called paradorical ‘by Menelaus.? Other lines of

EN further is known of these writers, unless
Demetrius the Cynic, mentioned by Diogenes Laerfius,
who lived about 500 n.c., or the philosopher who flourished
in the time of Sencea.

* Menelaus flourished e, a.n. 100 and his name is pre-
served in a famous theorem in spherical trigonometry,
Tannery ( Mémoires scientifigues il. p. 17) has suggested that
the curve called dezical was Viviani's curve of double
curvature, dcﬁncgu: the intersection of a sphere with a
aﬂm!er touching it internally and having for its diameter

te radiug of the sphere. 1t is a particular case of Eudoxus's
(see infira, p. 414), and the portion lying outside
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rerpayawifovoal re xal koyloetdels Kai Kigovedels.
Soxel 8¢ mws dpdpryua 70 Towbrov ov pLKpov
elvar Tols yewpérpats, rav émimedoy mpdfinpua
Bia TGV Kwwk@y 1) TGOV ppappurdy mo Twes
elploxcyrat, kal 70 odvolov orav & dvoikeioy
Adrau yévous, oldv dorww 70 év 7 mépmTe) TEV
*AmoMaviov Kwwxdy dnl vis mapafBodis mpd-
BAnpa xal 7 év 7 mepi Tijs Euwos dmro *Apyiyuridous
AapBavopdim orepeod vebois émi wikhov pmbevi

the curve of the surface of the hemisphere on which it lies
is equal to the square on the diameler of the sphere; the
fact that this area can be squared is thought to justify the
nume paradorical. An Armbian tradition that Menelaus
n;produwﬂ in his Elements of Geometry Archytns’s solution
of the problem of duplicating the cube (involving the inter-
section of  tore, evlinder and cone) lends a certnin plausi-
bility to the suggestion (v, Heath, H.G.AL 0. EEI,F}..orh.
b Hmmﬂj;:;;j . sﬁu{ﬁfkﬂi Perga exxvil-exxix)

= this om0 i
as Conica v. 58, where Apaollonios ﬁ':id;rﬁ:e feet of the
normals to a parnbola passing through a given point by
construeting o rectangular hyperbols whose intersections
with the parabola give the required points, The feet of the
normals coulid be found in the case of the parabola (though
not of the ellipse or hyperbola) by the intersection of
parabola with a certain circle.

* The assumption made by Archimedes (ITepi dhixow
8, 9) 15 to the following effect, the relevant portion of his
figure being detached =

If EA, KM are two chords of a eircle, meeting at right
angles at T, so that EU=TA, then it is possible to draw
another chord KN meeting ZEA in 1 such that IN=MI
{or, as Archimedes expresses the matter, it ir possible fo
place the atraight line IN equal to MT' and verging tovards K).
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this kind are spirals and quadratices and cochloids
and cissoids. It appears to be no small error for
geometers when a plane problem is solved by conics
or other curved lines, and in general when any pro-
blem is solved by an inappropriate kind, as in the
problem concerning the parabola in the fifth book of
the Comics of Apollonius ® and the vurg‘iljg of a solid
character with respect to a circle assumed by Archi-
medes in his book on the spiral ® ; for it is hle

In general, the line KN is determined by the intersection
of a hyperbola and a parabola, as Pappus himself shows in

K

another place (iv. 52-33, ed. Hultsch 206-302). The particular
case where EA is a diameter bisecting the chord KM in T'
can be solved by plane methods, nnmrlm the ** application
of areas ' ; the solution for the case wi IN is to be made
equal to radios of the cirele) is assumed by Hippocrates
in the tg;i-n'l:nt from Eudemus preserved by spl.m'pj:lnh.u

{m P 244 0. al. K
A ¢ no indication of the solution he had in
tmind, but all he requires for his purpose s its possibility ;
and its possibility can be demonstrated without any use of
conies,  For this reason Heath (The Works of drchinedes
civ) thinks that Archimedes is to be excused from Pappus’s
censure that he had solved a plane problem by solid m:LEJd.I.
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yap m hevor aTepe Buvarow elpeiv 7o b
atroi ?mﬂﬂ'ﬂl' Becipnua, Myw By v6 T mepi-
peiay Tob év T wpdry wepuopd wuxdov lemy
dar 7} pot Spbls dyoudy cdlelg T d
Tijs frews ews Tis epamropdims ThS €Awos.
Tolatrs O] '11"1'-5- *EHII#DPES r@v  mpofinudray
Jmapyovans of mpoTepor yewpérpar TO TpoEipT-
pévov éni Tijs yuvias fﬁﬂlum jj gloee oTepeoy
Umdpyov Biud Tav dmmédwy [yrobvres ovy olol T
v elplonew: oldémew yip ai Toi wevov Topal
auvifes foav adrois, xal Sid Tobro Ymopnoar
Dorepoy pévrol Sid TAY Kwrkdy ErplyoTopnoay
TV yuniay si;: v elpeow yprodpevor Tf vwo-
yeypappdy vevoe.
(b) Sowvrios sy Means oF A Veroixo
« Ibid, iv. 38, 60, ed. Hultsch 272, 15-274. 2
Hupa)..’tq.\oz fupov  Solfdires dplloywviov Tob
ABTA xai éxBAyleions s BI, 8éov forew &i-
ayaydvra Ty AE woudy mjy EZ edlleiay lomy =
dobleiay.
B r Z

A a

Teyorérw, xai rais EZ, EA mapdAydot fyfwaar
as2
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without using anything =lid to find the theorem
stated by him, I mean the £lorem proving that the
circumference of the circle ikathe- first turn is equal to
the straight line drawn at right angles to the initial
line to meet the tangest to the spiral®  Since
problems differ in this ways, the eardier geometers
were not able to solve the sdorementioned problem
about the angle, when they ssmght to do so by means
of planes, because it is by nature solid; for they
were not yet familiar with the sections of the cone,
and for this reason were st & loss, Later, however,
they trisected the angle bay means of the conies,
using in the solution the vesfing described below.

(b} Sorvrios By Meas or a Venee

Ibid. iv. 36. 80, ed. Hmlsch 9720 15-274. 2

Given a right-angled * pmnlielogram ABI'A, with
BI' produced, let it be requiied to draw AE 20 asto
make the straight line EZ ecyml to the given straight
line,

Suppose it done, and let 2, HI be drawn parallel

* Archimedes' enunciation (Mg dA e Iﬁ} B: Bl wa rig

flusos h e ?u;p#,i
hﬁﬁ;lﬂ:;nuyvrfwr* “mrzhfﬂﬂqﬂﬁ‘:, ooTie
dp rﬁ:&mm#ﬂt&ﬁ ru-niip_x;ri‘s 4

et drapmiia, ol & perafd ms
huﬁ-::ha; mlf:f;imﬂrrirw {ra lootru 1§ roi mparow

sifichon mepudepein.
® It is not, in fact, necessyy that the paralldogram
should be right-angled.
VOL. T 2a 858
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al AH, HZ. érel olv Bollelad €oriv 9 ZE xal
Zorw loq i AH, Sofleion dpa wxai % AH. wai
Soféy t6 A+ 760 H dpa mpos Oéoer wuxdov mept-
depein. ral émel 70 Omo BI'A Soféy wal éorw
loov T@ vmé BZ, EA, Soflév dpa xai 7o mé BZ
EA, Tovréorw 76 dmo BZH- 76 H dpa mpos
dmepBodfj. dMa xal mpds béoe wiwdov mepi-
depela Bobév dpa 7o H.
Ibid, iv. 38. 62, ed. Hultsch 274, 18-276. 14

Ay'. Aeberypdvov &7 rotrov Tplya Téuverar 3
i ot <0 miias oS b o

"Eorw yap dfein mpdrepor 3 dmo ABT, xai dmé
rwos onuelov xdfleros 1 AT, rai cuprdnpwliéros

7o I'Z mapaMmdoypdppov §) ZA éxfefhijol énl

Z A/ E
H
A
B I

76 E, xal mapadyloypdupov dvros opfloyawiov
7oii I'Z xelofw perafd rav EAT edfein 7 EA
vedovoa émt 70 B lom 17 Simdaoia s AB (robro
vap s Suvardw yerdolu mpoyéypanrar): Myw &)
ori Tiis Sobeloms ywwias is tmdé ABI' pirov
g.;;poc doriv %) dwe EBI
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to EZ, EA. Sinee ZE is given and is equal to AH,
therefore AH is also given. And A is given;
therefore H is on the circumference of a circle given
in position. And since the rectangle contained by
BI', T'A is given and is equal to the rectangle con-
tained by BZ, EA [Eucl. i. 43], therefore the rectangle
contained by BZ, EA is given, that is, the rectangle
contained by BZ, ZH is given ; therefore H lies on &
hyperbola. Bat it is also on the circumference of a
cirele given in position ; therefore H is given.®

Itid. iv. 85. 62, ed. Hultsch. 274, 18-276, 14

88. With this proved, the given rectilineal angle is
trisected in the following manner.

First let ABI' be an acute angle, and from any
point [of the straight line AB] let the perpendicular
AT be drawn, and let the parallelogram I'Z be com-
pleted, and let ZA be produced to E, and inasmuch as
I'Z is a right-angled parallelogram let the straight
line EA be placed between EA, AT so as to verge
towards B and be equal to twice AB—that this is
possible has been proved above ; Isay that EBI" isa
third part of the given angle ART.

& The formal synthesis then follows as Pappus iv. 37.
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Terprjobw yap § EA iya 7@ H, xal émeledyfw
% AH- al 7peis dpa ai AH, HA, HE ioa: eioo-
87 dpa ) AE 7ijs AH. dA\d xai mijs AB emdij:
ton dpa éoriv 9) BA mj AH, xal 7 dmd ABA yenia
7 ¢mo AHA. 1) 8¢ dwd AHA Simdacia tijs dmo
AEA, rovréorw Tis twe ABI xai 3 dmé ABA
dpa Bimhij dorw Tijs tmo ABI. xal éav mipy dmd
ABA Sixa tépwper, forar 7 tmo ABI' ywwia
Tpiya TETRRuE).

{¢) Direcr Sovrvrions vy Meaxs or Covics

Ihid. iv. 48, 67—44. 68, ed. Hullsch 280, 20-284. 20

uy'. Kal dws 7is Solfleioms mepudpepeias 7o

= We may easily show with Heath (1.6, M. i. 237-238) how

the solution of the vefomg I8 equivalent to the solution of a
cubie equation. If in the accompanying re ZE, ZB are
the axes of o, y respectively, and £A =a, ZH =5, the point 8
giving E is determined as the intersection of the circle

(z=a)'+(y— P =4{a'+1")
and the hyperbola xy =ab.
By eliminating = from these equations we may obtain

{y+ B)y - 8hy - Sa%y + ah)=0.
One of the points of Intersection of the circle and hyperbola
is therefore given by y=- b, ¥= - a,
The other three are determined by the equation

y* - 3hy* - Saty + o’ =0,
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For let EA be bisected at H, and let AH be joined;
the three straight lines AH, HA, HE are therefore
equal ; therefore AE is double of AH. Butitis also
double of AB ; therefore BA is equal to AH, and the
angle ABA is equal to AHA, Now AHA is double
of AEA, that is, of ABI'; and therefore ABA is
double of ABI. And if we bisect ABA, the angle
ABT will be trisected.®

(¢) Dmecr Sorvrions By Means or Covics
Ibid. Tv. 43. 67—, 68, ed. Hultsch 280, 20-2584, 20
48, Another way of cutting off the third part of a

If LABI'=#, so that tan E.—-g.
and s=tan ABT, 50 that ¥ =ar,
then a¥ed -~ Bhatris Satr +a =0

Z A E
H
a
B T
e, ar - Y- Bar+ b=0
whenee 1 - 877 =o{3r — %)
b Br=1
and h-llﬂ"-_-;:t_sr‘-
Accordingly, by a well-known theorem In trigonometry,
v=tan if,

and L ABT is trisected by EB.
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rpirov dgatpeirar pépos, xwpls Tijs vevoews, diud
arepeoil Tdmwou TowiTov.

A L E H A r

Oéoer 7 da rav A, T, kai amo Solléyrew &’
abriis vov A, [ wexddofm 7 ABI Surmdaoiay
mowdga T tmé ATB ywrviar vijs dmé [AB-
ori 70 B mpos dmepPol.

Hyfw xabiéros % BA, xai i TA o dredijdbn
% AE- ¢mlevyleioa dpa 7 BE loy doraw 7 AE.
xelofw wal 777 AE fon 5 EZ: spurdacia dpa 1)
I'Z riis TA. éorw xal % AL 7ijs 'H rpmdaoia:
EamSﬁSoﬂivr&H,xathl n 7 AZ wis HA
TpimAaoia. Kai emel TV &w&w%E, EZ dmepoyt]
dorw 76 amo BA, forw 8¢ wai 7o dmo AA, AL Taw
atrdv tmepoyr), éorar dpa 76 mé AAZ, Tovréorv
6 Tpis dmo AAH, loor 7@ dmo BA- w L'I'HEP,BGA!?
dpa 76 B, W mhayla pév 7o mpos dfove eibovs 9

* For by the equality of the triangles BEA, BI'A, we have
LBE{B——EL_gl'E =c;‘lLl"E (#x hypothesi). But (BEI'=:TAB
i e

Therefore £TAB =L ABE, and s0 BE=AE.

¥ i¢. since TH = AT and TA=}TZ, by subtraction,

TH - TA={Al'- TZ), or HA =}AZ.
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given arc is furnished, without the use of a verging,
by this solid locus.

Let the straight line through A, I' be given in
position, and from the given points A, T upon it let
ABD be inflected, making the angle AT'B double of
TAB; I say that B lies on a hyperbola.

For let BA be drawn perpendicular [to AT'] and let
AE be eut off equal to I'A; when BE is joined it will
therefore be eq]iml to AE® And let EZ be placed
equal to AE; therefore I'Z=3lA. Now let I'H be
placed equal to AL ; therefore the point H will be
given, and the remainder ® AZ will equal SHA.

Now since © BE: - F7Z% = BA3,
and BE:-EZ2=AA . AZ,
therefore AA . AZ =BAR,
that is SAA .AH =BA;

therefore B lies on a hyperbola with transverse axis

* The reasoning here is much abbreviated, and in full
may be written as follows :

BE?— EZ? = BE* - EA? (since BZ=EA e hypothesi)
=BA* (Eucl. i. 47)
Now BE!- EZ*=AE!- EZ! hh‘ltm_&;E was proved equal

(L]
—AA . AZ (Encl. i )
AA . AZ =BA?
.. 8hA.AH - BA*(since AZ was proved equal to SHA)

= BA%; AA AH=31:1
SAH®
=AM
~. B lies on a hyperbola with transverss axis AH and
conjugate axis 4/3AH.
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AH, % 8¢ dpbia rpimdacia wis AH. xal davepdv
ort 78 I oqpeiov drodaufdve mpds = H xopudi
s Topfic mw I'H fulociav s whavias toi
eidovs mAevpds vis AH.

Kai 7 ovbeais davepd: Serfoer yap v Al
Tepeiv dore dimdaaiay elvar p AH s HT, xal
mepi dfova rov AH ypdar S roi H trepfodijy,
s dpbla 7ol efbovs mAevpd Tpumdacia s AH,
kai Sevevivar  mowdoar adriy  Tow elpnpévor
Sumddowoy Adyov Tdw ywndv. kal S ris bobleloms
Kiixdov mepupepelas 76 3" dmoréuver pépos 1 TotTov
Ypaopém Tiv Tpdmov dmepBodi) cuwideiv pddiov
rav A, T' onpelun mepdrav tis mepidepelas tmo-
reyévan,

u8’. "Erépws 8¢ mjv dvdlvow Tof tplya Tepeiv
Ty yoviay 5 mepidépeaay fard rves dvev Tis
veoews.  éotw B¢ éml mepudepeias & Adyos
obdév yip Suadéper yuwiav 7 mepubépeiay Tepeiv,

Peyovérw 3, xai s ABT mepibepelas TpiTov

A E Z r

amedidbo uépos 4 BT, xal emeletylwoay af
AB, BI', T'A- 8tmhaciwy dpa 7 dmo ATB s dmd
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AH and conjugate axis 4/SAH. And it is clear that
the point I' cuts off at the vertex H of the [conic]
section a straight line 'H which is one-half of the
transverse axis AH. ‘

And the synthesis is clear ; for it will be required
g0 to cut A" that AH is double of HT', and about AH
as axis to deseribe through H a hyperbola with con-
jugate axis 4/3AH, and to prove that it makes the
aforementioned double ratio of the angles.  And that
the hyperbola described in this manner cuts off the
third ‘part of the arc of the given circle is easily
understood if the points A, I' are the end points of
the are.®

44, Some set out differently the analysis of the
problem of trisecting an angle or are without a
verging. Let the ratio be upon an arc ; it makes no
difference whether an angle or an arc is to be divided.

Let it be done, and let BI', the third part of the arc
ABT, be cut off, and let AB, BI', I'A be joined ; then

* For Jet O be the centre of a circle of which AT is an
nre. Let AT be di-

B ﬂ:}l;ﬂ.ilft {Iﬂ .-iuu‘thI:t AH

= . L3 }"Fﬂ""

bola be constructed

which has AH for

transverse axis and

: 3 AH for conjugate

A H L ::1-5, undlettmgpuv
bola cut the are of the

circle in B. Then by

0 Pappus's proposition,
LHIA=2:BAT.

Therefore Ihn;Tr doubles are equal,
or LBOA=2: ROT,
and so OB trisects the angle AOT" and the are AR,
861



GREEK MATHEMATICS

BAT. rerpijoflw dixa 4 émé ATB +5 TA, xal
rxdfleror ai AE, ZB- iom dpa 9 AA mj AT, dore
xai 5 AE 7 ET- 8ofléy dpa 7o E. émel odv éorw
as ) AT mpos ['B, Gﬁvmsjﬁ.{lwpéf AB, rou-
TéoTW 1) wpos BZ, xal éval\af dpa doriv dis
# TA mpés AE, BT mpds EZ. Somisj 3¢ § T'A
7] AE: 8umdij dpa wai 7) BT s EZ- TeTpamAdaioy
dpa 70 dwd BT, rovréerw rd dmd vév BZT, 7oi
dno 7ijs EZ. énei odv 8vo Boflévra dorlv ma E, T,
wal dpth) 7 BZ, xal AMyos éoriv o6 dmd BZ mpss
vd ano v BZT, 70 B dpa mpds dmepfodi. dAld
wal mpos Béaer mepupepeia- BoBiv dpa 16 B. xal
7 otvfleois davepd.

* The relation BI'=2EZ tells us that B lies on a h I
with focli A, T, directrix BZ and eccentricity 2, ppus
proceeds to turn this into the axinl form : B2 4 41
=1 ¢ 4 which was more commonly used by the Greeks, In
fact, there are only two other exiant passages in which the
fncus-dirrctrl‘:‘lfrn ¢ is msed.  One of them is also given
by Pappus ( ed. Hultsch 1004-1014), who there proved
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ZATR=2/BAl". Let ZATB be bisected by TA,

and let AE, ZB be drawn perpendicular ; therefore

AA is equal to AT, so that AE is also equal to EI';

therefore E is given.

Now because AT :Pﬂni? t &E [Eucl. ¥i. 5
=AE 1 E '

therefore alternately TA : AE=BI" : EZ.
But FA=2AE;: and therefore BI'=2EZ; there-
fore Br2=4EZ2, that is, BZ2+ZI?=4EZ. Now,
since the two points E, I' are given, and BZ is
drawn at right angles, and the ratio EZ* : BZ® 4 7T
is given, B lies on a hyperbola. But it also lies on an
are fren in position ; therefore B is given. And the
synthesis is elear.®
that ** if the distance of a paint from a fixed polnt
in a given ratio to its distance from a fixed line, the locus
of the point is a conic section which is an ellipse, &
o yperola Lecorsing s 1 iz I, b
ua 3 a
:cl.mw of I&‘;:u to thn; Sur, Loei of Euclid.n;:n]fr&

sumahly the focus-directrix property was already well
knuwnlrwhm Euclid wrote. .
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X. ZENO OF ELEA

Aristot, Phys. £ 0,230 b 5-240 a 18
Zojpwr 8¢ mapadoyilerar: el yap del, g!r?ofv,

TNpeiel mav §) kiveirat Grav ) xard 16 {oov, €oriv
8’ del 70 depdpevov év 7 viw, drlvnror Y epo-
pémy elvar dwordv. Tobro 8 dorl edbos: ob yip
gliyxeTar & ypdvos éx rdv viv rav dbuaipdraw,
diomep 008’ dAo péyefos odbév.

Térrapes & eloiv of Adyor mepi xunjoews Zaj-
Wovos ol wapéyortes Tas dwoxoMas Tois Atfovewe,
mpaiTos pev o wepl 700 ) sweiolar dud 76 mpdrepor
eis T0 Yo Seiv ddicéaflar o gepdperor 7) mpos
70 Télos, mepl of Sieloper év Tois wpoTEPOV
Adyos.

! Zeller would bracket # wwsirar, and he is followed by
Russ, but not, it seems to me, with sufficlent reason. Diels,
followed by Lee, has the unnecessary addition of odsér 84
wpeiras  after these words. The as it stands s
satisfactorily explaine] by Brochard (Etudes de philosophie

ancienna et de philosophie moderns, p. 6) and b Heath
(H.GLM 0. E’TIij.pk - » ) o

* Zeno of Elea, who is represented by Plato (Parm, 127 l!
as ** about forty ™ when Socrates was a very young man "
{la:i; in 450 n.c,), was n disciple of Parmenides. The abject
of his four arguments on motion, here reproduced from
Aristotle, was to show that the rejection of Parmenides'

ine of the unity of being led to ~contradictory results.
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Aristotle, Physies 79, 239 b 5240 a 18

Zexo's argument is fallacious; for, he says, if
everything is either at rest or in motion when it
occupies a space ecH:n] to itself, while the object
moved is always in the instant, the moving arrow is
unmoved. But this is false; for time is not made up
of indivisible instants, any more than is any other

itude.

Eenn has four arguments about motion which
#Eﬂt difficulties to those who try to resolve them.

¢ first is that which says there is no motion because

the object moved must arrive at the middle before
it arrives at the end,® concerning which we have
already treated.
A wvast literature has n round these arguments, but the
student will find most help in W, 1. Ross, dristotle’s Physics,
rp; 655-666, H. DL P. Lee, Zeno of Elea, and Heath, /0. M,
. 3T1-283.

* Not only has it to pass through the half-way point, but
thruuﬁh hu.l! of the remaining hfiif. and so on to infinity.
If a is the length of the course mensured from the goal,
then the moving object before it reaches its goal has to pass

through the points E EI sy - - - and 50 on through an infinite

series which cannot be enumerated. Aristotle’s answer is
that the moving object has Indeed to pass through an infinite
number of positions, but in a finite time it has an infinite
number of instants in which to do so.
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*Awd kal & Zivawos Myos fieiBos AapfBdvec 10
pr) €vdéyeallar Ta dmepa SveMely 7 dfaclar vdw
ameipwy xall' fxagror € memepaopéva ypove.
dixyds yap Myerar wal T pijxos kai ¢ ypovos
dmeipoy, Kai clws mav T6 ocuvexds, 7ot Kard
Swalpeaw 7 Tols doydros. Tov pév oy kard TO
mogoy dmelpwr otk evdéyerar aachu &y wemepa-
ouévy ypovw, Tav B¢ ward Swipeov Evdéyeral
wal yap abrtos d xpovos olrws AmELPOs.  WOTE
év T dmeipw kal obk év TGO memepaoudvw aup-
Bafver Budvar 7o dmepov, wxal drresfar Taw
dmeipwy 7ols dmelpots, ob Tois wemepagpévos.®

Aetrepos 8 & xadodpevos 'Ayeds éom 8
oliros, 67t 70 Ppadiraror odbémore xaralydbijoerar
Béoy imé Tob raylorov: éumpoolley yip dvayxaiov
eMeiv 76 Siuiwov, Slev dpunoe 6 delyor, dar
del 71 mpodyew dvayxaiov 76 Ppabirepov. fomi
9¢ wal ofros o alrds Adyos 7@ OiyoTopeiv, Hua-
déper 8" &v 7H Bupeiv py Blya To wpooAapPavd-
pevov pdyellos. 76 pév odv pi) xaralapBdvecto
70 Ppadirepov quuféBnrer éx 706 Adyou, piyveras
8¢ mapd Tadrd 7§ Buyoroula (& dudordpois yap
oupfalver ut) dduxveioflar wpos T wépas Sumpou-

® The passage belween the nsterisks, to which Arlstotle
refers the reader, Is Phys. Z 2, 233 a 21-31 and is reproduced
here for convenience,

¥ Aristotle’s argument is correct. The Achilles is a more
general form of the Dichotomy. IF the speed of Achilles is
n times that of the tortoise (we learn from Themistius
and Simplicius that the tortoise was the objeet pursued),
and the tortoise starts a unit ahead, then when Achilles
has reached the point where the tortoise started the
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* Zeno's argument makes a false assumption in
not allowing the possibility of ing through or
touching an infinite number of positions one by
one in a limited time, For there are two senses
in which length and time, and, generally, any con-
tinuum, are said to be infinite, cither in respect of
division or of extension. So where the infinite is
infinite in respect of quantity, it is not ible. to
make in a limited time an Inﬁrﬂte number mmu,
but it is possible where the infinite is infinite in
respect of division ; for the time also is infinite in this
respect, And so it is possible to pass through an
infinite number of positions in a time which is in this
sense infinite, but not in a time which is finite, and
to make an infinite number of contacts because its
moments are infinite, not finite.*®

The second argument is the so-called dchilles; this
asserts that the slowest will never be avertaken by the
quickest ; for that which is Jlllniuing must first reach
the point from which the flecing object started, so
that the slower must necessarily always be some
distance ahead. This is the same reasoning as that
of the Dichatomy, the only difference being that when
the magnitude which is successively added is divided
it is not necessarily bisected.® The argument leads
to the conclusion that the slower will never be over-
taken, and it is for the same reason as in the Dichofomy
(for in both by dividing the distance in some way it is

tortolse ‘I : ahead ; when Achilles has reached this point

the tortoise is;f, shead : and so on to infinity, Pulting

n=2 we get the special conditions of the Dichotomy. Both
arguments emphasize that to traverse a finite distance means
passing through an infinite number of positions.

YOL. T 2n 369
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peévor mws Tob peyéfovss dla mpdokerar €
rolrey o7 o08é 7o rdytorov Terpaywdnuédvov év
70 Swokeww 7o Bpabirarov), doT dvdykn Kxai TV
Mow elvas Ty adrijv. 7o 8 dfiolv 1t 70 wpodyor
ot xaradapBdverar, elidos: G7e yap mpodye, ol
xaradapfdverac: dA' Spws wxaralapfdveras, ei-
mep Budoer Suebidvar Ty memepaauéin.

Ofroi pév ol ol 8o Adyor, Tpivos &' ¢ viw
prbfels, ému 7) diords depopdim fornrer. oupBaive
6¢ mapd 7o AapBdven Tiv ypdvor ouykeioblar éx
Tav viv: pn Bibopdvov ydp Totrov ol foras o
rudAoyiopds.

Térapros 8" 6 mepl 7w é&v 6 oradle wxwou-
pévewr €€ évavrias lowv Gywwy map” loovs, TOV
pév amd védovs Toli aradlov Téw 8 dmdé pdoov,
low Tdyer, &v & ovpPalvew olerar loov elvar ypdvow
7 Bimdacie Tov Quovy. dom 8’ & mapalopopds

* Achilles overtnkes the tortoise when he has travelled a
distance 1+£+$+ + » = ad i

This is a convergent series whose sum is |'|_:"I-' The ancients

did not know how to sum an infinite series, but they knew
that Achilles would catch the tortoise and that the problem
solevitur ambulands,

* Lachelier ( Revue de mitaphysique ot de morale, xviil,, pp.
346-347) and Hoss explain that d=¢ vof pdoov means from
the turning point in the double course or 8fawvles. The race
was from the vdios to H:lnr:[unnmd back again to the rélos.
On this in tion it ble to translate easily and
naturally. ye, the Oxford translutors and Lee, who do
not accept this interpretation, but believe vd pdoor to refer
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concluded that the goal will not be reached ; but in
this a dramatic effect is produced by saying that not
even the swiftest will be successful in its pursuit of
the slowest) and so the solution must necessarily be
the same. The elaim that the one in front is not
overtaken is false ; for when in front he is not indeed
overtaken, but he will nevertheless be overtaken if he
give his pursuer a finite distance to go through.®

These are two of the arguments, and the third is
the one just mentioned, that the-flying arrow is at
rest,  This conclusion follows from the assumption
that time is composed of instants ; for if this is not

ted the reasoning does not follow,

The fourth is that about the two rows of equal bodies
moving past each other in the stadium wjth equal
velocities in opposite directions, the one row starting
from the end of the stadium, the other from the
middle.* This, he thinks, leads to the conclusion
that half a given time is equal to its double. The

to the middle of the A s, are forced to paraphrase: * The

AAAAAA

Egoy
I'ETTET

one row originally stretching from the goal to the middle-
point of the stadium, the other from the middlepoint to
the starting-post.” Ross has to admit that v péeor s
;Epurmtly not used elsewhere of the middle-point of the
. but he rightly emphasices the unnaturalness of

any other interpretation.
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& 74 76 pév mapd xwodpevor o 8¢ map’ Tipepotv
76 looy péyeflos dfwiv 76 iow Tdyew Tov ooy
pépealias  xpivov: roiro 8 ori deidos. olow
éarwaay ol dordres loow Syxo &8’ dv 7a AA, of
8" €’ dw 7 BB dpydpevor dmd rob péoov, loow
Tov apflpdy Tovrois dvres xal 74 peéyelos, of &
€' dw ra IT dmd roi éoydrov, loow Tov dplludy
dvres Tovrois wal T8 péyeflos, xal iooTayels Tols
B. ovpBaivec 53 76 mpdrov B dpia €mi T() doydrin
elvar kal 78 mp@ror T, map’ dMyda xwoupdvan.
gupfaiver 8¢ 76 T mapa wdvra [ta B]' Siefely-
?-uﬂivm,r&ﬁéﬁnup&f&ﬁpéuq-t?mﬂﬁ}uﬂw
elvac 70w xpdyov- loov ydp éxdrepdy éomi map’
' rd B del. Ross.

* There seems little doubt that initially the rows of bodies
were symmetrically arranged in the following way (we will
assume half a dozen of each for convenience) ;

As 0 ] 2
o o O N IO
Fs ==t AR ]
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fallacy lies in assuming that a body takes an equal
time to with equal speed a body in motion and a
body of equal size at rest ; but this is untrue. For
example, let AA be stationary bodies of equal size,
let BB be the bodies equal in number and size that
start from the middle, and let I'T" be the bodies equal
in number and size that start from the end, having
a speed equal to that of the Bs.® In consequence,
the first B and the first T' move Pmt each other and
come simultaneounsly to the end.® It follows that T'
has passed all the bodies it is moving past, though B
has only half the bodies it is movin 2]
so that B has taken half the time [taken by I} ; for

and that the final position they take up i1

As T Y
Bs EEERED
s B

But there are great difficulties in the text. Ross's inter-
tion seems to me to do least violence to the Greek.

¥ j.e. the first B is under the right-hand A at the same
time: that the first I' is under the left-hand A,

* Ross explains, to my mind judiciously, that the Bs are
thought of primarily as moving past the As and only
secondarily as moving past the I's, while the I's are thought
of pﬁmm";_f as moving past the Bs and un]Kemndarkly
past the As, Zeno wishes to point out that the first B has
moved past only three A s while the first I' has moved past
six Bs. On the ground that to move past six Bs requires
twice the time needed to move past three A s, coupled with
the knowledige that the time taken is in fact the same in
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XI1. THEAETETUS
(6) GeNenav
Suidas, r.r. Bealroror

BOeairros, "Abmpaios, dorpoldyos, -

s Dwkpdrovs, edidaler v "Hpaxleiq.

mpoTos B Td wérre alodueva oreped Eypare.
yeyove 8¢ pera T edomovmoand.

(6) Tne Five Recurar Sovrins
Schol. L. in Euel. Elem, xiil., Euel, ed. Heiberg v. 654

"Ev rotre 74 BifiMe, Tovrédont 76 1y, ypdderm
7a Aeydpeva llMdrewos & oxjpara, & avrob pév
otk €orw, Tpia 8¢ T@v mpoepnudvar & oxmudrwy
T l'hgxgmpefw €oriv, 0 T€ kifos xal 7 mupapls
Kxal 76 Swdexdedpov, Pemirirov 8¢ 74 Te dirdedpor
xal 70 elxogdedpor. v 8¢ mpooswwuploy E\afev
MAdrwros 8ia 76 pepvijofar adrdv & 76 Tipalw

TEPL @ :

* Theactetus lived about 415-369 w,c. He is the subject of
:Wu D¢ Theasteto Atheniensi by Eva Sachs {licrlim
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XI. THEAETETUS *
(@) GENERAL
Suidas, r.o. Theastctur

Treaerervs, an Athenian, astronomer, philosopher,
a pupil of Socrates, tanght in Heraclea. He was the
first to deseribe * the five solids so-called. He lived
after the Peloponnesian wars.

(&) Tur Five Recurar Sorips

Euclid, Elements xiii., Scholium i, Euel,
ed. Hedberg v, 654

In this book, that is, the thirteenth, are described
the five Platonic figures, which are however not his,
three of the aforesaid five figures being due to the
Pythagoreans,® namely, the cube, the pyramid and
the dodecahedron, while the octahedron and icosa-
hedron are due to Theaetetus. They received the
name Platonic because he discourses in the Timaeus
about them.

* Possibly ** construct."

* For the relation of the Pythagoreans to the five regular
solids, see supra, pp. 216-225, Theaetetus was probably the
first to construct all five thmrﬂiﬂll}i’: the Ig‘thngo'mm
could not have done that. For a full discussion, see Fya
Sachs, Die finf Platonischen Kirper.
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(e} Tue InnaTioNaL

Schol. Ixii. in Eucl. Elom, x., Fucl, ed. Heiberg
v. 450, 16-18

To Bepmpa 7oiro Oearmjredy dorw epmpa,
kol pépmrar adroi ¢ IAdrwy év Pearrirw, dAN’
€xei pev pepicdirepor Eykairar, dvraiba 8¢ xaldlov.

Flat, Theast, 147 p-148 »

eeartHTOZ. [lepl Suvduean T npiv Oeddwpos
Gbe fyfm#!. Tijs _Te Tpimodos mép wal werré-
wodos |amodadvwr]® S pijrer ol odpperpor 7
wodialn, xal olrw ward piay éxdorny mpoaipor-
pevos péype Tis :anmg:‘:dﬂn&us-- €v be Tavry
mws €véoyero. fuly olv eloiAé T TowdTov,
éredy) dmeapor 10 whijfos al Suwdues édaivorro,
mepatljvar ouMafleiv els &, drw mdoas Tatras
mpogayopevoopey Tas durdpues.

1 deodaivur secl, Burnet,

* The enunciatlon is: The squares on straight lines
commensurable in leagth have fo one another the ratio which o
aquara number has do a0 square number ; and sguares which
have fo one another the ratio which o square number has to a
square wumber will also have their vides commensurable in
length. But the squares on straight lines incommensrable
in length have not fo one another the ratio which a square
number has to a square number ; and squares which have nod
to one another the ratio which a re number has to a squard
:I“Mm will not have their sides commengurable in length

thar,

P;Eﬁ?ru of Cyrene, :Lnjﬁnrd dhr I{:m.huchmpil‘lr’ﬂ.
. 36} a5 a Pythagorean said to have been Plato's

teacher in mathematics (Diog. Laert. i 103),
* Several conjectures have been put forward to explain
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(¢) Tue InraTiONAL

Enclid, Elements x., Scholium Ixii., ed. Heiberg
v. 450, 16-18

This theorem [Eucl. Elem. x. 9] is the discovery of
Theactetus, Plato recalls it in the Theaefetus,
but there it arises in a particular case, here it is
treated generally.

Plato, Theactetus 147 D148 0

Tueaerervs. Theodorus * was proving to us a
certain thing about square roots, I mean the square
roots of three square feet and five square feet, namely,
that these roots are not commensurable in length
with the foot-length, and he proceeded in this way,
taking each case in turn up to the root of seventeen
square feet ; at this point for some reason he stopped.©

ow it occurred to us, since the number of square
roots appeared to be unlimited, to try to gather them
into one class, by which we could henceforth describe
all the roots,

how, Theodorus proved that 4/3, 4/3 ... 4/17 are in-
commensurable. They are summarized by Heath (1.0 M,
iL.204-208). One theory is that Theodorus adapted the tradi-
tional proof (supra, p. 110) of the incommensurnbility of /2,
Anather, ﬂut forward hyéﬁ!uﬂmn (** Sur la constitution des
livres arithmétiques des Eléments d'Fuclide et leur rapport
i la question de Vireationalité ™ in Oversigt over det kgl
Danske vidensbabernes Selskabs Forhandlinger, 1915, pp. 422
f.), depends on the proeess of finding the greatest common
measure as stated in Euvel. x. 2, If two magnitudes are such
that the process of finding their G.C.M. never comes to an
enil, the two magnitudes are incommensurable.  The method
is simple in theory, but the geometrical application is fairly
mmmbod. though douutless not beyond the capabilities of
Theodorus.
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zaxraThz. "H xal niperé Tt TowiTow;
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ypevéola, aAl' 7 wAelwy dlatrovdnis 7 eldrraw
mAcovdiis yiyveTal, peilwy 8¢ wal fAaTrwy del
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axfpare drewcdoavres mpopiiy dpcludy  xadé-
gajiey.
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oAl “Oogor pév ypappal Tov mmrleupau wal
ém-:re&:u up:ﬁpnv mpu}wut{aum, ,u-?pcag' aplod-
pefla, doar B¢ Tov crfpofmrq, Srumpﬂ;, dig ,mfxn
pév ob -:rumurpw; Exewms, Tols O emmedots &

EMI-'TEI. H‘ﬂ.l. WEP-I'. "ﬂl U‘TEPEII. {LL.'!D TOLOUTOY.

& 1t is mot ible to give the full foree of the Greek as
Buwdpass, which literally means ' powers,” has to be trans-



THEAETETUS

Socrates. And did you find such a class ?

Tueaer. I think we did ; but see if you agree.

Soc. Speak on.

Turaer. We divided all numbers into two classes,
The one, consisting of numbers which can be repre-
sented as the product of equal factors, we likened in
shape to the square and ::ﬂcd them square and equi-
lateral numbers.

Soc. And properly so.

Tueaer. The numbers between these, among which
are three and five and all that cannot be represented
as the product of equal factors, but only as the product
of a greater by a less or a less by a greater, and are
therefore contained by greater and less sides, we
likened to oblong shape and ealled oblong numbers,

Soc. Excellent. And what after this ?

Tueaer. Such lines as form the sides of equilateral
plane numbers we called lengths, and such as form the
oblong numbers we called roots, because they are not
commensurable with the others in length, but only
with the plane areas which they have the power to
form.2 And similarly in the case of solids.

lated “rools" to conform with mathematical usage.
Swvduais, it will be noticed, are here limited to the square
roots of oblong numbers, and are therefore always in-
commensurable,
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XII. PLATO
(o) GeExERaL
Tretees, Chil, viil, 972-873
Npe rév mpollipawv Tdwv aliroi ypdibas dmijpye
M Adren:
“Mndeis dyewpdrpyros elolre pov mjy oréyp.”
Plut. Quaer. Conv, viil. 2. 1

"Ex 8¢ rovrov yevoudvs ouwwris, mdAw & Aio-
yenaves apfdpevos '’ Botdeol',"” elmer, ' émel Adyor
wept’ edy yeydvaow, év Tois [lAdrwvos yarelldios
atrov [Iddrava wowwvdy mapaddBuper, ém-
oxedidpevor Tiva lafov pedpny dmednjvar’ del
yewperpeiv Tov fedv ; el ye by Berdov elvar T
dropavew vadrqpy Ilddreves.” éuod 8¢ rair’
€imovTos ws yéypamrar pév v oddewi cadds TOw
exelvor Bifliwy, fyee 8¢ wiorw ikwaw xal Tob

Marwinod yapaxrijpds éorw.
Edfds dmodaBawv & Twddpns “ olee ydp,” elmer,
“ & Awyemarvé, Tav mepirrav Tt kal Bvalewprirav
alvirreaflar Tdv Adyov, ody Gmep atdros cipyre xai
véypade moMdis, duvdv yewperplay, ds dmo-

* For Proclus’s notice of Plato, see supra, p. 150, and for
386 ;
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(a) Gexerar
Taretzes, Book of Histories viii, 972-073

Oven his front doors Plato wrote: “Let no one
unversed in geometry come under my roof.” ®

Pluterch, Convivial Quastions viii. 2. 1

Diogenianus broke the silence which followed this
discussion by saying : " Since our discourse is about
the gods, shall we make Plato share in it, especially as
it is his birthday, and inquire what he meant when
he said that God is for ever pla;'i:lg the geometer—
if this saying is really Plato's # " I said that this
saying is not plainly written in ari;' of his works, but
it is a credible saying and is of a Platonic character,

Thereupon Tyndares took up the discussion and
said : "' Do you think, Diogenianus, that this sayi
implies some subtle and recondite speculations, n:g
not what he has so often mentioned, when he praises
the pseudo-Platonic instrument for finding two mean pro-

W supra, pp. 262-267. The mathematics in Plato is
subject ui dissertations by C. Blass (De Platone mathe
mafico, Bonn, 1861) and Seth Demel (Platons Verhilinis
sur Mathematik, Lripllgelm:l.
b Johannes Tretzes, Byzantine pedant who lived in
the twelfth century a.p., Is not the best of authorities, so this
charming must be ted with caution, The doors

are pres y those of the Academy,
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arooay wpwmxop.ewus T alofhjoer xai
uwowpﬂﬁﬁup::r e T vmj-rE] m:ll didoy dioww,
s Béa védos é ﬂrn &ﬂnu‘u-q& olov émowrein ﬂ:\e‘h}!‘,
] xm HAdrwy atros Ep&';uﬁu.m -rm-g mpe
Edéofor xal A.pxtrm xm Mﬂmx}mv €ls o
wal p::xurmu; xnm;r:ﬂ:n; Tov Tob mpeoﬁ 3{11'?-&‘
caguor dmdyew émiyeipoivras, domep me
'::31 m\z::u o ;x:igg ﬂ.vu}.owv, 7 Z‘:’l.
v dmoMuofar yap ofrw wxal Eul#lﬁ'e eotlat
7& YEWETplas u.zrnﬂuu affles éml Td uwﬂ#,lm
vbpopovions wai i) depopéis dve und’ avri-
.’.a.pﬂa.uope‘m]g -rmp ﬂtﬂu.uv Kot amupu.-rmv elicdy,
mpos alamep v o Peds del Peds €omi

Aristox. Harm. il ad, init., ed. Macan 122, 3-16
BéAriov fﬂ'mf €ori 11‘: wposwﬁﬂsﬁf ToV -rpdmw Tij§

mpayparelas ris wor' dorilv, Iva mpoyryvdioxovres
m!’P o&&v ﬁ ﬁﬂalﬂ-fﬂl’ P?al.ﬂl-" Wﬂpfuulﬁl.faﬂ fm&rﬁf
Te xavd T pepos ecr;.m' atTis Kai ;df Mwiﬂw
mwuus-mwahpqﬂ pTES TO pa,  wal-
il:::: Apmrmﬂqf del dinyeiTo :-E:?'rr Aelorovs
7@y dxovodvray mapa dravos iy mepi rayafol
dxpiacw maldy mpooudvar pév Exagroy thmo-
ﬂuplﬁamwa A!glﬁemfoq TL -rwrmﬁpwv TOUTWY
nvﬂpmmmu ayafidy ofov mAoiror :.-}-uemv {ayiv
7O adoy euﬁmmumu TV ﬂuup.amu' ore be qﬁ-a-
velpoay ol loym mepi paftpudray xal npl.ﬁpmr Kal
tupe-rpms- kol doTpodoyias kal TO wepas oT

ayalév dorwv &v, mavredds olpar mopddofdy Te

® The play on the words didyon, dedAoyor cannot be repro-
duced in lish, but we may compensate oursclves by
playing on the words * means,” ** mean proportionals.™
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geometry as a science that takes men away from
sensible objects and turns them towards the intelli-
gible and eternal, whose contemplation is the end of
philosophy like the final grade of initiation into the
mysteries 7 . . . Therefore Plato himself censured
Eudoxus and Archytas and Menaechmus for en-
deavouring to solve the doubling of the cube by instru-
ments and mechanical constructions, thus trying by
irrational means to find two mean proportionals,® so
far as that is allowable : for in this way what is good
in geometry would be corrupted and Jestmyed, fall-
ing back again into sensible objects and not risin
upwards and laying hold of immaterial and etem.sﬁ
images, among which God has his being and remains
for ever God.'

Aristoxenus, Elements of Harmony ii. ad imik.,
ed. Macran 122, 3-16

It is perhaps well to go through in advance the
nature of our inquiry, so that, knowing beforehand
the road along which we have to travel, we may have
an easier journey, because we will know at what
stage we are in, nor shall we harbour to ourselves a
false conception of our subject. Such was the eon-
dition, as Aristotle often used to tell, of most of the
audience who attended Plato’s lecture on the Goo.
Every one went there expecting that he would be put
in the way of getting one or other of the thi
accounted in human life, such as riches or health
or strength or, in fine, any extraordinary gift of
fortune. But when they found that Plato’s arguments
were of mathematics and numbers and eometry
and astronomy and that in the end he declared the
One to be the Good, they were altogether taken by
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(b)) Purosoruy oF MaTnEMATICS
Plat. Rep. vi, 510 c—£
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PLATO

surprise. The result was that some of them scoffed
at the thing, while others found great fault with it.

(8) Punosorny or MaruesaTics
Plato, Republic vi. 510 c-x

I think you know that those who deal with geo-
metrics and calculations and such matters take for
granted the odd and the even, figures, three kinds of
angles and other things cognate to these in each field
of inquiry ; assuming these things to be known, they
make them hypotheses, and henceforth regard it as
unnecessary to give any explanation of them either
to themselves or to others, treating them as if they
were manifest to all ; setting out from these hypo-
theses, they go at once through the remainder of the
argument until they arrive with perfect consistency
at the goal to whicﬁ their inquiry was directed.

Yes, he said, I am aware of that,

Therefore 1 think you also know that although
they use visible figures and argue about them, they
are not thinking about these figures but of those
things which the figures represent ; thus it is the
square in itself and the diameter in itself which are
the matter of their arguments, not that which they
draw ; similarly, when they model or draw objects,
which may themselves have images in shadows or in
water, they use them in turn as images, endeavouring
to see those absolute objects which cannot be seen
otherwise than by thought.

Plato, Epistle vil, 342 A-343 p

For everything that exists there are three things
through which knowledge about it must come ; the
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knowledge itself is a fourth ; and as a fifth we must
posit the actual object of knowledge which is the true
reality. We have, then :—first, a name ; second, a
description ; third, an image ; fourth, knowledge of
the object. Take a particular case if you want to
understand what I have just said, and then apply the
theory to all objects in the same way. There is, for
example, something called a circle, whose name is the
very word 1 just now uttered. In the second place
there is a description of it, made up of nouns and
verbs. The description of the object whose name is
round and circumference and eirele would be : that
which has everywhere the same distance between the
extremities and the middle. In the third place there
is the object which is drawn and erased and turned
on the lathe and destroyed—processes which the real
circle, in relation to which tﬁm other circles exist,
can in no wise suffer, being different from them. In
the fourth place there are knowledge and under-
standing and ecorrect opinion about them—all of
which must be posited as one thing more, inasmuch
as it is found not in sounds nor in the shapes of bodies
but in souls, whereby it manifestly differs in nature
both from the real circle and from the aforesaid three.
Of these understanding approaches nearest to the
fifth in kinship and likeness, while the others are
more distant. . . . Every circle drawn or turned on
a lathe in practice abounds in the opposite to the
fifth—for it everywhere touches the straight, while
the real circle, we maintain, contains in itself neither
maore nor less of the opposite nature.  The name, we
maintain, is in no case stable ; there is nothing to
prevent the things now called round from being
called straight, and the straight round ; and those
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who transpose them and use them in the opp-u:lter
way will find them no less stable than they are now.

Aristotle, Metaphysics A 5, 987 b 14-18

Again, he [Plato] said that besides perceptible
objects and forms there are the objects of mathe-
maties, which occupy an intermediate position ; they
differ from perceptible objects in being eternal and
unchangeable, and from forms in that there are many
alike, while the form itself is in each case unique.

= tAE " Mexo ™
Plato, Meno 86 28T »

I mean * by way of hypothesis ” what the geo-
meters often envisage when they are asked, for
example, as regards a given area, whether this area
can be inscribed in the form of a triangle in a given
circle. The answer might be, "I do not know
whether this is so, but I think I have, if I may so put
it, a useful hypothesis. If this area is such that
when applied [as a rectangle] to the given straight
line # in the circle it is deficient by a figure [rectangle]
similar to that which is applied, then one result seems
to me to follow, while another result follows if what
I have described is not possible. Accirdingly, by
laying down a hypothesis 1 am willing to tell you

* “ The given straight line " can only be the diameter,

The ** application ™ of areas 0 as to be * deficient "' in a given
way is explained above, pp. 186-187.
3495
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760 ovpPaivor mepl s évrdoecws atrod els Tov

xukdov, eite dbvvaTor eire pi).'”

& If AB is the dinmeter of n circle of centre O, and E is
a point on the circumference, and the rectangles ACEF,

C —\F D
X
A O IF B
G

FBDE are completed, and the chords EFG, AG are drawn,
then the rectangle ACEF is * applied ™ to the straight line
AB and “ falls short ™ by the rectangle FEDE which is
similar to the ** applied " rectangle, for AF; FE=EF: FB.
Moreover ARG Is an [sosceles triangle equal in area to the

rectangle ACEF.
In order, therefore, to inseribe in the cirele an isosceles
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what is the conclusion about the inscribing of the area
in the circle, whether it is impossible or not.,”®

trinngle equal to a given area X we have to find a point E
on the clreumference of the eirele such that if EF be dropped
perpendicular to AB

the rectangle AF . FE =the given area X,

Clearly E lies on a rectangular hyperbola of which AB, AC
are asymptotes, If b* is equal to the given aren, the equation
of the hyperbola referred to its asymptotes as axes is zy =5
For n real solution it is necessary that % should not be greater
than the equilateral triangle inscribed in the circle, ie., not

reater than 34/3 . &, where a is the radius of the circle. If

B is equal to this area, the hyperbola touches the circle and
there is only one solution. If & is greater than this area,
the hyperbala does not touch, and there is no solution. If
#2 15 less than this area, the hyperbola cuts the circle in two
points E, E', giving two solutions. It is to these facts that
Plato refers,

The passage is an example of a Swpopds giving the con-
ditions for the possibility of the solution of a problem,
Proclus is therefore in error when he says that Leon, the
pupil of Neoclides, who was younger than Plato, ** invented
Buopuapiod ™ (supra, p. 150).

'The nbove interpretation was first given by E. F. August
in 1629. [t was independently discovered by S. H. Butcher
in Journal of Philology, xvil., pp. 219-225 and i8 accepted
by Heath (H.G.M, i. 208-303), whose exposition I have
closely followed. Many other explanations have been
affered, the best known being that of Adolph Benecke
{ Ueber dis geomsetrischs Hypothesis in Platons Menon).
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(d) Tue Nurrian Nuvwmsen
Flat. Rep. viii. 546 »-D.
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* The passage 1s included here because of several interest-
ing polnts for the history of Greek mathematics. Plato's
language is so fancifully phrased that a completely satis-
factory solution is difficult to get, The literature which
grown round this * nuptinl number ** is vast, but the most
satisfying discussions are those by Adam, The Republic of
Plato ii..gp. 204-208, !ﬁ-!.-ﬂli.l,ni.‘k. (. Laird, Plato's Geo-
metrical Number and the Comment of Proclus,

. is a dmaf v, and its meaning is
uncertain, strafght line is sald Sdvaoflac (* to be capable
of ") an area when the sguare on it is equal to the area.
Hence Swapdr should mean the side of o square, us it does
in Evel. x. Def. 4. Swvaorevopdim is a kind of passive of
W-:qamu:ﬂng presumably that of which the

pal e,mdmmuldmthemmim}f. tis
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(d) Tue Nuernr Numses
Plato, Republic viii, 546 n-n*

The divine race has a cycle comprehended by a
perfect number, but the number of the human rape’s
eyele is the first in which root and square increases,?
forming three intervals and four terms of elements
that make like and unlike and wax and wane, show
all things agreeable and rational towards one another.
The base of these things, the four-three joined with
five, when thrice increased furnishes two harmonies,
the one a square, so many times a hundred, the other
a rectangle, one of its sides being a hundred of the
numbers from the rational diameters of five, each
diminished by one (or a hundred of the numbers from
the irrational diameters of five, each diminished by
two), the other side being a hundred of the cubes of

E‘-‘
temerarious to try and get a precise meani out of adffees
Sudporal re ngrl , 'pcr':E.pa we should

not inquire too closely into what is more mystical than
mathematical. Laird thinks it means * if a square is equal
to & rec le."

* The mathematical interest of the lies in
the part most easy to deﬂﬁher. that sbout the two * har-
monies.””  The * irrational diameter of five ™ is the disgonal
of a side of square 5, i.e. 4/50. The * rational diameter
of five Is the nearest integer to the * frrational diameter,
if. 4/80-1. The " number™ from the * rational™ or
*irrational " diameter is the square. A * hundred of the
numbers from the rational dinmeter of five, each diminkshed
by one ' is therefore 100 = (49~ 1) =4800; and the same
number s expressed as** o hundred of the numbers from the
Irrational diameter of five, each diminished by two,” for
this is 100-% (50 - 2) =4800. This number gives one side of
the oblong and the other is * & hundred of the cubes of
three," or 100 x27=2700. The rectangle of which these
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are sldes is therefore 4800 = 2700 = 12,960,000, and this is
S600%, which is the other ** harmony.,"™
These " rational " and * irrational " diameters are a clear
reference to the * side- " and * dinmeter- numbers ™ of the
m;ltor :\él'ijeh see supra, pp. lhﬂa-lﬂﬂ. al
There is fairly widespread nt that the peometri
number is li.nsumn=mxmm. but on the
method by which this number is reached the widest diver
gence exists. Hultsch and Adam suppose that two numbers
are obtained, one in the first sentence down to dwédmear, the
other (12,960,000) in the remainder of the passage. Both
that the first number is 216, but Hultsch obtains it as
#*3" and Adam as 3%+ 4+ 52, Hulisch then takes * the
i then maitintied by thros (i citwbel). Shing 30, nod
mu T, , Eiving 36, a
ns this has to be taken * so mﬂ:j tlmzaa;'lugldﬁ" we get
3600 as the side of the square which is anc of the * harmonies,”
and therefore the final number is 36008,  Adam tnkes ** the
four-three joined with a five ™ lo be 3 x4 x5=60, and rpls
to mean multiplied by itself three times (ie. raised
to the fourth power, which gives us immediately 60% =23600%),
Laird, on the other hand, believes there is only one number

:
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(¢) GexenaTion oF Numsens
Plato, Epinomis 090 c-001 n

There will therefore be need of studies®: the
first and most important is of numbers in themselves,
not of corporeal numbers, but of the whole genesis of
the odd and even, and the greatness of their influence
on the nature of things. When the student has
learnt these matters there comes next in order after
them what they call by the very ridiculous name of
geometry, though it proves to be an evident likening,
with reference to planes, of numbers not like one
another by nature ®; and that this is a marvel not of
human but of divine origin will be elear to him who
is able to understand. And after this the numbers

indicated (which he agrees in thinking to be 6008 = 4800 x
2700).  He maintains, with the help of Proclus, that the first
sentence gives a general method of forming * harmonies "
which is then applied to the friangle of sides 3, 4 and 5 to
give the geometrical number. The application gives the
series 27, 36, 48, 64 (with four terms and three intervals),
and the first three numbers multiplied by 100 give the
elements of the peometrical number, = DT00 » 4500,

solution has merits, but ench raises problems which it
is im le to discuss here. However, we may be fairly

] t that the final number obtained is 12,960,000,

* In PFlato the word pd is used generally of an
study, but the particular subjects here mentioned are
mathematical, and the word was already getting the special
significance which it attained in Aristotle’s time,

* The most likely explanation of ** numbers not like one
another by nature " is ** numbers incommensurable with
cach other " ; drown as two lines m;d:..h“c' e.9. a5 the side
and disgonal of a square, they are made like to one another
by the geometer's art, in that there is no outward difference
between them as there is between an integer and an irrational
number.
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* These are probably cubes of integers,

# These will be numbers with irrational cube roots,

* What has been said about lines in the plane applies also
to lines in three dimensions, Numbers incommensurable
with each other, such as 1 and 5/2, are made like when one
Is represented as the side of a unit cube and the other as the
side of a cube twice as great. We know that this problem
of doubling the cube was brought to Plato’s notice (supro,
PP 258-250). The past tense suggests that Plato in
mind certain dzﬁn{;tu‘:wh FI:? coined mme word

i the Pythagorenns, Thenetetus, mroeritus
mux had all advanced the scicnce.

4 What follows cannot be translated literally, and it is
more than likely that the text is eorrupt, or that it has
reached us unrevised from Plato'’s draft. But the
general sense is elear. Successive multiplication of 1 by 2
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thrice increased and like to the solid nature,® and
those again which have been made unlike,” he likens
by another art, namely, that which its adepts called
stereometry ¢ ; and a divine and marvellous thing it
is to those who contemplate it and reflect how the
whole of nature is impressed with species and kind
according to each proportion as power and its con-
verse continually turn about the double First the
double operates on the number 1 by simple multiplica-
tion so as to give 2, and a second double yields the
square ; hri urther doubling we reach the solid and
tangible, the process having gone from 1 to 8. Then
comes the application of the double to give the mean
which is as much greater than the less asitisless than
the greater, and the other mean is that which exceeds
and is exceeded by the same part of the extremes ;
between 6 and 12 come both the sesquialter [9] and
the serguitertius [8] ; turning between these two, to
ves the series 1, 2, 4, B, which re t a point, a line,
Klllnl:l'tl-lrui|ll:ul:l|=. Mhuuﬂummmkpo progression,
g a geometrical mean between | and 4, and 4 a geo-
known loml‘?: l?;tmthngunm!m.sn? e ?Fﬁfilg;—mﬂm wa:e
V' Fupra; pp. L

le passage is thoroughly Pythagorean—the arithmetic
and the harmonic, 'l'll:f l.!:i.thmcﬁc mean is equidistant
between the two terms; the harmonic exceeds one term,
and is exceeded by the other, by the same fraction of each

term. Thus the arithmetic mean between 1 and 2 s gl.nd

the harmonie mean is %: clearing of fractions, the arithmetic

mean between 6 and 12 is 9 and the harmonic mean 8,

* Power and ks converse “"— Stvaps xal v &f dvarriar
vosrp—I take to mean ** number and its reciprocal "' ; we
have to multiply by 2 to get the serles 1, 2, 4, 8§ and then

hke%afﬁ+litng:tth¢urlﬂuneﬁcmm
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v H plow &' apq&mpu. mpcﬁo;u‘yq 'rmg m'ﬂpw-

mois odpbavor ypelav kal odpperpov dmeveiuaro
watdids pullpod te wal dppovias ydpw, edbaiion
xopeia Movoow Bedopdim.

* The reference to the choir of the Muses makes it clear,
in my Infon, that the number 9 s referred to, though the
n of the sentence does not necessarily Involve it

So\ékréﬂ.M.anhlnlhnImbtmhuoftheEphmh
P 462,

¥ The whole should be compared with Timaeus,
35 s—36 u (see K. G. Bury's notes in the Loeh version, pp. 66-
7100 A, E. Tl,;'hr. A Commentary en Plato's Timaeus,
5-]}- 136-187). There Plato writes down the series 1, 2, I,B-nri
5, 8, W.nuﬂlhmﬁlhupthelntenlhhctwunthmu
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one side or the other, this power [0]® furnished men
with eoncord and sg’mmutq' for the purpose of rhythm
and harmony in their pastimes, and has been given
to the blessed dance of the Muses,?

numbers with arithmetic and harmonic means so as to iﬂ.
a series of 34 terms, 1, &, &b 4. 0. #, 188, 2 . . . 27, which
is intended to represent the notes of a musical scale having
a compass of four octaves and a major ** sixth.”

Much prominence s given to this passage from the
Epinomis by A. E. Taylor, Mind, xxxv., pp. 41i-440, 1626,
ibid, xxxvi. pp. 12-33, 1027, and D'Arcy Wentworth
Thompson, ibid. xxxviil., pp. 43-55, 1920,

For a further discussion of this side of Plato’s philosophy
see Julius Stenzel, Zakl und Gestalt bei Platon und Aristotsles

(Lelpzig, 1024).
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(a) Tueory or PrororTion
Euelid, Elements v., Scholium i, Fucl. ed, Heiberg

v. 280, 1-9
Tue aim of the fifth [book of the Elements] is the
treatment of proportionals. . . . Some say that the

book is the discovery of Eudoxus, the pupil of Plato,

(b) Vorume or Coxe axp Pymramp

Archimedes, On the Sphers and Cylinder, Preface to
Book &, Archim. cd. Heiberg i, 4. 2-13

For this reason I cannot feel any hesitation in
setting these [theorems] side by side both with the
investigations of other geometers and with those of
the theorems of Eudoxus on solids which seem to
stand out pre-eminently, namely, that any pyramid is
a third part of the prism having the same base as the
pyramid and cqunr?eight, and that any cone is a
third part of the eylinder having the same base as the
cone and equal height ; for though these properties
were naturally inherent in these figures all along, yet

* FEudoxus lived from about 408 to 355 n.e. For Proclus's
notice of him, see supra, pp. 150-153,

409



GREEK MATHEMATICS

yeyenuévay dfiwy Myov yewperp@y ouvéBavey
$md mivraw dyvoeiofa pnd’ i@’ évos xaravonfijpar
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Aristot. Mef. A B, 1073 b 17-32

Edofos pév ofv wAlov xal oehijims éxarépov
-h)v dopav v Tpioly érifler’ elvar odalpass, i
v pdv mpany Ty T@v dmdavdy doTpwy el-
vat, Ty B¢ Bevrépay xatd rov Bt péoawy rav Lw-
Blwy, Ty B¢ Tplrmy ward Tov Aedofwpévov & T

* In his preface tothe Method (see supra, p. 230) Archimedes
says that Demoeritus enunciated these theorems, but without
proof. It may safely be inferred from Archimedes’ ITE

to the Quadraturs of the Parabola (Archim. ed. Hel

264, 9-22) that Eudoxus used for the proof & lemma equivi-
lent to Euclid x. 1 t:fm, P 452-453), and that the credit
belongs to him for made the érhaustion of an area
by means of inscribed ﬁrgﬂm a regular method in Greek
mmnhy: to some extent hie had been preceded by Antiphon

Hippocrates.
¥ We are told by Simplicius, on the authority of Eudemus,
that Plata set astronomers the problem of finding what are
the uniform m.:?@fgﬂi movements wtﬁ::ﬂw‘i.iﬂu“m the
phenomena ™ etary motions, Endoxus
was the first of the Greeks to concern himself with b )
of this sort. Eudoxus belleved that the motion of the sun,
moon and planets could be accounted for by a combination
of cireular movements, a view which remained unchallenged
till Kepler. To account for the motlon of the sun and
maoon he nesded to use only three concentric spheres, but the
motion of the planets required in each case four concentric
mmmm centre being the centre of the earth.
sp were of different sizes, one enclosing the other.
Fach planet was attached to a point on the equator of the
hnummt:pbere.mthntbythemnﬁmufmiuphamm
the planet would describe a circle. But the poles of this
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they were in fact unknown to the many competent
eters who lived before Eudoxus and had not
n noticed by anyone.®

(¢) Tueory or CoxceEnTRic SPHERES

Aristotle, Metaphysics A 8, 1073 b 17-32

FEudoxus assumed that the motion both of the sun
and of the moon takes ‘Plam on three spheres,? of
which the first is that of the fixed stars, the second
moves about the circle which passes through the middle
of the signs of the zodiac, and the third moves about

were not fixed, themselves moving on n larger

m about two different poles. 'l'h':!g les of mndm
sphere similarly lay on a third larger s mre moving about
a different set of poles, and the the third sphere on
yet a fourth, moving about another set of poles. Fach
sphere rotated unlfnrmgr. but its speed was peculiar to
itself, For the sun and moon only three spheres were
needed, the two largest being the same as for the planets
The outermost circle (which comes first in the deseription
by Aristotle and Simplicius), moving from east to west in
twenty-four hours, reproduces the daily motion of the fixed
stars, Th.nhmmngﬁmnrm ﬁfnﬂﬂﬁh%lbﬂﬂflﬂ axis
perpendicular to plane iae e (ecliptic), its
equator accordingly revolving in the plane of the de:;c.L

The subject a8 much to Greek astronomy as to
Greek mathematics, and for fuller information the reader is
referred to the classic fnger of Schiaparelli, Le gfere
omocentrichs di Ewdesso, di Callippo ¢ di Arvistotels (M
1875), to the works of Sir Thomas Heath (Aristarchus o
Samos, pp. 193-224, Gresk Astronomy, pp. 65-70, H.G. M. 1.
ME and to W. D. Ross, Aristotle’s .ﬁ;ﬂﬂpﬁj‘lfﬂ, vol. ii.,
pp. 384304, But Endoxus's of concentric rotating
spheres is a geometrical fowr wrce of the highest order,
and must find some notice h:é. In all the history of
science there are few hypotheses that bear so unmistakably
the stamp of genius.

411



GREEK MATHEMATICS

smAdrer rav Lwdlwy (dv pellom 8¢ wAdrer Achofd-
ofiar wafl’ v 7) oehijrm déperar 7 xall’ dv & fjhios).
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ravTy Teraypdmy xal ketd Tov Suk péowy Taw
;ﬁuﬁfmp v gopdy e"xﬂuucw wkoumy draoar elvad),
mijs 8¢ Tpirqs dmdvraw Tols wolous € TP Bud
péowy Tdv opdiwr elvas, s 66 Terdprys r-r';'v
popar kara Tov Aedofwpdvov mpos Tov péoov Tai-

o el B¢ Tijs TpiTye odaipas Tols médovs Tdv
wey dMaw Blovs, Tovs 8¢ Tijs "Adpodirys xal Toil
"Eppoil rods atrovs.

Simpl. in De caels ii. 12 (Aristot. 203 a 4), ed. Helberg

406, 23—-497. 5

‘H 3¢ pirn adaipa rols mddovs éyovoa émi Tob
&v 17 devrépa-But péawy Tdv fpllwy drd peonu-
Bplas e wpoés dprrov orpedopédin kal dm' dpxTov
mpos peonpfpiav ouvemarpéfer Ty Terdpry xal
v abrjj Tov dorépa éxovgav xai & s Kari
mAdros xodjoews efer Tiv alriav ot piw adTy
b Soov yip emi TatTy kal wpds Tovs wodovs
rob ok péowr Tov [wdlwy fxey dv ¢ ia'rﬂip wal
aMjaiov Tév Toll Koopoy woAwy éyivero: vuvi 8¢ 1
rerdpr) odaipa wept Tods Tob (7o)’ dordpos
Aofoi wixdov orpedopérny malovs émi Tavarria T
Tpiry dn' dvaroddv muﬂp&; Kai & low ypivew

1405 108 Heiberg.
* de the ut’m.tur of the third sphere.
b i.e, Venus and Mercury.
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a circle latitudinally inclined to the zodiac circle (the
circle in which the moon moves having a greater
latitudinal inclination than that of the sun), The
motion of the planets he assumed to take place in
each case on four spheres; of these the first and
second are the same as for the sun and moon (the first
being the sphere of the fixed stars which carries all
the spheres with it, and the second, next in order to
it, being the sphere about the circle through the
middle of the signs of the zodiac which is common to
all the planets) ; the third is, in all cases, a sphere
with its poles on the cirele through the middle of the
signs of the zodiac; and the fourth moves about a
circle inclined to the middle circle ® of the third
sphere ; the poles of the third sphere are different
for all the planets except Aphrodite and Hermes,?
but for these the poles are the same.

Simplicius, Commantary on Arvistotle’s De caels i, 12
(203 a 4), ed. Heiberz 406. 23407, 5

The third sphere, which has its poles on the great
circle of the second sphere passing through the middle
of the signs of the zodiac, and which turns from south
to north and from north to south, will earry round
with it the fourth sphere, which has the planct
attached to it, and will moreover be the cause of the
planet’s latitudinal movement. But not the third
sphere only ; for, in so far as it was on this sphere
only, the planet would have reached the poles of the
zodiac eircle, and would have drawn near to the poles
of the universe ; but as matters are, the fourth sphere,
which turns about the poles of the inclined cirele
carrying the planet and rotates in a sense opposite to
the third, that is, from east to west, but in the same
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v arpodiy abrdy mowvpdm T6 e mi wAéov
e w rov bt péowy rav Lwdlwy mapari-
gerar wai Ty Aeyopdmy Umd Eddsfov immomédny
mept Tov abrév Tourovl kiklov T doTépe ypi-fmv
mapéferas, dore, migov T TS % fjs TavTs
w\dros, Tooobrov kai ¢ dorip €is wAdros Bdfer
rapaywpelv, omep dyralobor 7@ Ebdq.

® i by the planet,

¥ i * horse-fetter.”

* Sehin li works out in detail the motion of a planet
subject only to the rotations of the third and fourth spheres.
The problem in its simplest expression, he says, is this:

‘A sphere rotates uniform!i about the fized diameter AB.

P, P’ are opposite poles on this sphere, and a second sphere
concentric with the first rotates uniformly about PP in the
same time as the former sphere takes to turn about AB, but
in the opposite direction. M isa g;int on the second sphere
equidistant from the poles P, I (that is to say, M is a point
on the equator of the second sphere). Itis required to find
jhe path of M." Schiaparelli found a solution by means of
seven geometrical prgsoaitiuni which Eudoxus could have
known, and he proved that the path described b M was

like a -of-eight on the surface of the {see
second m}. 'i%h eurve, which Schisparelli called a
414 ]
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period, will prevent any excessive deviation ® from
the cirele through the middle of the signs of the
zodiac, and will constrain the planet to describe
about the same zodiac circle the curve ealled by
Eudoxus the kippopede,® so that the breadth of this
curve measures the a nt latitudinal motion of
the planet, a view for which Fudoxus has been
attacked.®

" spherical lemniscate,” agrees with Eudoxus’s deseription

of it a5 a ki da (horse-fetter). It is the intersection of

the sphere with a certain eylinder touching it internally at

the double point O, nunr:]y. a eylinder with dinmeter equal

to AS, the sagitfa of the diameter of the small circle of the
on which P revolves,

For the proof of these statements the reader must be
referred to Schiaparelli's paper. An analytical f.x}]lﬂi&hn
is given by Norbert Hers in Gaschichte der }hﬁuhﬂ‘- i
von Plansten und Kometen, Part §., pp. 20,21, and rnducﬁ
:]lfl-lmth. Aristarchus of Samos, pp. 204-205, with further

Summing up, Heath says [ Aristarchus of Samos, P 211):
* For the sun and moon the hypothesis of Eudoxus sufficed
to explain adequalely znmgmc principal phenomena,
except the irregularities due to the eccen which were
either unknown to Eudoxus or neglected by him. For
Jupiter and Saturn, and to some extent for also,
the system was capable of giving on the whole u%r}*
lanation of their motion in longitude, their stationary
points and their retrograde motions; for Venus it was
unsatisfactory, and it failed altogether in the case of Mars.
The limits of motion in latitude represented by the various
hi des were in tolerable agreement with uZar_rmd facts,
dmuugh the periods of their devintions and their places
in the eycle were quite wrong. Bul, notwithstanding the
Imperfections of the system of homocentric spheres, we
cannot but ize in it & speculative achievement which
was worthy of tﬁe gmt reputation of Eudoxus and all the
more deserving of admiration because it was the first attempt
at a sclentific explanation of the apparent irregularities of
the motions of the planets,”
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XIV. ARISTOTLE

(a) Finst Prixcirres

Aristot. Anal. Post. L. 10, T6 0 30-TTn 2

Aéyw & dpyds év éxdore yéve Tavras, ds o
éort pn evdéyerar Beifar. T piv ofv ompaive
Kai TG4 mpdTa kal Ta €Kk Toutwe, Aapfdverairs o
&' domi, Tas pév dpyds dvdywn AapPdvew, a 5
dMa Seucrivar, olov 7i povis 4 7i 70 e xail
Tptyavor: elvar 8¢ Ty povida Aafelv xal pdyefos,
7d & Erepa Beucyivar,

“Eort & dv ypdvrar év 7als dmodewkrixais
emomijpas Ta pév B éxdorns émomjuns Ta 8¢
xowd, xowd B¢ xar dvaloyiar, émel ymioyudy ye
doov &v TG Umo TV mariuny yéve.

"laie pev olov ypapuiy elvar rowavdl, wal 7
e, xowa 8¢ olov 76 loa dmd lowv dr dddly, on
fon 7d Aowmd. ixavow 8’ éxacrov Tovrwy Soov év
TG yever TalTo yap moujoe, KAy pi) KaTd wdrTww

% Aristotle interspersed his writings with illustrations from
mathematics, and as he lived just ﬂfm Euclid he throws
valuable light on the transformation which Fuclid effected.
A large number of the mathematical passages in Aristotle’s
works are translated, with valuable notes, in Sir Thomas
Heath's posthumous book Mathematics in Aristotle,
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(a) Fimst Prixcieres
Aristotle, Posterior Analyfics i. 10, 76 a 30-77 a @

I mean by the first principles in: every genus those
elements whose existence cannot be proved., The
meaning both of these primary elements and of those
ded from them is assumed ; in the case of first
principles, their existence is also assumed, but in
the case of the others deduced from them it has to
be proved. Examples are given by the unit, the
straight and triangular; for we must assume the
existence of the unit and magnitude, but in the case
of the others it has to be proved.

Of the first principles used in the demonstrative
sciences some are peculiar to each science, and some
are common, but common only by analogy, inasmuch
as they are useful only in so far as they fall within the
genus coming under the science in question.

Examples of peculiar first principles are given by
the definitions of the line and the straight; common
first principles are such as that, when equals are
taken from equals, the remainders are equal. Only
so much of these common first principles is needed as
falls within the genus in question ; for such a first
principle will have the same foree even though not

419



GREEK MATHEMATICS

ifp dA’ éml peyellav pdvor, 7@ & dpllpnred .
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ypappds. vor 76 elvat
wal 7odi elva. mhrumum&;mﬂ'a&m
T pev n-w.:myn mu.a-mu, J.uyﬁmumr, olov 1) peév
aptﬂnwvn".- Ti mepurrév §) dpriov 7 TeTpdycwrov i)
mﬁu;, 7B ! ycwmrpm T 70 dAoyow 1) T0 xexAdollax
7 vevew, ari 8 €omi, Sevardovon id Te T@Y KowaEY
Jir.:l éx Tiw frrnﬁqﬁﬂy#;:g;: xai 7 nu-rpcr?aywi
woatrws. Tiga yap amodeTiny EmOTHuY e
;‘5&! t'dféu, Ean’t}?ibm Tiflerai (rafra 51 1111 f&
vog, off Taw alra walfppdrwv éori Bewpr-
TikT), Kal T@ Kowd My&;.:iz dfudpara, &£ ij'iv
mpurrwy dmodeikvoar, xal Tpirov Ta wdfy, dv Tl
onpaive: éxaoror AapPdver. e‘n‘:u.f pévroe ém-
u-nﬁpug oﬁ&su Kwdler eva ro:.rﬂ.uu Tapopir, aﬁw
fn }rms' 7 z]r:mﬂﬂmﬂm (fm:, av i} davepor o7t
:a'rw (o0 yap duolws Eqs‘lnv ort apllpds dovi wal
aT va xul E'gppm'} iﬂ:u Ta mg&pﬁ Jtapﬁuuw
i oqpaive, dv | dqda- mﬂTt’p olde T Kowd oU
¢ 7l ojuaiver 70 loa dno iowy a:khw.
ot yl-wpq.ml-r ’upﬁ olbew frrov -rp ye duiget Tpm
'muni €0TL, WEPL O TE OELKVUOL Kal G Oetkvuoe Kl
ef dw.
Ode éore 8" imdbeois o0d' airmua, & avdyxy

2 Euclid does not define vexddefas ** to be inflected,"” or
viler, ' Lo verge," qumpleuf“lnﬂmﬁm"
supra, pp. 358-350, and of * verging,” supra pp. 242-245.
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applied generally but only to magnitudes, or by the
arithmetician only to numbers,

Also peculiar to a science are the first principles
whose existence it assumes and whose essential
attributes it investigates, for example, in arithmetic
units, in geometry points and lines. Both their
existence and their meaning are assumed. But of
their essential attributes, only the meaning is as-
sumed. For example, arithmetic assumes the mean-
it}g of odd and even, square and cube, geometry that
of irrational or inflection or verging,® but their
existence is proved from the common first principles
and propositions already demonstrated. Astronomy
proceeds in the same way. For indeed every
demonstrative science has three elements : (1) that
which it posits (the genus whose essential attributes
it examines); (2) the so-called common axioms,
which are the primary premisses in its demonstra-
tions ; (S) the essential attributes, whose meaning it
assumes. There is nothing to prevent some sciences
passing over some of these elements; for example,
the genus may not be posited if it is obvious (the
existence of number, for instance, and the existence
of hot and cold are not similarly evident); or the
meaning of the essential attributes might be omitted
if that were clear. In the case of the common
axioms, the meaning of taking equals from equals
is not expressly assumed, being well known., Never-
theless in the nature of the case there are these
three elements, that about which the demonstration
takes place, that which is demonstrated and those
premisses by which the demonstration is made.

That which necessarily exists from its very nature
and which we must necessarily believe is neither
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hypothesis nor postulate. For demonstration is a
matter not of external discourse but of meditation
within the soul, since syllogism is such a matter,
And objection can always be raised to external dis-
course but not to inward meditation. That which is
capable of proof but assumed by the teacher without
proof is, if the pupil believes and aceepts it, hypothesis,
though it is not hypothesis absolutely but only in
relation to the pupil ; if the pupil has no opinion on
it or holds a contrary opinion, the same assumption
is a postulate. In this lies the distinction between
hypothesis and postulate ; for a postulate is contrary
to the pupil’s opinion, demonstrable, but assumed and
used without demonstration,

The definitions are not hypotheses (for they do not
assert cither existence or non-existence), but it is
in the premisses of a seience that hypotheses lie.
Definitions need only to be understood ; and this is
not I]h thesis, uli:nm hit b:h contended that the
pupil’s hearing is also a esis,  But hypotheses
lay down fagtx on whmrrnc:istenne depends the
existence of the fact inferred. Nor are the geo-
meter’s hypotheses false, as some have maintained,
urging that falsehood must not be used, and that the
geometer is speaking falsely in saying that the line
which he draws is a foot long or straight when it is
neither a foot long nor straight. The geometer draws
no conclusion from the existence of the particular line
of which he speaks, but from what his diagrams
represent.  Furthermore, all hypotheses and postu-
lates are either universal or particular, but a definition
is neither.
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Aristot. Phye. I' 6, 206 a 9-18
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= After criticizing the belicfs of the Pythagoreans and
Plato's school, Aristotle has just shown that there cannot be
an infinite sensible hodr

* The doctrine of * Indivisible lines " is attributed to
Flato by Aristot. Met, 992 a 20-22 and to Xenocrates, who
succeeded Speusippus as head of the Academy, by Proclus
24
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(6) Tue InrFrviTe®
Aristotle, Physics T' 6, 206 a 9-18

But it is clear that the complete denial of an infinite
leads to many impossibilities. Time will have a
beginning and an end, there will be magnitudes not
divisible into magnitudes, and number will not be
infinite. Since neither of these opposing views can
be accepted, there is need of an arbitrator, and clearly
each vicw must be in some sense true, in some sense
untrue. Now “ to be " is used in the sense either tqg
exist actually or to exist potentially, while what is
infinite is infinite cither by addition or by division.
It has already been stated that spatial extension is not
infinite in actuality, but it is so by division ; for it is
not difficult to refute the belief in indivisible lines ® ;
therefore it follows that the spatially infinite exists
potentially.

Ihid. T 6, 206 b 3-12

The infinite in respect of addition is in a sense the
same as the infinite in respect of division, the process
of addition in a finite magnitude taking place con-
versely to that of division ; but where division is seen
to go on ad infinitum, the converse process of addition
tends to a definite limit. For if in a finite magnitude
you take a determinate part and add to it in the same
ratio, provided the successive added terms are not of
the same magnitude, you will not come to the end
of the finite magopitude ; but if the ratio is increased
so that the terms added are always of the same

i Tim, 36 w, ed. Dichl ii. 246. and 0 Ewel. i., ed. Friedlein
270, 5, ns well as by the commentators on Aristotle. The
Tﬂu!u—ﬁristntr]im tract D lineds insecabilibus seems

irected against Xenocrates,
485
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* From a finite magnityde AA" a " determinate &:rt =
(peopdior) AB is cut off.  BA’ is then divided at C, CA" at

B CD

i el
-

ﬂ | | S0} A

D and 50 on, in such a manner that the fractions diminish
in the same ratio, i.e., AB, BC,CD . . . form a greometrieal
P ssion.  If the fractions diminish in this way, then
AA" will never be exhausted by this process, which will
proceed ad infinitum. We may then, look on AA’ as
divided into an infinite number of parts, giving an infinite
by division, or we may look on AB as having ndded to it
an infinite number of parts, giving an infinite by addition.
Bat if the successive ndﬁatd fractions arc equal to each other,
ie, AB=BC=CD=, . ., then AA’ will exhausted in a
finite number of steps. This statement is equivalent to the
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magnitude, you will come to the end, since any finite
magnitude is exhausted by continually subtracting
from it any definite fraction whatsoever.s

Thid, T 6, 306 b 37-207T 0 7

Plato posited two infinites ® for this reason, that it
is possible to ed without limit both by way of
increase and by way of diminution. But although
he posits two infinites he does not use them : E:w
in pumbers there is for him no infinite by way
of diminution (for the unit is a minimum), nor by way
of increase (for he makes number go up to ten).®

So it comes about that the infinite is tie opposite of
what it is usually said to be. Not that bevond which
there is nothing, but that of which there is always
something beyond, is infinite.  Anillustration is riven
by the rings not having a bezel which are called end-
less, because there is always something beyond any

"‘“é‘}';’ I:I-fh.;mhimuiﬁ. already used by Eudoxus (see supra,
P n. &),

* The reference is evidently to the famous ** undetermined
dyad of the great and small” A, E, Taylor { Mind, xxxv,,
PP. 419440, 1926, and xxxvi., pp. 12-93, 1927) puts forward
an ingenious theory of the nature of the * undetermined
dyad." He sees o reference to the process of approximating
more and more closely to a number by approximations
alternately greater and less ; D'Arey Wentworth Thompson
(Mind, xxxviil., pp. 43-55, 1929) adds the further refinement
that the methndP?s approximation by continued fractions,
Though such conceptions were doubtless not beyond the
mathematical eapacity of Plato's Academy, they must
remain guesses ; and there is nothing to foree us to believe
that there is -Eythln more profound in the concept of the
undetermined dyad tinn Aristotle here indicates, viz., it is

ible to proceed in an infinite series either by way of
nerease or by way of diminution,
Aristotle has probably misunderstood some obiter dicfum
of Plato’s.
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kal’ duobrmra pév Toa Myovres, of pévroe
xuplews® Bel yap Tobrd Te dmdpyewr xal undé more
70 abro Aapfdveclas dv 8¢ v windw ob plyveras
otrews, dAN' alel 70 édeliis pdvov Erepov.
Ihid. I"'7, 207 b 27-34

Odx adaipeirar & ¢ Adyos oddé Tods paly-
paTikods Ty Bewplav, dvapav obrws  ebat
dmepor wore evepyeln elvar énl Ty alfpow
adiefiryrov- oldé yap viv Séovrar Toi dmelpov
(o0 pap yp@vrad), dAa pdvor elvar oy av Pou-
Awyrar wemepaopdmy TP B¢ peylotw peyéfea
Tor atrov €om Terpfofac Adyovr dmpAuovoily
peyellos erepov. diore mpos pév o Beifar dxeivois
obbév Bioloer 70 elvar v Tois olow peyéfeaw.

(¢) Proor prrverixge rrom Eucun's
Aristot. Amal. Pr. 1. 24, 41 b 5-22
MaMor 8¢ yiverar davepor év Tois Buaypdupacy,
olov 67t 7ol lgookelols loar ai mpos 77 Pdoes.
€orwaar eis o kévtpor dypévar af AB. € ol
oy AapBdvor Ty AT yeviar rfj BA ps Sdws

= Aristotle had been arguing that in any syllogism one
of the propositions must be affirmative and universal.

= II;IL 't‘hduwn‘.;ud .

* For this me of express the sum of two angles
by thnju:tlp{:ﬁiﬁunnftbetcttl:greprmﬁnglhumm
Archytas's method of representing the sum of two numbers
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point on them, but they are so called onl after a
certain resemblance, and not strictly ; for this ought
to be an essential attribute, and the same point should
never do duty again; but in the circle tI}:;;:is not so,
but the same point is used over and over.

Ibid. T' 7, 207 b 27-34

But the ent does not deprive mathematicians
of their study, although it denies that the infinite
exists in the sense of actual existence as something
increased to such an extent that it cannot be gone
through ; for even as it is they do not need the
infinite (or use it), but only require that the finite
straight line shall be as long as they please. Now
any other magnitude may be ﬁiﬁde& in the same ratio
as the largest magnitude. Hence it will make no
difference to them, for the purpose of demonstration,
whether there is actually an infinite among existing

magnitudes.

(¢) Proor pirrerive ¥rom Eveun's
Aristotle, Prior Analytics i, 24, 41 b 5-22

This® ismade clearer by geometrical theorems, such
as that the angles at the base of an isosceles triangle
are equal [Eucl. i, 5. For let A, B be joined® to
the centre. If then we assumed that the angle AT
[ie. A+T7¢ is equal to the angle BA [i.e. B+A]

supra, p. 130. The angles A, B are the angles OAR, OBA,
and nEtlu s.m:l!niimeiﬂtudmlhud.innmnfualng
manner, as B, Z. The T, & are the smaller angles
between AB and the arcof the eircle. There is other evi-
dence that such ' mixed ™ angles played a bi part in pre-

geometry, but E himself ¥ uses them.
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dficions loas Tas raw HusvwMaw, kol mddo T
I' 7 A pi) widocar wpoodafidn v 7ob Tpijuaros,
i‘ﬂ?’ anw’ lowy olody Tév Slwy yondy kal lowy
adypnpdver loas elvae Tas Aomds Tas BZ, 76 &
dpxijs aimjoerar, dav py AdBy dmd rév lowy lowy
agepovpévan loa Aelmeablas.

() MEcuaxics
(i.) Principle of the Lever
[Aristot.] Mech, 3, 850 a=b

"Erei 8¢ firrov Omd 1ob laov Bdpovs xiveirac
peilew 7w éx Tol kévtpov, €or 8¢ Tpla T mepl
Tor poy\dy, 70 pév Gmopdyliow, gmdprov xai
kévrpov, duo 8¢ Bdpy, & Te xivdv xal 76 Kwodevor
é agvfﬁ kwvoupevor Pdpos mpis T kwoiv, T
pijios wpos T6 pijKos dymirémovfer. alel 8¢ Sow
av peilov ddeoriiny Tob dmouoyliov, plov Kwijoer.
airin 8¢ Eﬂnﬂ mpodexleioa, dri 1) mAelov dm-

* Euclid proves thls theorem by producing the equal
sides AB, AC of an sosceles iﬁnug{e to F, G where AF is

th the triangle AGB, hence C is
t with the triangle CGB, and so finally that the
unge ABC is equal to the angle ACH.
The Mechanics is not by Aristotle, but must have been
450

ual to AG. He shows that the trh.nE]: AFC is congruent
:'CI that inngle HF
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ARISTOTLE

without asserting generally that the angles of semi-
cireles are equal, and

again that the angle I' s

equal to the angle A with-

out assuming generall

that the two angles of ag

™ ents are equal, and

EI'EE:::: furthereqinferred

that, since the whale E! iz

angles are equal, and A 7 - Ta /B
equal angles have been ’ ‘\
subtracted from them,

the

remaing angles
E, Z are equal, we should commit a pefitio principii
unless we assumed generally that if equals are sub-
fracted from equals the remainders are equal,

(d) Mecuaxics
(1.) Principle of the Lever
[Aristotle], Mechanies 3, 850 a-h

Since the greater radius is moved more quickly
than the less i;reun equal weight, and there are three
elements in the lever, the fulerum, that is the cord®
or centre, and two weights, that which moves and
that which is moved, therefore the ratio of the weight
moved to the moving weight is the inverse ratio of
their distances from the fulerum, [t is always true
that the farther the movin weight is away fram the
fulerum, the more easily '-riﬁ it move. The reason js
written by someone under his influence at a not much later
date ; it may be taken as reflectin Aristotle’s own ideas,

* The aunthor has compared the fl;li‘nll'l‘l supporting n lever
to the cord by which the beam of a balance s auspmd:d.ﬂl
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éxovon &k Tob wévrpov pellova xixdov ypdder.
aore dmo Tis avris loyvos wAéov peraoTiioeTat
10 Kwoiv 76 wAeiov Tob UmopoyAiov dwexov.

(ii.) Parallelogram of Velocities
[Aristot.] Mech, 1, 848 b

"Orav pév oty év AMyw twi dpéppras, én’ edlelng
dvdyxn dépeatias 76 pepdpevow, kal yiverar Sui-
perpos adry) Tol oyijpares & wowdaw af &v TovTw
T Myw ouvrefeioon ypappal.

“Eores yip 8 Myos 8 $lperas 8 gepdyiero,
&v &yes ) AB mpds Ty AT xai 70 pév AT" depéobion
mpos 10 B, % 8¢ AB imodepéotiw mpos iy HI™
Simuéyfus 8¢ 76 pév A mpis 7o A, 1) 8¢ &7 § AB
mpos 70 E. €l odv émi Tijs Popds & Adyos 7y ov
7% AB &xer mpds T AT, duvdyiy kal Ty AA mpds
i AE rofrov &yew rov Adyov. Spowv dpa €ori
T Myw 10 puxpov Terpdmhevpor i pellom, diore
xal 7 alry Suiperpos alrdv, xal To A foral mpos
Z. tdv abrdv &) tpémov Beylioerar xdv dmov-
oiv Biadndbii % dopd- alel pip éorar émi Tijs da-
pérpov.  davepdy ol o T wara T SudpeTpor
depopevoy év dio dopals dvdyxn Tov TaW TASUpEY
$épeatiac Adyov.
ﬂﬂ:eti"' has two linear movements In a eonstant ratio to each

» i.e. parallelogram.
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that already stated, that the point which is farther
from the centre describes the greater circle. As a
result, if the power applied is the same, that which
moves the system will have a greater effect the
farther it is from the fulerum,

(ii.) Parallelogram of Velocities
[Aristotle], Mechanics 1, 848 b

When a body is moved in a certain ratio,® it must
move in a straight line, and this straight line is the
dingonal of the figure * formed from the two straight
lines which have the given ratio.

For let the ratio according to which the body moves
be that of AB to AT'; let AT be moved towards B
while AB be moved
towards HI'; and-*
let A travel to A, A A B
while AR travels to
a position marked
by E. If the ratio E
of the movement is z
that of AB to AT,

:.:ll:n J:h'..'i must needs

ve the same ratio
to AE. Therefore I H
the small quadri-
lateral is simﬂa: to the larger, so that they have the
same di I, and A will be at Z. It may be shown
that it will behave in the same manner wherever the
motion be interrupted ; it will be always on the
disgonal. Therefore it is also manifest that a body
travelling along the diagonal with two movements
will travel according to the ratio of the sides,

VOL. 1 2y 438
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XV. EUCLID
(a) GENERAL
Stob. Eel. IL. 81. 114, ed. Wachsmuth ii. 228. 25-20
ﬂup Edwleldy s upfny.evng "IEMFETPEI.I-',
T :rpco‘ror Hecspnpa Eualler, 7 Ajpero Tov Evnhﬁ't}v*
Yool B pot wAdoy €orar Tadra pabévre; " xal &

EixAeidns vov maiba xﬂfﬂ‘ﬂs‘ " &os,” "#"Ia " abrd
TpunBolov, emadn el alrg €E dw ;mvﬂm:.

[ L]

Kepbaivew.
(b) Tue FremexTs
(i.) Foundations
Euel, Elem. L
"Opoi

. Enueidv €orwv, of uepos obllév,
ﬂ’ Tpapys) 8¢ pijxos dmdarés.
. Ppappis 8¢ mépara omueia.

* Hardly anything is known of the life of Euclid beyond
what has already been stated in the passage quoted from
Proclus (supra, p. 154). From Pappus viil. 35, ed. Hultsch ii.
678, 10-[9 infra, p. 489, we infer the additional detail that
he tanght at Alexandrin and founded n schoal there.  Arablan
references are summarized by Heath, The Thirteen Books of
Euelid’s Elements, 2nd edn., 1926, vol. L. pp. 4-6.  Eueclid must
have flourished ¢. 300 n.c.
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(a) GeNERax

Stobaeus, Extracts iL 31. 114, ed. Wachsmuth ii. 228,
25-28

Someone who had be to read me with
Eueclid, when he had l;a‘“;t the ﬁrstgt;ﬂeurttn;?uhd
Fuelid, ** But what advan shall 1 by 1

these things ? " Fuclid called his slave and said,
* Give him threepence, since he must needs make
profit out of what he learns,”

(6) Tue Fiemests ®

(i.) Foundations
Euclid, Elements i,

DEFINITIONS ©

1. A poind is that which has no part,
2, A fine is length without breadth.
3. The extremities of a line are points.

¥ For the meaning of elsments, see supra, p. 150 n. o

* For a full discussion of the many problems raised by
Euclid's definitions, ﬁaml.htu and common notions the
reader Is referred to Heath, The Thirteen Books of Euwelid’s
Elsménts, vol. §. pp. 155240,
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5. Edfeia yYpappy €orw, fris €€ {oov Tols e

€avrijs onuelots retrou.

:':‘:’? 'Empdvera 8¢ dorw, & pijkos kal wldros
povov éxer.

s'. '"Emdavelas 8¢ népara ypapduai

L', "Exinedos emddierd dor, yris €€ laov Tals
€d’ éavrijs edfelars weira,

7'. "Eminelos 8¢ pwvia éoriy ¥ & emmédw o
ypapudv anropdvav dAfdaw xal py én' edfelas
Keyévwy mpos dAjdas Tav ypaupdv xMos, |

. "Orav 8¢ al mepidyovaar v puviar ypapual
edleiar dow, edbiypapuos raleirar 7 ywvia,

. "Orav 8¢ edfieia ¢n’ edfeiav orabeion Tis
&beis yamias Taus iflats 7oud, dpbi) Sxtripn
T@v lowy yawdy o, kal ) peormevia edleia
xdlleros kadeiras, &b v eddaTicer,

wa’. "Apfleia yonia doriv 7 peilwr dpbifs.

f. "Ofeia 8¢ 1§ dovaw opbijs.

&y’. "Opos doriv, & Twés éore wépas.

w’. Exiipd éome 6 Omé Twos % Twr apeay
TEMENOLEVWY, \

te’. Kikdos dori oyfjpa énimedov dmé ds
YPoppuis mepiexdpevor [§) xadetrar mepupéperal,
mpos ijv dd’ évds anuelov Taw drds Tob oxiparos
keyiévwy wiom ol wpoomimrovear edfeiar [wpos
v 7ol xikdov mepupéperay] foa aMjdass elaiv.

ts'. Kévrpor 8¢ 7oi kikdov o onpeiov kadeirat.

W', Audperpos 8¢ 700 riichov arly edfeid Tis
8id Toi Kévrpov Nypém wal meparovpdiy &4

* Plato (Parmenides 197 x) defines o straight line as * that
of which the middle covers the ends.” Fuclid appears to
Mtr}'ingtnuyumsamnkindafthlnginmgmmﬂﬂul
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4. A straight line is a line which lies evenly with the
points on itself,®

5. A surface is that which has length and breadth
only.

ﬁ{r The extremities of a surface are lines,

7. A plane surface is a surface which lies evenly
with the straight lines on itself.

8. A plane fe is the inclination towards one
another of two lines in a plane which meet one
another and do not lie in a straight line.

9. And when the lines cnnmlnin? the angle are
straight, the angle is ealled rectilinea

10. When a straight line set up on a straight line
makes the adjacent :mglts equal one to another, each
of the equal angles is right, and the straight line
standing on the other is called a perpendicular to that
on which it stands.

11. An obfuse angle is an angle greater than a right
angle.

igE An acute angle is an angle less than a right
angle.

13. A boundary is that which is the extremity of
anything.

14. A figure is that which is contained by any
boundary or boundaries.

15. A eircle is a plane contained by one line
such that all the straight lines falling on it from one
point among those lying within the fizure are equal
one to another.

16, And the point is called the ceatre of the circle,

17. A diameter of the ecircle is any stmghl: line
drawn through the centre and terminated in both

Neither statement Is satisfuctory as a definition
ek
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dndrepa Ta pépy Umd Tis Toi Kixdov mepidepeias,
7ris xal Blya Tépver Tov xirdor.

o). “Huexdudiov 8¢ éori 8 mepreydpevor axijpa
w6 e Tijs Siapérpov Kai Tijs dmodauBavopdins b
abrijs mepubepeins, wévrpov B¢ Tod Npecvdlov
TO0 avTe, 6 xal ol KoxAoy eoriv,

. Tysjpara edbypapud dore td $md edlfey
mepiexopeva, Tpimdevpa pdv Ti Smor Tpud, TeTpd-
mAevpa 8¢ Ta dwd Teoadpww, wodim evpa 8¢ Td
tme mhewdven 5 Tiﬂ'ﬂd‘fhw ebferdy mepiexdpeva.

k. Tav 8¢ rpmdedpwy oymudray lodmAevpor
ey Tpiyandy dore 6 Tds Tpeis foas Exov mhevpds,
toookedés B¢ 7o Tde Svo povas ioas Eyov ic,
okadyvor 8¢ 16 Tds Tpeis dwloovs €yov mhevpds,

xa’. "Ere 8¢ rav rpmdedpan oympdraw dplla-
ywmor pév Tplyavdy domi To Exa?{zpﬁﬁv yuviay,
apBAvyuivor ™0 &yov dufletar ywviav, dfu-
yawior 8¢ 76 Tds Tpels ofelas Eyov yavias,

kB’. Tav 8¢ rerpamdedpuy m{mm TeTpd~
yawor pév éomwv, & lodmAevpdy v éori xal opllo-
?méum, erepoprnes 8¢, & dpboycimo pév, obx
todmAevpoy g", popBos B¢, & lodmdevpar pédv, otk
opboydvor 8¢, pouBoedis 8¢ 18 ras dmevavriov
wkvﬁ':- 7€ Kkai ywvias loas dMijAais Exov, & ofre
? pov éoriv ofire 4 oydvor: ta 8¢ mapa
Taira Terpdmdevpa Tpamelia xalelobw.

wy’. MlapdMdpdol elow edfeiar, afrwes & TG
abrd) émmédy ofoar al éxfalduevas els dmeipoy
::i;fx{i'ﬂpu Ta pépn émi umdérepa cvpmimrovow
¥ w'

* Heath classifies modern definitions of parallel straight
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directions by the circumference of the circle, and such
a straight line bisects the cirele,

18. A semicircle is the figure contained by the
diameter and the cireumference cut off by it, And
the centre of the semicircle is the same as that of
the circle.

19. Rectilineal figures are those contained by straight
lines, trilateral figures being those contained by three,
quadrilateral those contained by four, and multilateral
those contained by more than four straight lines,

20, Of trilate res an equilateral triangle is that
which has its thresﬂ::des ?:L an irosceles triangle
that which has only two of its sides equal, nga
scalene triangle that which has its three sides unequal,

21. Further, of trilateral figures, a right-angled
friangle is that which has a right angle, an obfuge-
angled triangle is that which has an obtuse angle, and
an acule-angled triangle is that which has its three
angles acute.

22. Of quadrilateral figures, a square is that which is
both equilateral and right-angled ; an oblong is that
which is right-angled but not equilateral ; a rhombus
is that which is equilateral but not right-angled ; and
a rhomboid is that which has its opposite sides and
angles equal one to another but is neither equilateral
nor right-angled ; and let quadrilaterals other than
these be called trapesia,

23. Parallel straight lines are straight lines which,
being in the same plane and produced indefinitely in
both directions, do not meet one another in either
direction.®
lines into three main groups : (1) Parallel atraight lines have

na point commen, under which general conception the
following varicties of statement are included ; (n) they do

+1
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Alrpara

a’. "Herjoflw dmé mavrds ompelov éml mdv
oyjeiov edfeiay ypappiy dyayeiv.

. Kal memepagpévmy edfeiav xara 70 auveyes
ém’ ebfelas exPuleiv.

. Kai mavrl xéimpw wal Swgrmijuart oy
ypddeotiar.

8. Kai wdoas Tas dpbds ywvlas loas dWjAas
etvat.

¢’ Kal dav els 8o edlelas edleia éumimrovoa
rds évrds wal émi T8 abrd pépy ywvias dio dplaw
Adagovas o, éxBaMopdvas Tds Sio edflelas ém’
dmepov aupminrew, éF & pdpn eloiy al 7@y dvo

dplicy éhdoooves.

not eut ona another, (b) they ment at infinity, (c) they have a
common point at infinitys (2) parallel afraight lines harve
the same, or like, direction or directions; (3) parallel
straight lines have the distance befiveen thewm  conatand.
Eunelid s definition bel te 1{e), and he avoids many fallucies
latent in the other definitions, showing himself superior not
only to many ancient, but to many modern, geometers,

- Thnchldpum:&coﬂhm first three postu is perhaps
not to lay down that straight lines and circles can be drawn,
but to delineate the nature of Eoelidean space. “cﬂ imply
that is continuous (not discrete) and infinite (not

limil i
*ﬂ-&sgimudmrmimhmngﬂtndabywhlmmglu
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POSTULATES

1. Let the following be postulated: to draw a

stra.l,g" ht line from any point to any point.
2. To produce a finite straight I{niamnununusly in
a straight line.

8. To describe a circle with any centre and dia-
meter.®

4. All right angles are equal one to another.?

5. If a straight line falling on two straight lines
make the interior angles on the same side less than
two right angles, the two straight lines, if produced
indefinitely, meet on that side on which are the angles
less than two right angles.

can be measured, but it does far more. To prove this
statement it would be ary to assume the invariability
of figures. Euclid preferred E postulate the equality of
r ;;P In;,f;hlch lmﬁ-:mm to mﬂn&m{;npum of the in-
variabilif gures or the homogeneity of space,

L Hmtﬁ :t?lj:n tl'ultthia pmlulite i mtﬁ ever be rdti;.d
A% among most  epoch-maki achievements In the
domain of geometry,” and ubﬁm:f= * When we consider
the countless successive attempts made through more than
twenty centuries to prove the postulate, many of them by

meters of ability, we cannot but admire the genins of

e man who concluded that such a hypothesis, which he
found necessary to the validity of his whole system of
geomelry, was really indemonstrable,”

The postulate was frequently attacked in antiguity and
many attempts have been made to ]:rm-r it—by Ptolemy
and us in anclent days, by Wallis, Smhuri{ Lambert
and Legendre in modern times. All have failed, By
omitting this postulate, Lobachewsky, Bolyai and Riemann
d ** non-Euclidean "systems of geometry, Saccheri,
in his k Euclides ab omni naeve vindicatuy (1733), saw
the possibility of alternative h{pﬂlhﬂuﬂ\. and worked out
the muuqu:tnﬁ:n c;!' m‘:a;;]l; ut his faith in Eueii&t?n

metry as s0le poss m WS S0 nf
g:ofl.il to realize the full !.mplglc?rjnmfhls wnrkms
+H3
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COMMON NOTIONS

1. Things which are equal to the same thing are
equal one to another.

2. Ilf equals are added to equals, the wholes are
equal.

3. If equals are subtracted from equals, the re-

ers are equal,

7. Things which coincide with one another are
equal one to another,

8. The whole is greater than the part.®

(il.) Theory of Proportion
Euclid, Elements v.
DEFINITIONS

1. A magnitude is a part of a magnitude, the less of
the greater, when it measures the greater.

2. The greater is a multiple of the less when it is
measured by the less,

8. A ratio is a sort of relation in respect of size
between two magnitudes of the same kind.

4. Magnitudes are said to have a ratio one to
another which are capable, when multiplied, of ex-
ceeding one another.

5. Magnitudes are said to be in the same ratio, the
first to the second and the third to the fourth, when,

* The mss. have four other Common Notlons, but they
are unn » and their genuineness was suspected even
in antiquity. aheyah:: 4. If equals are added to unequals,
the wholes are unequal ; 5. m which are double of the
same thing are eqoal one to ri 6 Things which are
halves of same thing are equal one to another ; 9, Two

straight lines do not & space,
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drav Td Tob wpwrov kai TpiTov lodxis roMamidaa
7w 7ol Beurdpov wkai Terdprov lodwis ToMa-
mhagiwy - kafl' Smowveiy wollamlagaouor xd-
Tepov éxarépov 7 dpa Umepéxy 7 dpa foa 3j 7
dpa éMeimy Anddéra rardlinia.

g'. Ta 8¢ vév adrdv éyovra Adyov peyélly avd-
Aoyor kaldelofie,

L', "Orav 8¢ Tav lodwis molamdaclwy 7o pév
rof wpawrov moMamAdowy Umepéyy Toll Tol Sev-
répov moddamdaaiov, 76 8¢ voif Tpirov moAdamAd-
aiov v Umepexy Tob Tob Terdprov mollawAaciov,
TOTE TO mpwrTor wpos To derrepor peclova Adyow
exew Adyeras, wep TO TpiTOV Tpos TO TETApPTON,

7". 'Avadoyia §¢ &v Tpuwoly Spois ddaylaorn doriv.

0. "Orav 8¢ rpin peyéby dvdloyor 7, 76 mpidrov
wpos To Tpirov BimAaciova Adyor Exewr Adyerar
fjmep mpos To Sevrepor.

* [n the translation of this remarkable definition I cannot
improve on Heath. Literal translation is difficult because
the words xofi® drowvoiv ﬂ'uﬂnmlwmpﬁr come only onee

in the Greek but refer both to ra . . . {odss moMlawddoa
in tre nominative and vév . , . lodmr wollarAaoior in the
bive.

The definition, which avoids all mention of a part of a
magnitude (unlike Elements vii, Def. 21), is applicable to all
itndes, commensurable and incommensurable, It must
be die, in substance at least, to Eudoxus (see supra, p. 408).
The definition has often been assailed misunder-
standing, but has been brilliantly defended md, such g,'rut
mathematicians as Barrow and De Morgan,
by Weierstrass for his definition ut‘ﬁqn-l numbnrs.
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if any equimultiples whatever be taken of the first
and third, and any equimultiples whatever of the
second and fourth, the former equimultiples alike
exceed, are alike equal to, or alike fall short of, the
latter equimultiples respectively taken in correspond-
ing order.®

6. Let magnitudes which have the same ratio be
called proportional.

7. When, of the equimultiples, the multiple of the
first magnitude exceeds the multiple of the second,
but the multiple of the third does not exceed the
multiple of the fourth, then the first is said o Aave a
aniu: ratio to the second than the third has to the

ourth.
B. ::J.Vl:mporﬁnn in three terms is the least possible.
0. en three magnitudes are proportional, the
first is said to have to the third the duplicate ratio of
that which it has to the second.®

Max Simon EEueHﬂ‘ und dig sechs planimetrischen Biicher,
p- 110) thinks it is clear from this definition that the Greelks
possessed o notion of number ns general ns modern miathe-
muticinns, Heath (The Thirteen Ef.ﬁ’lmﬁd'.r Element
ii.. pp. 124-126) shows how Fuclid's definition divides nﬂ
rational numbers into two cosrfensive clusses, and so defines
equal ratios in & manner exactly corresponding to Dedekind’s
theory of the irrational,

De Mnrmn;im the following modern equivalent of the
definition, ** Four megnitudes, A and B u?unn kind, and
C and D of the same or another kind, are rtional
when all the multiples of A can be distribu among the
multiples of B in the same intervals as the corresponding
multiples of C am those of 1)." 'That is to My, m, n
being any numbers whatsoever, if mA lies between nB and
(n+ 1)B, mC lies between aD and (n+1)D.

P 105 =7, then § =% and a bus to & the duplicate ratio
of a to o,
7
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¢. "Orar 8¢ véooapa peyély dvddoyor 4}, 70
mplirov wpos 16 réraprov Tpimdaciova Adyov Eyew
Ayerar 7mep mpds 10 Bedrepor, wal del éffs
dpolws, dis av 7 avaloyln dmdpyy).

w’. "Opdloya peyély Myerar vd pév fyodpeva
Tols Tpyoupevols Ta B¢ émdpueva Tois fmopdiois.

. "Evaldaé Myos dori Mijdns 7ol Tyoupdvov
mpos TO IyoUpevoy wal Toi émopdvou wpds TO
émopevor.

w'. "Avdzadiy Adyos dori Mjfus rof dropdvov
s Tyoupdvor mpds TO fyotuevor G émduevor.

&', Evfleqis Adyov dorl Affus 7ob fyoupdron
p.er& 700 émopévou dis évos mpos alto 6 émdevor.

e, .ﬁ.ml.p-em-s' J.oyau dori Aijfus Tijs ﬁmpnﬁs,
ﬁ ﬁﬂip{xﬂ. 70 Tryolpevor Toll émopdvov, mpis alro
TO wa;mvnv.

g 'A;mpoﬁ Adyou dari )ﬂnh; Tof ﬁ}vu.ufmu
wpog 11;# vmepoxiy, 1) tmepéyer T fyotpevor Tob
emopévou.

. A foov Myos dorl mAadvaw Gvraw pe-
yeldv xai dwv airois lowy 76 wAijlos ovvévoe
Aapfavopévwr xal é&v T adrd Adyw, drav §f ds
fv Tois mpurois peyéleq 16 mpdrov wpds To
foyarov, oUTws & Tois devrdpois peydfieat To

* The magnitudes must be in continuous proportion. 1f

E:?:i tbm%=:;. and a has to & the triplicate ratio of
a lu Alternatively, a cube with side @ has the same
ratio ncubewithu{:nunlnb{mmpmpuis&n.ﬁ}.
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10. When four magnitudes are proportional * the
first is said to have to the fourth the triplicate ratio of
that which it has to the second, and so on continually,
whatever the proportion,

11. The term corresponding magnitudes is used of
antecedents in relation to antecedents and of con-
sequents in relation to consequents ®

12. Alternate ratio means taking the antecedent in
relation to the antecedent, and the consequent in
relation to the consequent.®

18. Inverse ratio means taking the consequent as
antecedent in relation to the antecedent as conse-
quent.*

14. Composition of a ratio means taking the ante-
cedent together with the consequent as one in
relation to the consequent by itself.s

15, ion af a ratio means taking the excess by
which the antecedent exceeds the consequent in
relation to the consequent by itselfs

16. Conversion of a ratio means taking the ante-
cedent in relation to the excess by which the ante-
cedent exceeds the consequent.”

17. A ratio ex aequali arises when, there being
several magnitudes and another set equal to them in
multitude which taken two by two are in the same
proportion, as the first is to the last in the first set of
magnitudes, so is the first to the last in the second

* " Antecedents " are literally “ leading terms,” * con-
sequents ' the * following terms.” In the ratio a: b, a is
the mtmedtnl‘i& the consequent.

*Ha:b::A:B thena: A:: b:B.

T Hasb::A: B, thenb:a::B: A,

* i, the transformation of the ratio a : & into a+ b b,

¥ d.e. the transformation of the ratio a : § futo a- &1 b,

# i.¢. the transformation of the ratio a: b into a : a- b,

VoL. 1 2a +H)
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mpaiTO¥ mpos 76 fayatov 4 dMlws: Mts Taw
axpcu:-r kall' (mefailpeoy Ty Fémv

. Tiﬂlpﬂ}','.ttrw? B unm?.a?m m-rw, m‘uu TpLaEY
Gvraw peyeldiv Kai dAAwy atrols lowy 1o wAjllos
yomrae ws ,f.ﬂ"l-' & Tols_ -:rpw-rms p!}rtﬂcuw Hyoi-
pevoy #pc"s mpﬂmr owm & Tois waé'pms pe-
}nfﬂtmu mmupﬂ'ﬂr frpcrs' emff-lrﬂ'ol'. ws OE e ‘rﬂl:'i-'
ﬂ'pﬂ.l‘n‘:lli' peyéfeoy émdpevov mpos dlo i, olTws
év rois devrépois dMo T mpds Tyolpevor.

(ifi.) Theory of Incommensurables
Euel. Elem. x.
'ﬂpm

a’. Tijpperpa peyéth Tai 7d 79 adrd pérpy
perpovpeva, dovpperpn Bé, dv undev evdéyera
Kowoy peéTpoy yeu’aﬂm.

,3' Evﬂem Swu.;.u: wpperpm elowy, oray Ta dm
alrdy TeTpdywve Q) alT Ywpiy perpipTas, dodu-
jeTpon EGPW TOlS a-rr abr@y TeTpayumols pndiy
:v&-xs)rat Xwpior Kowov peTpov wvéuﬁm.

. Totrewy dmoxepéven Selivvrar, ot Tff wpo-
-rfﬂnu-ﬂ El.nﬁ'nqt. ﬁnap;gaww etfeiar w}.qﬂsu. ameipot
ﬂuppﬂpm e kal dovpperpor al pév quﬂ pdvor,
a 8¢ xai duvduer. ralelote uﬁv 7 pev wporeﬂemu
“ebfeia pymi, xal al Tadry ovpperpor eite pijket

= 3" loov must mean ** ot an equal distanee,” .., after an

equal number of terms, Ifa, b, e . . . m, n is one set of

tudes and A, B, C. ., M, N l]:eother,l.nﬁ atb=

A and o0 on, up to m; u-:"r‘I then a: lEAl\

This is proved in v. 22. The deﬁnltwn merely serves to
gavea n.l.mctnl:hcinﬁnnncc.
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set of magnitudes ; in other words, a taking of the

extremes by removal of the intermediate terms.o

18. A perturbed proportion arises when, there bein
three magnitudes and another set equal to them EE
multitude, as antecedent is to consequent in the first
magnitudes, so is antecedent to conscquent in the
second magnitudes, while as the consequent is to the
other term in the first magnitudes, so is the other
term to the antecedent in the second magnitudes.b

(iii.) Theory of Incommensurables
Euclid, Elements x.

DEFINITIONS

1. Those magnitudes are said to be commensurable
which are measured by the same common measure,
and those incommensurable which cannot have any
COMmMON Measure,

2. Straight lines are commensurable in square, when
the squares on them are measured by the same area,
and incommensurable in square when the squares on
them cannot have any area as a common measure. *

8. With these hypotheses, it is proved that there
exist straight lines infinite in multitude which are
commensurable and incommensurable respectively,
some in length only, and others in square also, with
an assigned straight line. Let then the assigned
straight line be called rational, and those straight lines
which are commensurable with it, whether in length

*Ifa b, eand A, B, C are the two sets of magnitudes,
and a:4=B:C, b:e=A: B the proportion Is said to be
perturbed. It follows thata:e=A: C. Thisisa ar
ease of the inference 5" Toow and Is proved in v.
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wal Suvdper eive Suvdper povov gyral, ai 8¢ Tatmy
dovpperpot ddoyor kadelobwaay,

8. Kai 76 pév dmo tijs mporelelm)s edfelas
Terpdywyov prrdy, xal Td Tolre ovpuerpa pyrd,
7d 8¢ Tolrw doduuerpa dloya xalelofew, sxal al
dvwdpevar alra dloyoi, € pév Terpdywva iy,
alral al wAevpal, el 8¢ &repd Twa edfiypappa,
al {oa adrols Terpdywra dvaypddovoat.

r
[+ 3

Ade peyel@v aviowy exwapévwr, €av dwd Tob
peilovos ddaipell peilov 7 76 fpuov xai Tob xara-
Aevmopérov petlov 4 16 fuov, xai Tobro dei
yiymras, Aewpthjoeral T pdyelos, 4 dorac Eacoor
7ol éxxepdvoy éddaooves peydfovs.

“Eorw 8o pepélny dwoa vd AB, T, dv peiloy
70 AB- Myw, dm1 dav dmo roi AB adaipedfj peilov
7 76 fpov xal 7ol xerademopdvov peilov 7 To
Tpwor, wal Tofiro del yiymral, Aadbijoeral T
péyefos, & Eorar facoor Toi I' peyéfovs.

To I' yap moMamdacwaldpevor éorai wore Tob
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and in square or in square only, be called rafional, but
those :r%ich are incommensurable with it be called
trrational,

4. And let the square on the assigned straight line
be called rational, and those areas which are com-
mensurable with it rafiomal, but those which are
incommensurable with it irrational, and the straight
lines which produce them irrational, that is, if the
areas are squares, the sides themselves, but if the
areas are any other rectilineal figures, the straight
lines on whic‘ll are described squares equal to them.

Prop. 1
Two wnequal magaitudes being get out, 1 m the
greater there be ruuﬁgamf a mmde gum{rﬁ:m the
half, and from the remainder a magnitude greater than
tls half, and 50 on continually, there nill left some
magnitude which will be less than the lesser magnitude set
oul

[..et AB, I' be the two unequal mngnitu-:!es, of which

AB is the greater; I say that, if from AB there be
A '
A— t B -
z H
A 1 1 E

subtracted a magnitude greater than its half, and
from the remainder a magnitude greater than its half,
and so on continually, there will be left some magni-

tude which will be less than the magnitude ",
For T, if multiplied, will at some time be greater
453
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AB peilor. memoMamdacidofw, xai forw 1o AE
700 per I moMamddowov, of 8¢ AB peilov, xai
Sippriabien 76 AE els 7a 7 T loa 7a AZ, ZH, HE,
kai adpprjale amo pév voff AB peilov ) 76 fuov
7o BB, dmo §¢ 7oi AB peilor 4 w0 fuov o OK,
wai Tobro del ywvéolw, €ws av al & 7@ AB
Simpéoas loomiyleis yévarrar 7ais & 7@ AE
diatpéaeaiy,

“Eorwoar ofv ol AK, KO, OB dupévas ioo-
mAnleis ofoar ais AZ, ZH, HE- kai émel preilor
eore 70 AE 7of AB, kai ddyjpyrar dmo pev Tob
AE @haogor Toi fuloews 70 EH, dwd 8¢ 700 AB
petlor 7 70 Fuov 1o BO, dowér dpa w6 HA
Aoimoid 7ol OA peildv dorwv. wal émel petlov dome
7o HA 706 OA, xal adyjpyrac 7oi pév HA fjuov
o HZ, rof 8¢ OA petlov 7 70 7uwov o OK,
Aoumor dpa 16 AL Aoimoil Toi AK peildr doru.
igov 8¢ 76 AZ 76 I' xal 70 T’ dpa 7o AK peildr
forw. €Aagoov dpa 70 AK roi T

Karalelmerar dpa dawe toi AB peyéfovs 76 AK
jeyeflos €daggor Sv Tol éxkeypdvov €ddavovos
peyéfovs ol I’ Smep e Beifai—opolws de
Beixfijoerar, kv fjuiom §f vé ddapodpeva.
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than AB [see v. Def, #]. Let it be multiplied, and let
AE be a multiple of I, greater than AB, and let AE
be divided into the parts AZ, ZH, HE equal to T,
and from AB let there be subtracted B greater
than its half, and from A9 let there be subtracted OK

eater than its half, and so on continually, until the
E:\"iliﬂm in AB are equal in multitude to tﬁ’c divisions
in AE,

Let, then, AK, K8, 6B be divisions equal in
multitude with AZ, ZH, HE : now since AE is
greater than AB, and from AE there has been sub-
tracted EH less than its half, and from AB there has
been subtracted BO greater than its half, therefore
the remainder HA is preater than the remainder OA,
And sinee HA is greater than OA, and from HA there
has been subtracted the half, HZ, and from ©A there
has been subtracted 6K greater than its half, thercfore
the remainder AZ is greater than the remainder AK,
Now AZ is equal to I'; and therefore T is greater
than AK. Therefore AK is less than I

There is therefore left of the magnitude AB the
magnitude AK which is less than the lesser magnitude
set out, namely, I' ; which was to be proved—and
this can be similarly proved even if the parts to be
subtracted be halves.®

® This important theorem is often known as the Axiom
of Archim because of the use to which he puts it, or a
similar lemma ¢ ** The excess by which the greater of two
unequal areas exceeds the lesser can, by being l.!l:nnl'll:in‘iuu.llfr
added to itself, be made to exceed any given finite area,”
Archimedes makes no claim to have discovered this lemma,
which is doubtless due to Eudoxus. The chief use of the
“axiom " by Euelid is to prove Elements xii. 2, that circles
are to one another as the squarss on their diameters,
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Frop. 111, coroll.

‘H dmoropsy wai ai per’ adrie dloyot olire T3
péay olire aljdais eloly al adral. . . .

Kal érel 8édeancrar 7 dworopsy otk oliva 7 admy
T4 €x o dvopdTwy, mowiol 8¢ whdry mapa pyTIV

4 Much of Eucl. Elem. x. is devoted to an elaborate classi-
fication of irrational straight lines.  Zeuthen (Geachichte der
Mathematik im Altertum wund AMittelalter, p. 56) W
that, inasmuch as one straight line looks very much like
another, the Greeks could not ive by simple inspection
that difference among irra uantities which our system
of nlgebraic symbols enables us to see; consequently they
were led to elassify irrational straight lines in the manner of
Eucl. Elem. x., and we know from an Ambic commentary
on this book discoversd :]y Woepcke ([ Mémoires tén d
' Aeadémie des Sciences, xiv., 1656, pp. 658-720) Theae-
tetus had to some extent el fid. In this system
irrational straight lines are classified according to the areas
they produce when * applled " (¢, supra, pp. 186-187) to
other straight lines. For full details the reader must be
referred to Loria, Le scienze esatte wnell' antica GFrecia,
225-281, Heath's notes In The Thirieen Books of Euelid's
Elements, vol, jii., and LG L 404-411, but it may be useful
to give here, in Heath's notation, the modern algebrale
equivalents of Euclid’s irrational straight Jines. A medial
line is of the form k¥p, i.e., the positive solution of the equation
= prvkp=0. The other twelve irmtional lines are com-
pound, and may best be arranged in pairs as follows

1. Binomial}

Apotome | pEvE. g
being the positive roots of the equation *
ot - 21+ K)pt . 2+ (1- k)t =0,

2. Firsl bimedial A

Firat apoloms of a nﬁd&ﬂ} K 15
being the positive roots of the equation

-2 HL+ ket . 27+ k(1 - kPt =0,
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Prop. 111, corollary
The apotome and the irrational siraight lines following
it are the same neither with the medial straight line nor
with one another® . . .
Sinee the apotome has been proved not to be the
same a8 the binomial straight line [x. 111], and, if
8. Second bimedial b o M
Second apotome of a muthl} P35
being the positive roots of the equation

A A
]’t-f;?-ip’. a4 E_ﬁ?ﬂ pt=0,

& Major
Nonor) Ton/ (1+ ) =850/ (- i)
being the positive roots of the equation
-9pt, 4 éﬁp‘:ﬂ.
e e e P

Produsingrith a rafional I

aréa a medial whole %J{Vl+l‘:'a—lh

being the positive roots of the equation
2 K
e T e =

B. Bida of th PR
prdaturge ™ 7| e/ (14 7m)
ciRg a -
iR e g !:I:?@ (l'v"ﬂ-il)'
belng the positive roots of the equation
=2V, w4 At =0,
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o 6p¢ml al d Ty diroTouny n ig
mﬂapﬂﬂ:ﬂ}jr ﬂrm:rﬂ} -:'::T-mf 'rp' m:l.ﬂIIL » @i Bé
.u;e-ru, v €x Suo dvopdrwy Tas €k Ot paml
Kat atrol m Tifer uxo?.uuﬂms‘, mpm upu cﬂ:rw
ai }u'm -r13:- a'rrmp:jv xal érepar ai pera TV €K
dto dvopdrwy, ds elvar T Tdfe wdoas dA\dyovs wy,

Méamv,

"Ex Gifo dvopdrew,

*Ex 6o péown mpumyy,

"Ex 8tho péowr Bevrépav,

Meilova,

P-):ﬂd:.r rai péoov Suvapdmy,

Adio ;unu Suvagémy,

ik |

§ ATQTORTY T v,

MJ:.':; umai?]v azuﬂ.‘;guv,

"Eddogova,

Mera pnrot pdoov 76 Aoy mowigay,

Mera peoov pdoov 7o ddov wowdoar,

(iv.) Method of Exhaustion
Eucl. Elem. xii. 2

OF wiincdor :rpm; dAijdovs elalv ds Td dmo T
Emperpwl- mpu. V.

*Eorwaar xikdor o ABTA, EZHO, Sudperpo
d¢ avrav af BA, Z0- Myw, ém dariv ws 6 ABI'A
kiikdos wpos Tov EZHO kikdov, ofrws To dmo 7ijs
BA rerpdywvor npos 16 dmo Tis L0 Terpdywror.

* Eudemus attributed the discovery of this important
theorem 1o Hippoerates (see supra, p gﬂﬂ Unfortunately
we do not know how Hippocrates proved
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applied to a rational straight line, the straight lines
following the apotome produce, as breadths, apo-
tomes according to their order, and those following
the binomial straight line produce, as breadths,
binominls according to their order, therefore the
straight lines following the apotome are different,
and the straight lines following the binomial straight
line are different, so that in all there are, in order,
thirteen straight lines,

Medial,

Binomial,

First bimedial,

Second bimedial,

Major,

Side of a rational plus a medial area,

Side of the sum of two medial areas,
Apotome,

First apotome of a medial straight line,
Second apotome of a medial straight line,
Minor,

Producing with a rational area a medial whole,
Producing with a medial area a medial whole,

(iv.) Method of Exhaustion
Euclid, Elsments xii. 2 °

Circles are to one another ax the squares on the
diamelers.

Let ABTA, EZHE be circles, and BA, Z0 their
diameters ; 1 say that, as the circle ABI'A is to the
circle EZHB, so is the square on BA to the square on
Z0.
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El yap pij dorw s 6 ABI'A xindos mpos Tow
EZHO, ofrws 76 dmé s BA rerpdpwvor mpds
76 amd 745 20, dorar dis 76 dmd s BA mpds 0
amo Tis L0, ofrws 6 ABTA wikdos fjror wpds
élagody T toif EZHO wiclov ywplor 7 wpds
petlov. dorw mpdrepov mpos Elacooy 16 . wal
eyyeypidlo els vov EZHO wikdov rerpdywvoy
70 EZHO:- 7o 83 épyeypappévov rerpdywvor
petlov dorw 9 70 Tuov roi EZHO wikdov,
émedrimep dav Ba vav E, Z, H, O onpelav &-
awropdvas Toll kikdov dydywper, Tob weptypada-
pévor mepl Tov xikdov TeTpaydvor fuod ot 7o
EZHO rerpdywvov, 7o 8¢ mepiypadéiros rerpa-
oy eddrrer doriv 6 sixdos: dore 6 EZHO
eyyeypappdvor Terpdypwvor peildy dom Tob Wui-
oews Toi EZHO wixdov. rerprjoliwoar Siya al
EZ, ZH, HO, OE mepidéperar wara a K, A,
M, N oqueia, xal émeledybwoar ai EK, KZ, ZA,
AH, HM, MO, ON, NE- xai éxacror dpa rawv
EKZ, ZAH, HMO, ONE rpiydvor peildv dorwv
7 70 Tov Tob xall davro Tudparos Tof xikdov,
emedijmep éav Sk vav K, A, M, N onpeiow
épamropévas Toil wikdov dydywper xal dva-
wl\jpcﬁﬂ'mpﬂ va emi tav EZ, ZH, H®, 6E
ebferav mapaMmMdypoppa, Ekaoror Tav EKZ,
ZAH, HM@, GNE Tpiywvwy Nuwow €oTat Tolb
xall’ éavrd mapaMydoypdupow, dAdaé 16 wxal’
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I‘mr if the eirele ABI'Ais not to the circle EZHO as
square on BA to the square on Z0, then the

A}i lll‘E on BA will be to the square on 260 as the circle
I'A is to some area cither less than the circle
EZHO or greater. Let it first be in that ratio to a
lesser area Z.  And let the square EZHO be inscribed
in the cirele EZHO ; then the inseribed square is
greater than the half of the circle EZHO, inssmuch
as, if through the points E, Z, H, © we draw tangents
to the circle, the square EZHO is half the square
circumseribed about the cirele, and the circle is less

A
= E

8] A
r

than the circumscribed square ; so that the inseribed
ciuan: EZHO is greater than the half of the eircle
EZHO. Let the circumferences EZ, ZH, HO, OE be

bisected at the points K, A, M, N, and let Eh KZ,
ZA, AH, HM, MO, BN, NE be joined ; therefore
each of the triangles EKZ, ZAH, HMO, ONE is
greater than the half of the went of the circle
about it, inasmuch as, if through the points K, A, M, N
we draw tangents to the circle and complete the
parallelograms on the straight lines EZ, ZH, HE), OF,
each of the triangles EKZ, ZAH, HMO, ONE will be
half of the parallelogram about it, while the segment
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éavrd Tpfue Earrov dori Toll mapadnloypdppov:
were exaoror Tov EKZ, ZAH, HM®, GONE
Tprycivey peilor dore Toi fuloews Tob kal' davrd
Tprjparos 7ol kiklov. Tépvorres 81 tds dmodeimo-
pévas mepidepeins Biya xal dmleviivres edfeias
xat ToDTo del wowlvres xaradedfoudy Twa dmo-
TpufpaTa Tob wxikdov, & éorar éMdooova T
tmepoxts, 7} Umepéyer 6 EZHO rixdos Toi 2
xwplov. ‘.Ed'}:&r'. yap € TG TpuITw HE&.:P‘?‘EFETI. Tob
Sexdrov Bifliov, éri 8o peyelaw dviowy dxier-
pévewy, éav dwo Toi pellovos ddawpel ueilor 7
70 fjov kai Toil xarademopdvov peilov 7 To
oy, kai Tobro del ylywyrai, Aadhiceral
peyeblos, 6 €orar Eacoor Tob éxxeyuédvor eddagovos
Eﬂm’ﬂaw. Aedeidplw olv, xai éorw va émi raw

» KZ, ZA, AH, HM, M@, 6N, NE TRIpaTE
7of EZHO wiwdov éldrrova wis dmepoyis, #
ﬂr&pﬁ;ﬂ o BEZHO xirdos voii £ ywplov. Aoumdw
apa 7o EKZAHMON moliywvor ueildr éom rob

xwplov. €yyeypddlin xai els rov ABTA wirdov
7@ EKZAHMON molvydvy dpotor moldywvoy
-rg. AEBGFH&F* €oTwv dpa u}sz‘:‘% amo s BA
TeTpdywyoy WPos TO Amd THF Ter, vov,
otrws 7o AZBOTIIAP ?olﬁyw ::E:J TO
EKZAHMON moddywwor. dla wal dis 76 dmd
7iis BA rerpdywvor mpis 76 dmd s 20, olrws
6 ABIA wikdos mpos 70 E ywplov: xal dis dpa
6 ABIA xixdos 7pds 70 X ywplov, ofrws 7o
AEBOT'TIAP woMywwvor mpds 76 EKZAHMGON
modtywvor: dvalaé dpa dhs 6 ABI'A xixdos mpos
70 v alrd moddywvov, ofirws 10 5 ywplov mpog
76 EKZAHMON moMywrov. pellwv 8¢ ¢ ABIA
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about it is less than the parallelogram ; so that each
of the triangles EKZ, ZAH, HMO, OXNE is greater
than the half of the segment of the cirele about it.
Thus, by bisecting the remaining cireumferences and
Joining straight lines, and doing this continually, we
shall leave some segments of the circle which will
be less than the excess by which the circle EZHO
exceeds the area . For it was proved in the first
theorem of the tenth book that, if two unequal
magnitudes be set out, and if from the greater there
be subtracted a magnitude greater than its half, and
from the remainder a magnitude greater than its half,
and so on continually, there will be left some magni-
tude which is less than the lesser magnitude set out.
Let such segments be then left, and let the segments
of the cirele EZHE on EK, KZ, ZA, AH, HM, MO,
BN, NE be less than the excess by which the circle
EZHO exceeds the areaX. Therefore the remainder,
the polygon EKZAHMON, is greater than the area 3,
Let there be inseribed, also, in the ciréle ABIA
the polygon AEBOTTIAP similar to the polygon
EKZAHMONX ; therefore as the square on BA is to
the square on Z6, so is the polygon AZBOITIAP to
the polygon EKZAHMOXN [xii. 1.  But as the square
on BA js to the square on Z0, so is the cirele ABI'A
to the area Z; therefore also as the circle ABI'A is
to the area Z, so is the polygon ASBOT'TIAP to the
polygon EKZAHMON [v.11] ; therefore, alternately,
as the circle ABI'A is to the polygon in it, so is the
area £ to the polygon EKZAHMON. Now the eircle
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xikdos rofi &v adbr@ molvydwvov peilov dpa Kas
76 & ywpiov roi EKZAHMON modvywwou. dAA:
xal E\arrov- omep eoriv dbivaror. oik dpa doTiv
s 76 dmd s BA merpdywvor mpds 76 dmo TS
70, obrws ¢ ABT'A xixdos mpos €édagody Ti Tob
EZHO wixdov ywplov. duolws &) Seifopev, o1t
olse s 76 ams ZO mpés To amd BA, ovrws o

EZHO wilkdos mpos édagody 7¢ Toil ABTA wiwlov

ywplow.

ﬁiyw?,&nuﬂﬁéc&;r&&w&fﬁrﬂ&frp&;r&
dwd s 20, ofrws 6 ABTA ikdos wpos peildv
1t roi BZHO xixdov yewplov.

El yap Suvardy, éorw 7 o5 peilov 76 L. avd-
maky Gpo ws TO 4WO TIS EE‘ Terpdywvoy mpos TO
dmd 77s AB, obrws 76 T ywplov mpds Tov ABT'A
xiihoy. A" ds 10 T ywplov wpos Tov ABI'A
cixdov, otrws ¢ EZHO xixdos mpos Elarrév 7t
706 ABTA wtfichov ywplov: kal ds dpa 10 dmd Tis
7.0 mpos 76 dmd ris BA, ofrws ¢ BZHO wikdos
mpos ehaoady 71 Tob ABI'A kikdov xwpiov: amep
abivaroy deiyln. olx dpa dorily s 7o amo BA
rerpdywvov wpds 76 dmo Ths 2O, olrws & ABI'A
xixdos mpos peilov v rob EZHO wirlov ;;wpfum
ddelyth B¢, omi oubé mpos éacoorr éoTw dpa [+
76 amd s BA rerpdywvov mpos 7o dmd Tis 1O,
ofrws & ABTA wixdos mpos Tov EZHO kuxdov.

Of dpa it mpos dAMjlovs eloiv ds Td dmd
v Buapérpwy Terpdywvar Gmep et detfar.
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ABTA s greater than the polygon in it ; therefore
the area = also is greater than the polygon
EKZAHMON. Bat it is also less; which is im-
possible. Therefore it is not true that, as is the
square on BA to the square on Z0, so is the circle
ABI'A to some area less than the circle EZHO.
Similarly we shall prove that neither is it true that, as
the square on Z6 is to the square on BA, so is the
cirele EZHO to some area less than the circle ABTA,

I say now that neither is the circle ABI'A towards
some area greater than the eirele EZHO as the square.
on BA is to the square on Z0,

For, if possible, let it be in that ratio to some greater
area £, Therefore, inversely, as the square on 26 is
to the square on AB, so is the area £ to the circle
ABI'A. But as the area ¥ is to the cirele ABT'A, so
is the circle EZHO to some area less than the circle
ABTA ; therefore also, as the square on Z0 is to the
square on BA, so is the cirele EZHO to some area less
than the circle ABI'A [v. 11]; which was proved
impossible. Therefore it is not true that, as the
square on BA is to the square on Z0, so is the circle
ABI'A to some area greater than the cirele EZHO.
And it was proved not to be in that relation to a less
area ; therefore as the square on BA is to the square
on £6, so is the circle ABI'A to the circle EZHBO,

Therefore circles are to one another as the squares
on the dinmeters ; which was to be proved.
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(v.) Regular Solids
Eucl. Elem, xiii. 18

Tas mhevpds Tav mévre oxnudrov éxféobor xal
auykpivar mpos aldijdas.

*Exxelofw 1) Tis dollelons odaipas dudperpos 7
AB, kai rerpifofw kard w6 I' dore lony elvau
v AI' 7j I'B, xard 8¢ 7o A woTe durAaciova
elvac =jv AA 7z AB, xal yeypddlw émi Tijs
AB ductchior 76 AEB, kal dmd vaw I', A 7
AB mpds dpbas fyfwoarv i TE, AZ, xai émeled-
yOwoay al AZ, ZB, EB. kal énel Bimdij doror 4
AA 7is AB, rpumdij dpe doriv 5 AB rijs BA.
dvaorpéfarte uoda dpa doriv ) BA wis AA.
a5 8¢ 9 BA mpés mp AA, obrws 6 dmd T
BA 7pés 70 dmd s AZ- looydwoy ydp €omi 70
AZB rplyavor 7@ AZA Tpeydwe: fudhov dpa
dori 76 dmd 77 BA rof dwd ris AZ. éom B¢
xal % 7ijs odaipas Siduerpos Suvdper Tuodia

* For the carlier history of the regular, cosmic or Platonle
figures, v. supra, pp. 216-225, 378-379.

* This proposition cannot be fully understood without the
previous p itions in the book which it assumes, but it will
give an insight into the thoroughness and comprehensiveness
of Euclid's methods.
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(v.) Regular Solids
Euclid, Elements xiii, 18 *

To set out the sides af the five figures and to compare
them one weith another,

Let AB, the dinmeter of the given sphere, be set
out, and let it be cut at I' so that Al' is equal to I'B,
and at A so that AA is double of AB; and on AB
let the semicircle AEB be drawn, and from I', A let
I'E, AZ be drawn at right angles to AB, and let AZ,
ZB, EB be joined. Then since AA=2AB, there-
fore AB=38BA, Converlendo, therefore BA=3AA,
But BA : AA=BA?: AZ? [v, Def. 9], for the triangle
AZB is equiangular with the triangle AZA [vi. 8];

H

N

A K £ A A B
therefore BA®?=3AZ2% But the square on the dia-
meter of the sphere is also un&aﬁ—a-hnlf times the
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w d Tij5 mupaubos.
IMMaAw, émel Slm\u.ﬂuuv €whr 7 AA +ijs AB
rptw}qnpamwﬁﬁﬂ BA. mEE{AB
?PB& mmu:'m amo 7ijs AB mpos vo amo
s B -rp;ﬂ?tuamv q Jm 1‘5 dmoe s AB Tof
u.m:: i BZ. éon 1]' wis adaipas Sud-
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xoi €oTw AB 1} mﬁmpw; Empsfpn;
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Kal émel lom doriv 55 AT k] I'B, &mhij dpa
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obrws 76 4TS Tijs ﬁE wpns‘ T0 u.w& A
ooy npa fori TO amo qu AB Toif mr& -rg:;m#L
gore B¢ wal 9 TiS odaipas Sudperpos
Emluauuv ﬂ?; 7ol OKTafOpoy wﬁwp-u.; xal €oTwv
7 AB % 7ijs Soflelays {pas Sudperpost 7 BE
apa o6 dkTaddpov éorl whevpd.

mpds dpﬂ&s- AH, xal ke 7 A
nml e-:rre{eu 1} Hl", ‘wal dwe To0 @ émt 7 AB
o 1) EIK xal émel Sur.h] Eo*-rw 0
E.F lon yap 71 HA 7 AB- as 8¢ 1) ‘rg‘
wpos' 11}1 AT, otrws 1 OK rrpug -r.-;av KT' ‘"3
apnxaquKnp-K Tﬁfrﬁnamv
Tﬁaﬂnrﬁ BK ; fnu aﬂu-m-g I mn.pu.mm T
OK, KT, énep éori 76 dmd mijs OT, mevramddawdy
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-

wevranrAdowy dpa €oTi 1'6 n-rm : BI' 700 amo
mijs K. xail emel Semhij doTw 7 -rgf I'B, dw
% AA 7ijs AB dom Em&ﬂ,lﬂ:m}ma} A Aosiis
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square on the side of the pyramid [xiii. 13]. And
“AB is the diameter of the sphere ; therefore AZ is
equal to the side of the pyramid.

Again, since AA=2AB, therefore AB=38BA.  But
AB:BA=AB?: BZ? [vi. 8, v. Def. 9]; therefore AB?
=382 But the square on the diameter of the
sphere is also three times the square on the side of
the cube [xiii. 15]. And AB is the diameter of the
sphere ; therefore BZ is the side of the cube.

And since AI'=T'B, thercfore AB=2BI'. But
AB:Bl'=AB*: BE? [vi. 8, v. Def. 9] Therefore
AB:=2BE2. But the square on the diameter of the
sphere is also double of the square on the side of
the octahedron [xiii. 14]. And AB is the diameter
of the given sphere ; therefore BE is the side of the
octahedron.

Now let AH be drawn from the point A at right
angles to the straight line AB, and let AH be made
equal to AB, and let HI' be joined, and from O let
BK be drawn perpendicalar to AB, Then since
HA=2AT (for HA=AB), and HA: AT'=0K : KT"
[vi. 4], therefore OK =2KI'. Therefore OK?=4KI?
Therefore OK?+KI*=5K1"=617 [i. 47]. But
O'=IB; therefore B[?=5I'K% And since AB=
21'B, and in them AA=2AB, therefore the remainder
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s AT éomi Biwhij. 7pemdij dpa 7 BI' mijs TA-
émamddawy dpa w.’- :Err& fﬁ;‘ BT rof dwo fﬁ-s‘ PA:
mevramddaior 8¢ ro dmd iz BI rof um'!l 'n;is' K-
jpeilov a_pn -m mro ijs 'K 7of ame wis TA.
pﬂ{mu dpa €oriv 1] 'K -r-rllg TA. kelofw = TK
ton 1 l-'."i Kol amo Toi A ‘IT.I AB mpis ﬂpﬂdf
'qxﬂw 7 AM, m: Eﬂ:{cuxﬂ'm 7 MB. m.'u emel
mrrlumw ¢ore 70 dmo tis BI' 7oil dmo rijs
T'K, xal éore mijs pév BI' Sumdij 5 AB, =ijs 8¢ I'K
dumA ) KA, merramAdowr dpa dori 1'5 amoe Tis
AB 7ot amo mijs KA. dom 8¢ xal 7 95 odal-
pas didperpos duvdpies -rrﬂ-m-n'?.:w;'kuv Tijs €K 'rm?
wévTpoy Toil mm.lnu, aqﬁ ol -m curmsﬁpnv ava-
yéypamrar.  kal ewu.- 13 AB 4 ﬂ;; oﬁmpu; Bud-
perposs 7 KA upn éx 7ol wévrpov €ori TOD
wikdov, dd’ of 7o elvoodedpor dvaydypamTas: 7
KA dpa éfayowov dori wAewpa tob elpnuévov
wiikdov. wal émel 1) Thc odalpas Sudperpos avy-
KELTOL €K TE rﬁg 'raﬁ e’fnycﬁmu wal Gio ﬂ'l-'l? Toi
dexayuvoy -rw» el ﬂw elpnuévor xixdov éyypa-
dopdveay, xm foro 7 pér AB 9 s o'qimpas'
didperpos, 7 8¢ KA J.Enywmu mAevpd, wal lom 7
AR 7)) AB, éxarépa dpa rav AK, AB Sexaydwov
éori 1.1£upu Tob Ewpu.q&apem els Tov xukov, df’
ob 70 elxoodedpov dvayéypamrrar. wal émel Bexa-
}'u.rmu v 1'; AB, e‘-fnymm EE 7 “.!"l. oy yap
€aTL le Kﬁ., €mel wal 11:.* GK- {oor 'Ipap u.wé‘xﬂuﬂ'l.l'

* Euclids procedure, in constructing the icosahedron
inseribable in a fdﬂm Ephl.rr i first to construct a circle with
radins r such where d is the dinmeter of the
sphere.  In this he muhm a regular deeagon, and from its
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BA is double of the remainder AT, Therefore
BI'=38T'A; therefore BI"™=0"A2. But BI'"=5I'K2;
therefore 'K2=TI'A%, Therefore TK=TA. Let TA
be made equal to I'K, and from A let AM be drawn
at right angles to AR, and let MB be joined. Then
since B =5I'K?, and AB=2BI", KA =2I'K, there-
fore AB*=5KA% But the square on the dia-
meter of the sphere is also five times the square
on the radius of the circle from which the icosahedron
has been deseribed [xiii. 16, coroll.].*  And AB is the
diameter of the sphere ; therefore KA is the radius
of the circle from which the icosahedron has been
described ; therefore KA is a side of the hexagon in
the said cirele [iv. 15, coroll.]. And since the diameter
of the sphere is made up of the side of the hexagon
and two of the sides of the decagon inseribed in the
same cirele [xiii. 16, coroll.], and AB is the diameter
of the sphere, while KA is the side of the hexagon,
and AK=AB, therefore each of the straight lines
AR, ABis aside of the d on inseribed in the circle
from which the icosahedron been deseribed.  And
since AB belongs to a decagon and MA to a hex

(for MA is equal to KA since it is also equal mﬂﬁa

angular points draws straight lines perpendicular to the
of the eircle and equal in length to r; this determines
lar points of another decagon inscribed in an equal
el eire By joining alternate Mﬂ}:r points of one
ecagon, he obtains a pentagon, and does the same
wimmﬂlhﬂdm‘gﬂn. but in such & manner that the angalar
points are not opposite one another. Joining the angular
points of one pentagon to the nearest angular points of the
ather, he ten equilateral trinngles, which are faces of
the icosahedron.  He completes the procedure by finding the
eommon vertices of the five equilateral triangles standing on
each of the peotagons, which form the remaining faces g?the
icosahedron.
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dmd 7ol xévrpov: xal éorw éxardpa rav OK, KA
Semhaciow ijs KI' mevraydvov dpa éoriv ) MB.
7% 8¢ 7ol mevraydvov doriv 7 Tob elwooaddpov-
elxooadBpov dpa doriv 1) MB.

Kal émel 7 ZB xifov éori mhevpd, rerprioliw
dxpov xal péoov Adyov xara 70 N, xal &orw
peilov mufjua 6 NB- 5 NB dpa Swdexadipov dori
mhevpd.,

Kai énel 4 rijs odalpas Sidperpos Belylfn rhs
pév AZ mdevpds vijs mupapdos Swwdper Huiola,
Tijs 8¢ Toi drraddpov Tis BE Swvdpe Bimdaciww,
s 8¢ 7ol xifov Tis ZB Suvwdue Tpimlaciwy,
oiwy dpa 1 Tis opaipas Sudperpos Suvdper £F,
TowdTaw 1) pév Tis mupapddos Teoadpwy, 1) 8¢ Tob
doxraddpov Tpudv, % 8¢ roi wifouv Bdo. 7 pdv
dpa 7ijs mupauidos mhevpd tiis pév Tob drradipov
mAevpds Suvdpe dariv émirpiros, Tis B¢ Toil xiifov
buvdper Bumhi, 7 B¢ rob drraddpov s Tob xifov
Suvdper fpuodla.  al pév obv elpnuévar 7w Tpudy
oxnpdray mhevpal, Myw 3% mupaplBos xal dxra-
épov xal xiflov, mpés dAfdas eloly v Adyois
prois. al 8¢ dowwal vo, Adyw B 7 Te 0B
elxooaédpov xal 1 Tob dwiexaédpov, olre mpos
aljdas offre mpds Tds mpoetpnuévas  eioly v
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being the same distance from the centre, and each
of the straight lines OK, KA is double of KI"); there-
fore MB belongs to a pentagon [xiii. 10, i. 47). But
the side of the pentagon is the side of the jcosa-
hedron [xiii. 16]; therefore MB is a side of the icosa
hedron,

Now, since ZB is a side of the cube, let it be cut
in extreme and mean ratio at N, and let NB be the
greater ent ; therefore NBis a side of the dode-
cahedron [xiii. 17, coroll.].2

And, since the square on the diameter of the sphere
was proved to be one-and-a-half times the SUATe on
the side AZ of the pyramid, double of the square
on the side BE of the octahedron, and triple of the

uare on the side ZB of the cube, therefore, of parts
of which the square on the diameter of the sphere
contains six, the square on the side of the tgyramiﬂ
contains four, the square on the side of the octa-
hedron contains three, and the square on the side of
the cube contains two. Therefore the square on the
side of the pyramid is four-thirds of the square on
the side of tEe octahedron, and double of the square
on the side of the cube ; while the square on the side
of the octahedron is one-and-a-half times the square
on the side of the cube. The said sides of the thres
figures, I mean the pyramid, the octahedron and the
cube, are therefore in rational ratios one to another.
But the remaining two, I mean the side of the icosa-
hedron and the side of the dodecahedron, are not in
rational ratios cither to one another or to the afore-

* To construct the dodecahedron inseribable in a given

sphere Euclid begins with the cube inscribed in the same
pru-e.l.nd draws pentagons having the edges of the cube as

473



GREEK MATHEMATICS

is ¢ ydp elow, 7 piv ddrrow,
§BE oo
"On peilwy doriv 9 Tob eixooaddpov -rﬁ.ﬂl'pa 7
hmmmswam‘apw ﬂﬁNB Eﬂ{-'upﬂ oUTws.
"Emel yap mfwﬂw dort 70 ZAB rplyawor T
ZAB rpurycve, muloyw:uﬂvmq& ﬂp&fmu
BZ, oirws 3 BZ mpos v BA. xai' émel Tpeis
eein: uvu.?cnymr Eumr, €TV WS 1-; TP ﬂpas
-rr';v Tpl-'l'l:w oUTuS 'm u#n s 11'me1]~; wpcs- TO
dmd s devrépas': forwv dpa ws 7 AB =pos 7%-!
BA, otvrws 1o dmo s AB rrpo;;rdnﬂ&mgﬂ
mﬂdn‘:ﬂwapawgqﬁﬂwpogrqvﬂ .w‘m
o s LB mpos 1o amo g BA. fplﬂgﬂ
AB 7iis BA: spimddowy dpa 16 dmo Tis
limi IS BA. éomi 8¢ kol 70 dmo iy AA Tob
dmo ris AB TETpum]I.amw SumAi] yap 7 AA s
AB- pu{av u'Fd. 70 aﬂo -ﬂ;; AA 700 dmo Ths LB-
petlan dpa ZB: molddd dpa 1{1 AA s
ZB pellow 3-:mv Jkal Tijs pév AA dxpoy Kai
péoor Adyor Tep m.u.:w]s' 76 petlov Tuf t’n‘ﬂv 1}
EA, émebsjmep 5 pév AK Efu.}rcumu oriv,
KA Bexaycvov Tijs 8¢ ZB dxpov xai péoov Acyov
ﬂpl'ﬂ#ﬂﬂ}s‘ 70 f.l.ﬂ.;al-' Tufpud €orw 7 | E p.e.-,{:uv
apa 7 KA mjjs NB. {oy 8¢ 5) KA 75 AM- IEW
dpa 1) J'LM rijs NB [-n]g 8¢ AM peilow doriv 1)

1 wal dwel . . . Soordpas.  * Miramur, cor haee definitio hoc
loco omnibus verbis eitetur, pracsertim forma parum Euclidea,
cum tamen antea in hac | propositione toties tacite sit
usurpata. itaque puto, verba wai émei . . . Sevrdpas subditiva
esse, ——Heiberg.

* If r be the radius of the sphere circumseribing the five
regrular solids,
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said sides; for they are irrational, the one being
minor [ xiii, !ﬂ'}, the other an apotome [xiii. 17).0
That the side MB of the icosahedron is greater than
the side NB of the dodecahedron we shall prove thus.
For since the triangle ZAB is equiangular with the
triangle ZAB [vi. 8], the proportion arises, AB : BZ=
BZ:BA [vi. 4). And since the three straight lines
are in proportion, as the first is to the third, so is
the square on the first to the square on the second
Fr. Def. 9]; therefore AB: BA=AB?: BZ%; there-
ore, inversely, AB:BA=ZBE':BA®, But AB=
SBA ; therefore ZB?=3BA2, But AA2=4AB? for
AA=2AB; therefore AL?= ZB2; therefore AA=ZH;
therefore AA is by far greater than ZB. And, when
AA is cut in extreme and mean ratio, KA is the
ter segment, since AK belongs to a hexagon,
and KA to a decagon [xiii. 9] ; and when ZB is cut
in extreme and mean ratio, NB is the greater seg-
ment ; therefore KA is ter than NB. But
KA=AM; therefore AM=NB, Therefore MB,

side of pyramid =§vE.r
side of octahedron = /2. ¢
side of cube ni\lﬂ+l‘

side of icosahedron =£ ' 1065- J5)

side of dodecahedron =3( /15~ J8).

In the sense of the term irrational as used by Euclid’s pre-
decessors and by modern muthematiclians, all these e

sions are irrational ; but in the inl sense of Eucl. Elem,
x. Def. 3, the first three are rat becanse their squares are
eommensurable one with IIN:I'?‘IEIE 'me fourth ;:lﬁ fifth
expressions are irrational even in Euclid’s sense, nging
to two species of irrational lines investigated in Book x.
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oreped ywvin ob owiorarar, dmd 8¢ Tpudv Tpi-
yuvey 7 THs {Bos, dmd B¢ Teoadpwr 7) Tob
dkraédpov, Umd 8¢ mévre 4 Tob elkogaddpov: md
8¢ &€ Tpuydwr loomAedpwr Te wal looyaviwy wpos
vl oueiy ovmorapévey odx orar areped puwvia:
obgns ydp Tijs Tob loomdedpov Tpiydivov ywwias
dipolpov dpbiys Eoovrar al EF +é w  dpfais
loay: Gmep dbvaror: dmaon ydp oreped ywwla tmd
agadvwy 5 Teaadpwy dpfdy mepiéyerar. Ba Td
atra 87 odde dmo mAewdvaw 3 & ywwmdv EmmdBuv
oTeped pwvla cvvlorara,

mo 8¢ Terpaydneir Tpudy 1) Tob xifov ywwa
ﬂpu’xﬁm‘ o 8¢ Teaodpwy ddivaroy: égovras ydp
madw Téooapes dpllal.,

Tmd 8¢ mevraydvwy loomhedpiy kal looyavio,
Umo pév Tpudy ) ol Bwdexaddpou: md B¢ Teoodpuy
ddtvaroy: ofioms ydp Tis Toi mevraydwov igo-
whetpov ywvias dpblis wal méumrov, foovrar al
Téooapes ywviar reoodpuy dpfav pellovs: Smep
ddivarov.

Odde pap mo modvydwaw érdpuw Ty
e joerar oreped. yuvia Bud o aﬁ-r?gmuv.

Uk dpa mapd Td elpmudva whTe oyfuara
' xis . . . MB del. Heiberg.
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which is a side of the icosahedron, is much greater
than NB, which is a side of the dodecahedron ; which
was to be proved.

I say now that mo other figure, besides the said five
Sigures, can be consiructed so as to be contained b equi-
lateral and equiangular figures equal one to er.

For a so u.ng%: cannot be constructed out of two
triangles, or, generally, planes.  With three triangles
there is constructed the angle of the pyramid, with
four the angle of the octahedron, with five the angle
of the edron ; but no solid angle ean be formed
by placing together at one point six equilateral and

i triangles ; for inasmuch as the angle of
the equilateral triangle is two-thirds of a right angle,
the six will be equal to four right angles ; which is
impossible, for any solid angle is contained lg angles
less than four right angles [xi. 21]. For the same
reasons no solid angle can be constructed out of more
than six plane u:Fes.

By three squares the angle of the cube is contained ;
but it is impossible for a solid angle to be contained
by four squares; for they will again be four right

angles I.E:-i 21].
nﬁy ee equilateral and equiangular pentagons
the angle of the dodecahedron is contained ; but by
four it is im bile for a solid angle to be contained ;
for innsmuch as the angle of the e?u.ilu.tuml pentagon
is a right angle and a fifth, the four angles will be
Fn:utcr than four right angles ; which is impossible
xi. 217,
Nm-]wiﬂ a solid angle be contained by any other
polygonal figures by reason of the same absurdity.
'}.znmfnn.-nnn er figure, besides the said five
a7
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érepov oyijua orepedy owwrabhjoerar Omé  lgo-

mAclpwy Te xal lovywwlwy mepleyduevor: OmeEp
eber Beifar.
(c) Tue Data
Euel., ed. Hejberg-Menge vi. 2. 1-15

"Opor

a’. AeBopédva 7@ peyéflen Myeras ywpia re wal
ypappal xal ywria, ols Suvduetla {on moploaatias.

B. Adyos Bebdallar Adyerai, & Buvipela Tov
atrov moploactiac.

v'. Edliypoppa ayijpara 0 eider  Dedooblar
Aéyverar, ow al Te ywviae Sedopevar elol KaTd priav
kai of Adyor Tév wheupdv wpos dAhjdas Sedopdvor.

&' Tﬂ Béer Beddofar Aéyovrar onpeid 3‘!‘.—' wai

ppai kal ywviaw, 4 Tov atrov del Tomor éméyet,
?P:. Kﬁx?.ngymr@ peyélles Sedoatlar Ayeran, off
dédorae 1) €k Tob kévTpov T@ peyéle.

¢, Tfj Béoer B¢ xai 74 peyéle xikdos Beddadar
Myerai, of Bddorar 76 pév kévrpor 1 Béoer, 7 Of
€x 7ol kévrpov Tip peyeler.

{d) Tue Porisus

Procl. in Euel, i., ed Friedlein 301, 21-302. 18 ; Eunel,
ed. Helberg-Menge vill. 237, 0-27

"Ev 7t 7év yewperpicdy domwv dvopdraw T
mipiopa. Tobro BE onpaiver Sirrdy xadoior yip

= Euclid's Dafa (Ackoudva) is his only work in pure freo-
metry to have survived in Greek apart from the Elements.
(His book On Divisions of Figurss has survived in Arabic,
. supra, P 156 no ) 1t s closely connected with Books
vl of the Elements, and fts general character will be suffi-
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figures, can be constructed so as to be contained by

equilateral and equiangular figures ; which was to
be proved.

{¢) Tue Daras
Eucl., ed. Heiberg-Menge vi. 2. 1-15
Definitions

1. Areas, lines and angles are said to be given in
magnitude when we can make others equal to them.

2. A ratio is said to be given when we can make
another equal to it.

3. Rectilineal figures are said to be given in species
when their angles are severally given and the ratios
of the sides one towards another are also given.

4. Points, lines and angles are said to be given in
position when they always occupy the same place.

5. A circle is said to be given in magnitude when
the radius is given in magnitude,

6. A circle is said to be given in position and in
magnitude when the centre is given in position and
the radius in magnitude.

{d) Tue Ponisus

Proclus, On Euelid ., ed. Friedlein 301. 21-302, 13,
Eucl., ed. Heiberg-Menge viii. 287, 0-27

Porism is one of the terms used in geometry. It
has a twofold meaning. For porisms are in the first

ciently indicated by these first few definitions. The object
of a proposition called a datwm is to prove that, if in a figure
mt:gn properties are given, other properties are also given, in
one or other of the senses defined in the definitions. Pappus
included the book in his Témos dvaludperes (Treasury of

Analysis),
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nopiguara, xai dou fewpijpara w?mfu,mrnm!
Lerar Tals dMaw ufrnﬁufemv olov éppaia wal
m T {mmv mﬂpxmw, wai gon Cnreita
m{ﬂ wal mrrt Tw(acms' jpdims
Empm; -u.ml'l;s dre pév pdp Taw i.u'mmfﬁwl'
ai -:rpﬂ-; 77 Pdoe Ium ﬂ{wprqo'm Eﬂ. wal dvrwy &
Ty Tpa doriv 7 Towt) yvdais. 'n’,lr
8¢ yawiay Siya Tepelv 3 rpfyw
thedeiy 7 wpouﬂ ¢oflas,” raibra mdrra mmu‘u—’ ﬂms:
amuTed: bé Boléiros me.ﬁ.uu 70 KévTpov
v, 9 Bm Bollévruw ouppérpuv peyelav 7o
F&ﬂrwmixmmpﬁmmptb qmmﬁ.
M'rufu s eoTl wpoﬁr\qpuTum wal Bewpnudrow.
oifre ydp yevéoeis elaly év Totrows v gqmt.ry.fmv
aM" elpéaess, olre fewpia fudij. Bet yap on’ S
dyayely xal wpo u;quwv :rchrunﬂm 70 {qrw-
pevoy, Toiafta d dpa coriv xal dga Edxleidns wopi-
opate yéypade, ¥ Piflia [Mopiopdruv owrdfas,
Papp. Coll. vil., ed. Hultsch 648, 18660, 16 ; Eucl.,
ed. Heiberg-Menge viii. 238, 10-243. 5
Mera 8¢ rds "Ermadds év mpuol BifMiois Tloplopard
'IFTI-I' Eﬁxﬂtﬁ-ﬂu, moAois uﬂp;:‘w dudoreypiraTor
els Ty dvdlvow 7w t{-ﬁﬁpﬂ.&mﬂ'ﬂm mpofin-

pATWY . . .
! roer Helberg, oo codd.
'MHHH:ihﬂ‘g firfa codd.

= A porism in this sense ls commonly called a corolle
'MHIPMMH!MMWH
is a great misfortune as it & to have been the most
urlﬂﬂlu\d-dumdnf his works, COur knowledge
of mtmhmuldely!'rml’np
In his Téwog

* Pu is d
ﬁ{mbdmm; Hupwmdshtimln
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place such theorems as can be established by means of
the proofs of other theorems, being a kind of windfall
or bonus in the investigation®; and in the second
place porisms are things which are songht, but need
some finding, being neither brought into existence
simply nor yet investigated by theory alone. For
to prove that the angles at the base of an isosceles
triangle are equal is a matter for theorctice inquiry
only, and such knowledge is of certain things already
in existence. But to bisect an angle or to construct a
triangle, to eut off or to add—all e things require
the making of something ; and to find the centre of n
given e, or to find the greatest common meastre
of two given commensurable magnitudes, and so on,
is in some way intermediate between problems and
theorems. For in these cases there is no bringing
into existence of the things sought, but a finding of
them ; nor is the inquiry pure theory. For it is
necessary to bring what is sought into view and to
exhibit it before the eves. 'IEu this class belong
the porisms which Fuclid wrote and arranged in his
three books of Porirms.®

Pappus, Collection vii, ed. Hultsch 648, 18-660, 163
ucl. ed. Heiberg-Menge viil. 235, 10-243, 5
After the Contacts (of Apollonius) come, in three
books, the Porisme of Fuclid, a collection most skil-
fully framed, in the opinion of many, for the analysis
of the more weighty problems® . . .
explanation of the term porism as used by Euclid with which
Proclus's account is in substantinl agreement.  In addition,
he gave another definition by * more recent peometers ™ (Gt
1, viz., " n porism is that which fulls short of a
locus-theorem in respect of its hypothesis ™ (wdpeoyd derw vd
Mifmon dereliden romieed fosmpfuarog).
VOL- I 21 481
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Mepidafeiv 3¢ moAdd @ mpordoer frwora Suva-
Tov €v Totrots Bud Té xal adrov EdicAeidny o modda
€ éxdorov eidovs rteleévar, dAa Belyparos
fvexa €x Tis wolvminfelas & 7 dAiya. wpos
dpyjj 8¢ Spws® Tob mpibrov PifMov rélewev Spo-
adfj Twa’ éxelvov 7ol Safudeorépov eBovs Taw
Tomwy, W § 70 wAGlos. Sid ral mepidaBeiv TavrTas
i mpordoer dvdexdpevor edpdites olrws dypd-
Yaper: éiv dmriov ) mapvmriov Tpla T &l juds
onpeia [§) mapadhjlov wijs érépas Ta Svo]' Be-
Bopéva ff, 7d B¢ dowmd whiy &ds dmwryrar Béoe
Sedopdvns edflelas, wal 1008 dfferar Béoer Sedo-
péms edfelas. Tobr' émt reaodpuy pédv edfeudy
etpyrar pdvwy, dy ob mAeloves 7 8o Bt Tod adrod
onuelov eloly, dyvoeirar 8¢ éml marrds ol mpo-

1 & 7 Littré, fna Hultzch,
H;Itiil}'“ Helberg, Selopdvor cod. (sequente lacuna) del.

* yon Hei , mir cod., wder’ Hultsch.
* 3 ... b interpalatori trib. Hultsch.

* The four straight lines are described in the Greek as (the
sides) dwriov § mapvwriov, ie., as the sides of supine and
ipina quadrilaterals. Robert Simson {Opnucguu-
religua, p. 348) explains a Frrior oyfua as being of the
452
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Now to eomprehend many propositions in one
enunciation is far from easy in these porisms, because
Euclid himself has not given many of each species,
but gut of a great number he has selected one or a
few by way of example. But at the beginning of the
first book he has given certain allied propositions, ten
in number, from that more abundant species con-
sisting of loci. Finding that these can be compre-
hended in one fllllJ-‘nE{ElﬂEl‘l, we have therefore written
it out in this manner : [If, in a syslem o ighi
fines which cut one aﬂﬂl‘ﬁ:{m 0;3 ima, &mﬁ“
[of intersection] on ome straight line be given, while the
rest except one lie on different straight lines given in posi-
tion, the remaining pont also will be on a straight line
given in on.® This has been enunciated in the
case of four straight lines only, of which not more
than two pass through the same point, and it is not
nature of (1) in the secompan dingrams, while (2) and
(3) are nE:JLﬂ: oxfuarn. H!—fwehflw explained tlu-{-:t::ne:-t

E ,a:"F ,*’EF
“.‘_-B'r'ﬂ .||"If ,"’ ! B
-~ ”: B i
A c 2 E E
Q A A
D ool %
) (2) 6))

of the rather Ir:-wéci:e pm;isa. o 8¢
drryrae Bdon BeBopdrms edfelas, plied to
the enunciation states that if A, B, F are ‘mwmhﬁe e loci
quludD-ushnightlinﬁ.thmtheEma i
straight line,
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rewopévov whijflovs dadnbés ﬁr&pjxw olirws Aeyd=

pevov: €av dmooatodv edfleiar Téurwon aAlijlas,
pn) wleloves §) dvo Swa Tof adrol omuelov, wdvra
8¢ €l puds avrav dedopdva ff, xal vaw éml érdpas
ékacrov dmryrar féoer BeBopdims edbelas, 7 wxal-
odwwrépay ovrws: édv dmooawody edfleiar Téuvway
aMijdas, pi) wheloves 7) Svo Bid Toi adrod ayueiov,
mdvra 8¢ ta émi wds adrdv ompeia Bedopdva 7,
7w 8¢ doumdv 76 mAfjfos xdrrav Tplywror dplijor
e i Tolrov ExacTov :'xn oTpeloy &m&w
ellelas Béoer Bedopdvs, raw Tpuv py mpos
K:wihlr Umapydvrwy  Tpuydivou  ywplou, ExacTov

wmor anpeiov dierar féoer Bedopdims edfeias.
Tor B¢ ZTou v otk elkds dyvoijoas Tofiro, TH
&' dpynv po :-uﬂ,‘m. e

“Eyes 8¢ va rpla Bifdia r@v Mopiopdrow M-
pata Ay, atra 8é Bewpnpdroy éoriv poa.

" * Se.n trinngle having as its sides three of the given straight
nes,

* The meaning of this enunciation was discovered by
Simson, and is given by Lorin (Le scienze exatte nell’ antica
Grecia, 5 256 n. 3} as ;“rulluws: * If a complete n-lateral be
defin %0 that its sides respectively turn about n points on
a straight line, and (n— 1) of its §n (m - 1) vertices move each
on a straight line, the remaining §{n- 1)(n - 2) of its vertices
likewise move Dﬂih'lifhtliﬂﬂ : provided that it is not ble
to form with the (n— 1) vertices any triangle having for sides
the sides of the polygon.” We mayﬁymfﬂ&hhnﬁﬂl the
frank eonfession of E‘ﬁnmmd Halley Elﬂ:ol onii Pergaei e
#éctions rationis, p. xxevii) that he could make no sense out
of this passage,
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generally known that it is true of any assigned
number of straight lines when thus enunciated : If
any mumber of straight lines cut one another, not more
than two sing through the same point, and all the
points [of intersection] on one of them be given, and if
each of thore which are on another lie on a straight line
given in position—or still more erally in this
manner : If any number of straight lines cul one
another, nol more than two passing through the same
int, and all the points [of intersection] on one of them
, while of the remaining points of intersection, in
i equal to a triangular number, a mumber corre-
ﬁsgmlﬁemfe'qflhl triangular number lie respect-
ively on straight lines given in position, provided that of
these latler points no three are af the vertices of a triangle,?
mﬂ qf the remaint inég swill lie on a siraight line
given in position,® writer of the Elemenis was
probably not unaware of this, but he merely laid
down the principle.® . . .
The three books of the Porisms involve 38 lem-
mas?: of the theorems themselves there are 171.°

* Pappus Emqus to state in order 28 propositions from
T e S N Tt 5 the. Paiace (Peum
appus mmas to the ppus,

ed, Hultsch 866. 1-018. 20 ; Eucl. ed. Helberg-Menge viil.

2438, 10-274. 10).

e o stk S g e o iy
ingqui hedl] ents ree

mathematies, and I‘J:.crtbi; Eul'ms]m \\n.,; led to the idea of

anharmonic ratios. Further details will be found in Loria,
loc, cit., pp. 253-265, Heath, H.G.AL i 431438, and 1 am

greatly indebted to the translations and notes in these works.
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() Tur Coxics

Papp. Coll. vii. 30-386, ed. Hultsch 672, 15-678. 24 .

Ta Edwdelbov fifda § Kowixdy "AmolAdvios
avamAnpdioas xal mpoolels érepa & nnpdammfz
Kwwnrdy velfym. ‘Apwraios 86, 65 yéypade
péypi Toff viv dvaBiddueva orepedv Tomwy
5 i Tois kwwvikols, éxdler [xal of mpod "Amol-
Aawlov]' Tév Tpudv xwvikdy ¥, Gy T pév
ofvywwiov, Ty ﬁn:p&wwufuu, v 8¢ duflryewvioy
Kawou Topty. . . . O 8¢ ,mf-xéon-r [se. AmoMaos]
€y 74 TpiTey Tomov dal 7 ypappds 1 TeAetw-
fijvar bmo EdedelBov, 008’ dv adrds Hdumjln odd’
dMos oddels dAN' oddé punpdv T mpoalleivar Tois
dmo Edwdeldov ypadeion® Sid ye v 7OV W
deberypévwr oy wardy dype Tov xar Ed-
xheldyy, ds xal alrds paprvpel Mywv dStharor
elvar redewwlijrar, yuwpls dv atros mpoypdpew
nraykdoly. o 8é Edxdeldns dmodeyduevos Tov
"Apioraioy dfwv Svra €’ ols 78y mapadebuixe
xuwvikols, kai py dldoas 7 py behjoas émwara-
Bilecfar rotrwr Ty almy mpayparelar, dme-
xéoTaros v xal wpos dravras edpenis Tots Kai
Kard moady mﬂgﬁ Suvapdvovs Ta pabipara,
ais Bel, xai pndauds mpooxpovaTicds Umapyw,
wai akpifins piv ol ddalovixos 8¢ walfldmep odros,
oaov Swvardy v Betfar Tob Tomov Bid Tdv dxelvov

 wal of mpd *Amellasnion del. Hultsch,
Al .. . ypededow del. Hultsch,

* FEuoelid's Condes has not survived, but an idea of its con-
tents can be obtained from Archimedes’ references to pro-
positions proved In the Elements of Conies (& rols sconixols
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(e) Tue Coxics®

Pappus, Collection vil. 30-36, ed. Hultsch 672, 18-678. 24

Apollonius, who completed the four books of
EMFLE'S Conics and added another four, gave us eight
books of Conics. Aristaeus, who wrote the still extant®
five books of Solid Loci supplementary to the Conics,
called the three conics sections of an acute-angled,
right-angled and obtuse-angled cone respectively.
- -« . Apollonius says in his third book that the
“ Iocus with respect to three or four lines ' had not
been fully worked out by Euclid, and in fact neither
Apollonius himself nor anyone else could have added
anything to what Euclid wrote, using only those
properties of conics which had been proved up to
Euclid’s time ; as Apollonius himself E:::n witness
when he says that the locus could not be fully in-
vestigated without the propositions that he had been
compelled to work out for himself. Now Euclid
regarded Aristaeus as deserving credit for his con-
tributions to conics, and did not try to anticipate him
or to overthrow his system ; for he showed snr:ﬁulum
faimess and exemplary kindness towards who
were able in any degree to advance mathematics, and
was never offensive, but aimed at accuracy, and did
not boast like the other. Acco Iy he wrote so
much about the locus as was possible by means of
erogyeions), & term which would cover the treatises both of
Aristaeus and of Euclid. The Surfoce-Loei and the Porisma
of Euclid a; to have con further developments in
the theo conics.

* This been taken to imply that Euclid's Conics was
already lost when Pappus wrote. Nothing more is known
of this Aristacus, unless he is identical with Aristacus said
by Hypsicles (Eucl. ed. Heiberg-M. v. 6. 22-23) to have
written a book called Comparison of the Five Regular Solids,
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Kawxév &Eypufev, obx elmaw télos exew 70
Beuvertipevor.  Tore ?-»&,o Wv dvaykaiov €feldyrew,
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&&p{mu TpiDY EU'EEH.I.IP, urm Tivos TOU nﬂ'ﬁw'
D'T].ELEWU mrﬂxﬁmu eml Tag Tpew év ﬁe‘ﬁn g
}mwmg eﬁﬂem, KL Myug 7} Boblels Toi urm EW

pﬂrwv mplsxo;.r.ﬂ.'nu opﬂn}vmou Tpos TO dmo
TS ferpu}vwlrnv, 0 l:n;l.ufmv u-l,r:refﬂ.s fiéoer
Eeﬁapﬂw gTepeall TomOU, TOUTEGTW juds TV
TPUEY Kesdy ypappuov. Kol dar €mt & edfeias
Béaer Srawu'vas' waTayliow edfeta :u dedopdvais
ytuumtg, xm )éyog 7} Bolleis 7o dmo o kariy-
pwr 'rrpo; 76 dmo T@v Aoimdyv Svo m-n:ryp{mv,
D}-lm TO oTjpLEtoy aferar Béoer dedopdms Koy
TOWT]S.

1 g5 EdwhefBns . . . vowdrds doror * scholiastae cuidam
historiae gquidem veterum mathematicorum non imperito, sed
ui dicendi genere languido et inconcinne usus sit ™ tribuit
nltsch,
¥ roi atrof del. Hultsch.

& The three-line locus is, of course, a particular example of
the four-line locus, [t seems clear that Apollonins i
did not have a eomplete solution of the four-line locus, but
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the Conics of Aristaeus, but did not claim finality for
his proofs, If he had done so, we should have been
obliged to censure him, but as things are he is in
no wise to blame, seeing that Apollonius himself is
not called to account, though he left the most part
of his Conics incomplete. Moreover Apollonius was
nble to add the lacking portion of the theory of the
locus through having become familiar betorehand
with what had been written about it by Euclid, and
through having spent much time with Euclid’s pupils
at Alexandria, whence he derived his scientific habit
of mind.

Now this ** locus with respect to three and four
lines," the theory of which he is so proud of having
expanded—though he ought rather to acknowledge
his debt to the original author—is of this kind. [If
three straight lines be given in position, and from
one and the same point straight lines be drawn to
meet the three straight lines at given angles, and if
the ratio of the rectangle contained by two of the
straight lines towards the square on the remaini
straight line be given, then the point will lic on a
solid locus given in position, that is on one of the
three conie sections.  And if straight lines be drawn
to meet at given angles four straight lines given in
position, and the ratio of the rectangle contained by
two of the straight lines so drawn towards the rect-
angle contained by the remaining two be given, then
in the same way the point will lie on a conie section
given in position.®
his Conics iil, 53-538 [Props, T4-76] amounts to & demonstra-
tion of the converse of the three-line locus, viz., if from any
point of a conic there be droen three straight lines in fized

divections to meet respectivaly two fized tangents fo the conie
and their chord of contact, the ratio of the rectangle contained
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Eucl. Phaen, Praef., Evcl, ed. Heiberg-Menge viil. 6. 57

"Edv yap xdvos 7§ xidudpos émnéda Tunbi ui)
Tapd '.rﬁv Bdaw, 1 Tﬂfﬂ’; yiyverat ofvywriou Kuvou
Tops}, TS €oriv dpoia Buped.

(f) Tae Svarace-Loct
Papp. Coll. vhi., ed. Hultsch 636, 23-24

Edxleidov Témaw vav mpds émpavela f.

Procl, in Euel, L, ed. Friedlein 394, 16-305. 2
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Tis xvdudpucijs Elcos xal TV KWKy ypapupdy

by the first tico lines so drawen to the square on the third line i
congstant, For o solution and full discussion of the four-line
locus, reference should be made to Zeuthen, Dise Lehre von
den Kegelschnitten im Altertum, pp. 126 ff., or Heath, Apol-
loniug of P, Pp. exxxviii-cl.

* Euclid's Phenomena is an astronomical work largely based
o two treatises by Autolyeus of Pitane (e. 315-240 n.c.)
which are also extant,

.I:in us is b:licwdﬂ to have discovered thI:dﬂl.“rE
sechions as sections a t-angled, acute-ang
obtuse-angled cone y by a plane perpendicular
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Prefnce to Ph +* Eucl. ed. H M
Euelid, mmnz &-‘I“ eiberg-Menge

If a cone or cylinder be cut by a plane not parallel
to the base, the resulting section is a section of an
acute-angled cone which is similar to a shield.®

(f) Tue Svrrace-Loc
Pappus, Collection vii., ed. Hultsch 636, 23-24
Euelid's two books of Surface-Loci.®

Proclus, On Euclid i., ed. Friedlein 304, 16-305. @

I call locus-theorems those which deal with the
same property throughout the whole of a locus, and
a locus I call a position of a line or surface which has
throughout one and the same property. Some locus-
theorems are constructed on lines and others on
surfaces. Furthermore, since lines may be plane
or solid—plane being those which are simply gener-
ated in a plane, like the straight line, and solid those
which are generated from some section of a solid
figure, like the cylindrical helix or the conic sections

te o generating line, This passage shows that Euclid, at
least, w;; -huhqwnliemthqtba}n ﬂlllrr-r could rb:flndmiﬁ s n
section of o t er by a plane not pa to hase,
and the Mﬂsm;r“u have been known before his time s
Heiberg (Literdrgeschichtlichs Studien fiber Euklid, p. 88)
thinks that Mensechmus probably used Supeds ns the name

for the ellipse.
* This entry i taken from the list of books in Pappus's
Témer dralvdpoos (Treasury of Analysis). The work is

lost, but we can re what surface-loci were from
by Prochus and Pappus himself, and we can get some
idea of the contents of Euclid's treatise from two lemmas
given to it by Pappus. -

401

]



GREEK MATHEMATICS

—ddalgy dv xal tdv wpos ypappals TomkEy Th
pév émimebov Exew Tomov, Ta B arepedr.
Papp. Coll, vil. 312-316, ed. Hullseh 1004, 16-1010, 15
Eucl. ed, Heiberg-Menge viil. 274. 18-278. 15
Eis rovs mpos émdavein
a’. 'Edv §j elffeia %) AB xal wopd Béoer 4 TA,
xai 3} Adyos Tob dmo AAB wpds 7o dwd A, w6 I

I
A E B
A A B

dmreTar kwwkis ypapuis. €av olv 5 pév AB
orepqlii Tis Oéoews, xat a A, B orepylij 7ob
dobérra’ elvat, yémras 8¢ mpos Méoar edflelars® ais
AE, EB, w0 I' perewpwliéy ylverar mpés Oéan
émavela. Tobro 8¢ ddeiyly.

B'. 'Eav jj 6doer edficia v} AB wal Soféy 76 T

1 Bofldvra Heiberg, Soférros cod., Hultsch,
* eoflelng Tannery, odfia cod.

* From this plmﬁ:'i confirmed by Eutocius, line-loci
would appear to be which wore lines, and surface-loci
would seein to be loci which are surfaces. Pappus, in Coll,
iv. 33, ed. Hultsch 258, 20-25, implies, however, that surface-
loci are loci fraced om surfaces, and he gives the evlindrical
helix ns an example of such a locus.  Cf. supra, P 348 n, .
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—it would appear that line-loci may be plane loci
or solid loci.®

Pappus, Collection vil. 812-316, ed. Hultsch 1004, 16—
1010. 15 ; Euel, ed. Helberg-Menge viil. 274, 18-278, 15

Lemmas to the Surface-Loci

1. If AB be a straight line and I'A be parallel to
a straight line given in position, and if the ratio

E

LA N,

AA.AB : AT? be given, the point I' lies on a conic
section. If AB be no longer given in position and
A, B be no longer given but lie on straight lines
AE, EB given in position, the point T" raised above
[the plane containing AE, EB] is on a surface given
in position. And this was proved.?

2. If AB be a straight line given in position, and

' The Greek text and the figure in it (given on the left-hand
pige) are unsatisfactory, but Tanne inted out that by
reading eiffiass instead of cfeia a sa ry meaning can
be obtained (Bulletin des sciences muthémafigues, 2 série,
vi. 140-150), He also indicated the corrcet figure, which
was first printed by Zeuthen (Die Lehre con den Kegel-
schnitten im Altertum, pp. 423-430).  The Works of Archi-
meder, by T. L. Heath, pp. Ixii-lxiv, should also be consulted,

The first sentence states one of the fundamental ies
of conic sections. A literal translation of the opening wonds
in the second sentence would ran : * If AB be deprived of
its position, and the points A, B be deprived of their character
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G atTd éﬂﬂ'&u wai duylly 4 AT, xai mpos
npﬂa axfi 7 AE, ?éym‘ 8¢ 9} s A =pos AE,

A

E A

B

70 A drreras Béoer muvurﬁ; Topfjs: Seucrdor® B,
oTt YPAPTS {ptp-u; mouel Tov Tamor).!  Bewybrioeran

o€ mrrms' 3 Tomou® -ruuﬁc
m; rav A, B u:-:u opﬁ'qg- s TA

J.éyo; éorw 7o amd AA wp&s* 7d dmo ['A, AB. Aé-
ért 70 I' drrerar wawou Topds, v 7e 7o
rt?;o: loos mpos igov 3 peillaw mpds dddogova 3

é\doowy wpos ptt{nm
"Eorw y&,u wpn-ﬂpu 6 icos wpos Loow.
wal émel ooy é'a-rh- 76 dmd Tois amo I'A, AB,
xeiofe jj BA toy 5) AE. {loov dpa éori 76 dmd
BAE @ damo .ﬁ.I‘ rerprotio ﬁlxu 7 AB & Z-

5 S e ol s |

,M'pur woui rir véwor add, Gerhardt, Hultsch,
'I'hw * immo Toi AMjpperes ™ Hultsch.

of « o The text leaves it umerhuin whether,
when nnkm,gtrgimlupnsmuu. remains constant
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the point I' be given in the same plane, and AT be
drawn, and AE be drawn perpendicular L[\tn the given
straight line AB], and if the ratio I'A : AE be ven,
the point A will lie on a conic section.s t it
must be shown that part of the curve forms the
locus. This will be proved as follows by means of
b Cvens ints A, B and th

. Given * the two points v B and the -
dicular I'A, let the ratil:.r\;'k‘ :TA% 4 AB2 he gl:fr“ I
say that the point I" lies on a conie section, whether
the ratio be of equal to equal, or greater to less, or less

to ater.

E::in the first place let the ratio be of equal to
equal. Since AA'=TA? {ABR® let AE be made
equal to BA.

Then [BA . AE +EA®= AA [Eucl. ii. 6

=I'A® ; AB? [ex. Ayp.,
and ED] BA AE = ['AL

inl or varies, Zeuthen conjectures that two cases were
ered by Euclid: (1) AB remains of constant length,

while AE, EB arc paralle]l instead of meeting In & point ; and

(2) AE, EB mect in a rulnt and AB alwnys moves

to itself, so varying in length. In the former case lies on

the surface described by a conie section moving bodily, in the

latter case the surface is a cone.

* This is the definition of & conic in terms of its focus and
directrix, AB bd:qthedlructﬁ:,]‘th:!‘mm.&any int
on the curve, and the ratio TA : AE the eccentricity of the
conje, Sincel‘l];tpu.-. proves thisgm for all three conics
by transforming it to the more fam axial form, it must
have been assumed by Fuclid without proof, and was pre-
sumably first demonstrated by Aristaeus. This is all the
more remarkable as the focus-directrix property is nowhere
mentioned by Apollonius, and, indeed, is fmmcfin only two
other places in the whole of the Greel mthmthdwﬁﬁngl,
. au P 362 0. a.

i on p. 406,
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Bollév dpa 76 Z, xal Eorai Sumhij 7 AE 11;-: Zﬁ.

wore 7o o BAE 706 8l éoror o ridw

T

KB A S B

wal dorw !‘i EIWA’F%W“: AB doleiga: To &'pﬂ vmo
Sollelons wal Ths LA loov doriv v amo Tie Al
70 ' dpa dmwreras Bdoer mapaSodis Epyopdims
BH;‘. T\ﬂa £
&', Emeﬂﬁaﬁm i1 & Témos olrws:
Fu-n,u 7d Solévrra A, B, 6 3¢ Myor €orw Tooy
mr-:w, Kai rﬂp?aﬂm 3 AB Sixa 7@ Z, mijs
AB dimdij forw 7 P, xal féoe aum]s edllelns
ijs ZB :rmpq,-:lrp.{m]g xard 76 Z, TS e P debo-
peérs T p:yiﬂﬂ, }rf}-pmﬁ-ﬂ'm epl ﬂfom Tov LB
mapafody 7 HZ, dore, olov eiv e’ aﬁrﬁ;
anpeeioy .3.135&0{? ws 7o I', xdbfleros 8¢ axfy 4
huvchm*mum]’ZﬁmuwﬁI‘m
yxbe g :1 BH. Afyw, omc 70 'H pdpos s
s éorwe.!
“Hale wdferos 7 I'A, xail 1':;;- BA ton kel
j AE. émei o Bimdij éorw 7 pév AB 7is BZ,
Eé EB BA, 8imi dpe xai 7 AE 'r'!]S‘ Ar 1‘5
131]:. loov doriv 7@ Bic Jdmé Taw AB,
-I:Qﬁ
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Let AB be bisected at Z; the point Z is therefore
given.

And AE  [=AB-EB
=2BZ ~ 2BA]
=2ZA,

Therefore BA . AE=2BA . ZA,

[and so 9BA . ZA=TA%].

Now 2BA is given ; therefore the rectangle contained
by ﬂmn straight line and ZA is equal to the square
on Al'. Therefore the point I' lies on a parabola
passing through Z,

4, The synthesis of the locus is accomplished in this
way.?

Let the given points be A, B, let the ratio be of
equal to equal, let AB be bisected at Z, let P be double
of AB ; and since ZB with an end point Z is a straight
line given in position, and P is given in magnitude,
with ZB as axis, let there be drawn [Apoll. Conzesi. 52]
the parabola HZ, such that, if any point T' be taken
upon it, and the ndicular T'A be drawn, the
rectangle mntninm; by P, ZA is equal to the square
on AI': and let the perpendicular BH be drawn.
I say that T'H is a part of the parabola [forming the
loeus

Fn} let the perpendicular I'A be drawn, and let
AE be made equal to BA. Then since AB=2BZ,
EB=2BA, then?fnre AE [=AB-EB]=2ZA;

therefore BA.AE=2AB.ZA
=ATS, [by constroction
 Diagram on p. 498,
1 lovr; we should expect mowd riv rémor,
VOL. I 2K 4497
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ZA, rovréorwv 7 dmo Al.  xowdv mpoowelabw
70 amo EA loov ov 7 dwo AB- dAov dpa 76 dmd

7

Ao B > B

P

AA loov doriv fon: fiml ~&v A, AB. % ZTH
apﬂ ypa,up.q wotel Tov TD‘!TDI-"

€'. "Eorw &7 wddw 7a 8o Sollérra anueia ma A,
B, xal edfleid e 9 Al' xai dpfj,} Adyos 8¢ éorw
7ol dmd AA mpos md dmd BA, AT &l pdv 7
ﬂpa.rﬁ;-g TTWrEws ,t.r.c:{m:-r rrpé-; dhdooova,’ em.rgs
*rr_is.' devrépas éldoowy rrp-ﬂs' ps:{om' Mym, oTt -rn
I' dorerar kawov Topds, em gxﬂr Tis T~
gews eMelifews, énl 8¢ s devrdpas u-;re 5.

Ewn}'n:o]ayogéwwmﬁ uﬂoMﬂpﬂgmnﬂ&

BA, AL, ¢ aidrds adr@ yeyovérw ¢ 7oi amo EA*
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Let the equals EA?, AB? be added to either side :
then [BA . AE + EA*=TA? 4 AR?
and so] AA'=T'A* L AR [Eucl fi. 8
Therefore the curve ZI'H forms the loeus,

5. Again, let the two given points be A, B, and let

AT be a perpendicular straight line, and let the ratio
AA®: BAT L AT? be in the first ease the ratio of a
greater to a less, and in the second case of a less to
a greater. 1 say, that the point I' lies on a conic
section, which is in the first case an ellipse and in the
second case a hyperbola.®

Since the given ratio is AA%:BA? L TA2 et [E
be taken on AB so that] EA?: AB® be in the same

I

A E ©A B Z H
® The Greek text from this point onwards is unsatisfuctory,
and contains mathematical errors which Commandinus and
Hullseh corrected.  The demonstration also leaves many

gaps which [ have filled, again following those com-
mentators,

! pifleid AT wai Heibe: AT,
Cl:-lumu::ilﬁ R:th::'l‘- :H Itﬁdl.“::m ir‘:;aﬁ%éﬁ ;
i foawra Hu wpd
b Hul fAderora cod.
o e Fan e ol
Vol. 1 2xg 499
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ﬂp&s‘ ‘ﬂ.’f u':-m:'- ﬂ.B.‘ ('-?l': pi‘r-* l}ﬁl.' .,v frp::rrqs' ﬂ".l'a'l-
orws eldoowy doriy ) BA tis AE, dnl 8¢ s

z

r

H: Ay OE A Z-B

Sevrepas peilwy doriv BA w5 AE. kelofw
olv 7ij EA lon 5 AZ. enel Adyos €oriv Toff and
AA mpos Ta amo I'A, AB, xal dorwv adrd 6 alrds
6 7oi awo EA mpds 7o dmd AB, ral owrds dpa
700 tme LAE mpes 7o dmd AT Adyos doriv Sofels.
€mel ¢ Adyos éoriv iz EA mpos AB [kai s ZA
wpos ABJ* xal r;ﬁ? ZB 11'.;}:35‘: BA, &u‘lﬂ:}rds' atro
veyovérw & Tijs wpos BH: kal 8\ys dpa tijs
AZ mpés AH Adyos i?wiu Boflels. :&ALT;HZE
Adyos €ariv iz BA mpos AB Bollels, [xal s EB
dpa mwpos BA s eoriv doflels]? o adros ?.ﬁrt?.l
yeyovérw 6 Tijs AB' 7pos BO: Adyos dpa wal ijs
AB npoc BO dorwe Euﬁ‘fff' ol Acg;: T;‘E'}].' wel
Aoemés s AE mpds OA eoriv dollels: weal
voi tmé ZAE dpa mpos w6 dmo OAH Myos dori
dobleis. roi 8¢ dmo ZAE mpds 76 dws T'A
éoriv Soblels xai o dmd HAQ dpa mpds 76 amd

1 AB Hultsch, AE cod,  * wal. . . wpds AB del, Hultsch.
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ritio ; then in the first case BA is less than AE, while
in the second case BA is greater than AE, Let AY
be made equal to EA, Since the given ratio is
AA%:TA? £ AN, and EA® : AB® is equal to it, the ratio

[AAT-EA® : A2 4 AB2— AR?,
that is, by Euel. ii. 6,]
ZA . AE A

is given.  Now since the ratio [EA®: AB® is given,
therefore] EA : AB is given, therefore {'Az;ﬁ}: is
given. ceordingly, in the first case AZ : BZ, and
therefore BZ : AB, is given; in the second case, be-
cause AZ : AB or inversely AB:AZ is given, there-
fore AB:BZ or inversely| BZ: AB is given. Let
H be taken on AB produced so that] AB:BH =
3% : AB. ‘Then [in the first case AB +BZ : BH +AB,
in the second case AB-BZ:BH-AB, that is in
cither case] AZ : AH is given. Let [D be taken on
AB such that] AD:BO=EA:AB. Then the ratio
AB:BO is given. And [because by construction
AB : BB = EA : BA,  componendo  AD + BO : BE =
EA +BA:BA, or AB:BO=EB:AB. Therefore
AB—EB : BO - AB, that is,] AE : 0A is given. [Now
AZ : AH was given;] therefore AE, AZ :9A . AH
is given. But ZA. AE: AT"® was given ; therefore
the ratio HA . A0 : Al is given. [But the point
A is given, and by construction the points E, Z are
given ;. and because AB:BH=BZ : AB and also

3 xal . . . Soficis del. Hultsch,
1 A8 Hultsch, AB cod.
% Bodls Gpe 76 © del. Hultsch,
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AT Xﬁ-ﬁng doriy Bobels. wal dorw 8o Bolévra
ra @, H- énl pév dpa mijs mpibrys wrdioews 7o I
dmrerar eMehfews, €mi 8¢ Tijs Sevrépas Umep-
PoAgs.
(g) Tur Optics
Euel. Optic, 8, Eucl. ed. Heiberg-Menge vil. 14, 1-16. 5
Ta o peyéfy xal mapddgla dnoor Sweornréra

¥ L] - L] hd ¥ - £
a76 7ol opparos otk avaldyws Tols daoTipacty

oparat,
"Eorw Sdo peyifn va AB, T'A dwgor Eteu-rqmﬁ"n

dme 7ol duparos voil E.  Adyw, dm ol dotw, ws

A . H

A >
B 2] E

dalverar éyov, ds 0 I'A mpos 76 AB, olirws 706
BE wpés o EA. mpoomnrérwgar yip dxrives
al A_EE:EEI', wal kérrpw pév 76 E Smo'rll-‘ipuﬂ
8¢ 76 EZ wirdov yeypidl mepipépera 5 HZO.
émei otw 70 EZT mpiyanor roi EZH ropdws peilov
éorw, 70 8¢ EZA rplywvovr Toi EZO ropéws
arrdv dorw, 70 EZI dpa rpiywwov mpds Tdv

* Pappus proceeds to make the formal synthesis, as in the
case of the parabola, and then formally proves his original
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Af : BO=FEA : AB, therefore] the points H, O are
also given. [Therefore in the first case HO is the
dinmeter of an ellipse, in the second it is the diameter
of a hyperbola ; and] therefore the point I' lies in
th-:-l:‘ﬁnt case on an ellipse, in the second on a hyper-
bola.®

(g) Tne Orrics®
Euclid, Optics 8, Fuel, ed. Helberg-Menge vii. 14. 1-16. 5

The ap;urull sizes of equal and parallel magnitudes
ai -a:z:a distances from the eye are not proportional to
those distances.

Let AB, I'A be the two magnitudes at unequal
distances from the eye, E. I say that the ratio of
the apparent size of T'A to the apparent size of AB
is not equal to the ratio of BE to EA.  For let the
rays AE, EI' fall,* and with centre E and radius EZ
let the arc of a circle, HZE, be drawn. Then since
the trinngle EZI" is ater than the sector EZH,
while the triangle EZA is less than the sector EZ0O,
therefore

position in the case where the locus is a parabols ; the
Eﬁbﬂf’whmmt locus is an ellipse or hyperbola has been lost,

can easily be supplied.

b Euclid’s ics exists in two recensions, both contained
in vol, vii. of the Hefbergi_.:l;ngc edition of Fuclid's works,
One is the recension of n, but Helberg discovered in
Viennese and Florentine s=s, an earlier and markedly different
recension, and there is every reason to believe it is Fuclid's
own work ; it is from this earlier text that the proposition
here quoted is given, The Opties is an elementary treatise
on ive. It isbased onsome flhcg&ysiu] hypotheses,
but has some interesting mathematical

« Fuclid, like Plato, believed [Optics, Def. 1] that rays of
mprmd from the eve to the object, and not from the

to the eye.
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EZH mjuu f.lm{'am Adyor  Eyer 'I']".ITEF 6 EZA
Tplywvor mpés Tov EZO ropda. kal dvaddaf o
EZT rplywvor mpés 6 EZA rpiyavor pellova
Aoyor fxﬂ fep o EZH Topels -n'pﬁ-g or EZG
Topéa, xai owfém 76 ETA fp:ymvou ﬂpng 0
EZ..-"_‘.. fp;,fcumv peilova J\nﬂ'fﬂu £yt '!?Trt'p u EH®
TopLeds #pns' Tow TE@' Tn;un alV’ e 74 EAT
wpos 1o EZA Tp:.ywrmu, otrws 7 I'A 'rrpus T
AZ. 7 8¢ TA i AB édorw oy, xai as 5 AB
wpos Tiv. AL, qBEﬂpﬂqmvh& 7 BE dpa
mpos ¢ EA pellova Adyor éye imep ¢ EHO
Topets wpos Tov EZG topda. ds &f d Toueds
wpos Tov Topda, olrws 7 vwe HE® ywvia =pis
i dme ZEO ywviav. 3 BE dpa mpds mip EA
petlova Adyov éxer fmep 1) bmé HEO ywvia mpis
v o LEO. xai éx pév s dmo HEO ywiidas
BAémerar 70 I'A, €k 8¢ 7ijs om0 ZEO o AB.
ok dvdloyoy dpa Tols dmooTiuacwy dpdTar Ta
foa peycty.

o This is equivalent, of course, to saying that
fan I'IEE}IEEIt ZES
tan ZES ~ angle HES®"
a well-known theorem in trigonometry ;. the full expression
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triangle EZT :sector EZH> triangle EZA :sector EZO,
Invertendo, -
triangle EZT :triangle EZA> sector EZH: sector EZO,
and compenenido,
triangle EI'A :triangle EZA>sector EHO :sector

HASR
But triangle EI'A : triangle EZA=T'A : AZ.
Now IF'A=AR, and AB: AZ=1RE : EA.
Therefore BE : EA> sector EHO : sector EZO.
Now
sector EHO : sector EZ0 =angle HES : angle ZES,
Therefore

BE : EA> angle HEO : angle ZED.2

And TA is seen in the angle HED, while AB is seen
in the angle ZEB, Therefore ® the apparent sizes
of equal magnitudes are not proportional to their
distances.,

of the theorem is: If o, § are two angles such that e < g < {m,
then

tana _a
fan B=F
* By Def. 4, which asserts : ** Things seen under a greater
angle appear %;rculer, and those seen under o lesser angle
l]‘lpl:]lf. while things seen under equal angles appear
equal.
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Crexmo s Puruerics, W, C. AL Ker.  (2nd Imp.)

Cicmno : Pro Ancnia, Post Revrros, Dy Doso, De Hanus-
picis Resroxsts, Pro Praxcio. N, HL Watls, (2nd Tmp.)

Ciceno ¢ Pro Carpcixa, Pro Lrex Masiua, Pro CLuestio,
Pao Bammo. H. Grose Hodge.  (2nd fmp.)

Cicemo = Puo Micoss, I Prmosew, Pno Scavmo, Puo
Foxtmo, Puo Rammie Postrmo, Pro Manceio, Pao
Lioanto, Pao Rece Doorano. N, H. Watls,

Ciceno : Pro Quixcrio, Pno Rosore Aszamso, Pro Roscio
Cosmorno, Coxtra Ruroos. J. H, Freese,  (2nd fmip.)
Ciceno ¢ Tuscrray Disruratioss. J. E. King.,  (3rd fmp.)
Cieeno + Vemuse Onarions. L. H. G, Greenwood. 2 Vals.

{(Vol. 1 2nd fmp.)

Cravnias. M. Platnager, 2 Vaols.

Corvseria ¢ De Re Rosrioa. H. B. Ash. 2 Vols. Vol. L
Books I-IV. (2ad Fmp.) :

Cunrivs, @. ;- Histony or Avexaxpen. J. C. Rolfe. 2 Vols.

Fronos. F. 5. Forster; and Comxeravs Nxros. J. C. Rolfe.
(2nd Fmp.)

Funosrixus : Sruaracess axp Agvenvers, C. E. Bennett
and M. B. MeElwain. (2nd fmp.)

Froxro: Connespoxpexce. O, R, Haines, 2 Vals.

Grruwes, J. C. Rolfe. 8 Vols. (Vols. I and IT 2nd Tmp.)

Hun[:; }{}nu axp Eropes. C. E. Bennett. (13th fmp.
revised.

g
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Homacx: Samines, Evsrres, Ans Porrica, H. R. Fairclongh,
(8eh Jwmp, revieed.)

Jenomr : Sereer Lerrens.  F. A. Wright.

Juvesar avp Pensivs,  G. G, Ramsay, I_(rTIh Imp.)

Livy. B. O. Foster, F. G. Moore, Evan T. Sage and A. C.

. I;.Eh 13 Vols, Vols, I-XI1.  (Val. I 8rd Imp.,
Vols. II-V, VII, IX-XII 2nd Imp. revised.)

Locas. J. D.Duff. (2nd fmp.)

Luenerivs. W, H. D. Rouse.  (6th Imip. revized.)

Manriaz. W, C A Ker. 2Vels. (Vol. I ath fmp., Vol. IT
A Tap. revised.)

Mixon Larmie Porrs: from Posaovs Svyavs to Rormoos
Nasariaxvs, including Guarrvs, Cavrvnsivs Sicyres,
Newestavvs, Avianvs, with ** Aetnn," ** Phoenix ™ an
HIH'II:‘I'}PH.'I'E!. J. Wight Duff and Amold M. Duff. (2ad

mp.

(}ﬂn‘f Tue Ant or Love axp oruen Poews.  J. H. Mozley.
(3rd Tmp.)

Ovip: Fasm, Sir James G. Frazer. (2ad Imp.)

Ovin: Henoipes awp Awongs.  Grant Showerman. (4

1

Dvr‘:%} Merasonrmoses. F, J. Miller. 2 Vols. (Vol. 1
@k Imp., Vol. 11 Tth Tiip.)

Ovio : Tustia axp Ex Poxro. A L. Whecler. (2nd fmp.)

Pernoxios. M. Heseltine; Seswca: Arocovrocysrosis,
W. H. D. Rouse. (Tth finp. revised.)

Pravres, Paul Nixon. & Vals. (Val. I 564 fmp., Vols 11
and 111 4tk fnp.)

Pusy: Lerrees.  Melmoth's translation revised b
W. M. L. Hutchinson. 2 Vaols. (Vol. I 5¢h Jmp., Vol. 1
ath fﬂ{J

Prusy: Narvmar Huorony. H. Hackham and W, H. S
Jones. 10 Vols. Vols. I-V. (Vols. I-111 2ud Fp.)

Proventivs, H. E. Butler. (504 fmp.)

Puopeyrivs, H. J. Thomszon. 2 Vols, Vol. 1.

Qursticrax,  H. E. Butler. 4 Vols. (2nd fmp.)

Emuamss or Own Lamx. E. H., Warmington. 4 Vols.
Vol. I (Ennius and Caevilius), Vaol, IT (Livius, Naevius,
Pocuvins, Accins). Vol 111 (Lucilius, Lavws of the XI11
Tables).  Vol. IV (Archaic Inseriptions). (Vol. IV 2nd

Imp.)
Sarrwvsr, J. C Rolfe.  (Srd Dmp. revized.)
3



THE LOEB CLASSICAL LIBRARY

Scarrrones Hisvomiae Avcuvstae. D, Magie. 8 Vols
(Vol. I 2nd fmp. revised.)

Seveca : Arvocorocystosi.  OF, Peruosros,

Spumca : Evsrveae Monarss. K. M. Gummere. 8 Vols,
(Vol. T 8rd fmp., Vols, 11 and 111 @nd fmp. revised.

Seweca : Monav Essavs, J. W. Basore. 3 Vaols. (Vel. 11
8rd Imp. revised, Vol. 111 2nd fmp, revised.)

Sewecar Tracrmes., F. J. Miller. 2 Vols. (Vol. I Sed
Tmp., Vol. 11 2ad fmp. revised.)

$\Im‘r z]ut{l: Porus axp eus, W. B, Anderson. 2 Vols:

ol. 1.

Smavs Iravicvs, J. Do Duff. 2 Vols. (Vol I 2nd fop.,
Yol. I1 Srd .fal:.] gk

Sramos.  J. H. Mozley. 2 Vols.

Su:z'::n}rirn'n..1Ir J. C. Rolfe, 2 Vols. (Vol. I 7th Jmp., Vol. 11
6th fmp.

TacrTus :F Dracocvs, Sir Wm. Peterson; and Aomicors
axn Gensaxta,  Maurice Hutton, C{jﬂi Fmip.)

Tacrris: Hisronres awn Awsairs, C, H, ﬁm and J.
Jackson. 4 Vols. (Vols, [ and 11 2nd fmp.)

T:]n]z;!c*mf Jn!rm Sargeaunt. 2 Vels. (Vaol. I 6¢h Imp., Vol

b’ i

Tewrorirax: Arovocia axn De Srecracvnm, T, R, Glover;
Mmvverrs Feux,  G. H. Rendall.

Varemirs Fraccvs, J, H. Mozley, (2nd Tmp. revised.)

Varmo: De Lavova Lativa, R. G. Kent. 2 Vols. (2nd
Tmp, revined.)

Vewcmivs Parencoros axp B Gestax Dive  Aveusti,
F. W. Shipley.

Vinai. H. R. Fairclough, 2 Vols.  (Vol. I 17¢h fmp., Vol.
11 13th Jmp, revived.)

Vonovivs :  De Awcnrrecrons: F. Granger. 2 Vals.
(Vol. I 2ad Imp.)

GREEK AUTHORS

Acuriies Tativs. S, Gaselee.  (2nd Imp.)

Arxeas Tacricvs, Ascueriovores awp Osasaxpes. The
linois Greek Club, (2ad fmp.)

Ascurses. C, D, Adams,  (2ad fiip.)

4
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Amscevrvs.  H. Weir Smyth. 2 Vols. (Vol. I 5th fmp.,
Vol. IT &tk fmp.) 5. ?,
BO¥, AELIAN axD Pumostaatvs: Lerrens, A. R,
Benner and F, H, Fobes,
Arorrononvs.  Sir James G, Frazer, 2 Vols. (2nd Tmp.)
Arorroxivs Ruonivs. R, C. Seaton, (444 Tmp.)
Tﬂ? Am:‘) otie Farnenrs,  Kimopp Lake. 2 Vals (Teh
i, '
Arriax’s Rosax Hiszony. Horace White. 4 Vols, (Vol, I
8rd lmp., Vols, I, 111 and IV 2ad Jmp.)
Amarvs,  OF. Cavtmmacnus,
Awnsrornaxes, Benjamin Hick]ei- Rogers, 3 Vols. (Vaols.
I and IT 5th Jmp., Vol LD 4tk Tmp.)  Verse trans.
¢ Awt or Ruaevonre. J. H. Freese, (Srd Tmp.)
Awrorees Armexias Coxsrirvriox, Funmamax Erunics,
Viarves asxo Vices.  H. Rackham.,  (2nd fin )
AnmroTie: Gesenatioxn or Axiaars, A, L. Fﬂ:k. (2ad

.

.ﬁ.}lrrﬂ']rl.-tl Merarnvsics. H. Tredennick. 2 Vols (3rd

g,

AItl'fDTLKI Mrxon Wonks., W. S, Hett. “ On Colours,™
* Un Things Heard,” * Ph}'sioqnnmi:s.“ *On Plants,"
** On Marvellous Things Heard,” ** Mechanical Problems,"”
* On Indivisible Lines,” * Situations and Names of
Winds,"” ** On Mellssus, Xenophanes, and Gorgias,”

Anprorie: Nicomacweax Emmcs, H. R-.ckIEnm. (5th
Imp. revised.)

.ﬁ..l;lﬂ'!l.:: Gf%q!xt;u{iu A:nr‘hg‘l:x.l I}Elnum.f GG
rmstrong. Metaphy: fol. 11} (Srd Jmp.)
ﬂn;no;‘l.t: Ox tue Heavess. W. K. C. Guthrie. (2nd

.

Mu;nu: Ox Tue Sovr, Panva Natenatia, Ox Brear,
W. 5. Hett. (2nd Imp. revised.)

Amsrorie: Oncaxow. H. P. Cooke and H. Tredennick.
3 Vols. Vol I. (2ad fmp.)

Ammsrorre: Pants or Asisars, A. L. Peck; Mortiox asn
Procuessiox or Axiuars, E, S, Forster. (29nd Imp.)
Anmstorir: Powsios. Rev. P. Wicksteed and F. M. Corn-

ford. 2 Vols. (2nd fmp.)

Amsroree: Pornics and Losarsvs, W, Hamilton Fyfe;

o¥ Srviz. W. Rhys Roberts. (4th Jmp.

5
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Anstories Pourries, H. Hackham. (3rd fmp.)

Ausstorie: Propress, W, 5, Hett, 2 \'DIS- {'-'QL I2nd
Tmp. revided.)

Amisrorie: Hueromica ap Avexaxonvs, H. Rackham,
(With Problems, Vol. IL)

Anmaxw: Horony or Armxaxpen axo Ixpica. Rev. E.
Lliffe Robson. 2 Vols. ({2nd In?]

Arnexarvs :  Depxosopinsrae. . B, Gulir.-l:. T Vols
{(Vols. I, V and VI 2nd fmp.)

St. Basiz: Lerrems. K. J. Deferrari. 4 Vols. (Vols. L IT .
and IV @nd fmp.)

Carervacuus axn Lycormmox. A, W. Malr; Anaton,
. R. Mair.

Ct.}':ltﬂal‘! or Arexaxouia, Rev. G. W. Butterworth. (2ud

. )

Louﬁmbm OF. Orran,

Daras axp Covoe.  OF. Loxaus,

Desostueves 1: Ouywrmacs, Poesics axp Movos
Onarioxs: I-XVII axo XX, J. H. Vince,

Desosrieses 11: De Conoxa axp De Faisa Lrcatiose.
C. A. Vince and J. H. Vince. (2nd Tmp, recised.)

DesmosTueses [11: Muopias, Asprorios, AnSrocnaTes,
Tiwocnares, Awmrocerroy.  J. H. Vioce,

Desmostaeses [V-VI: Puvate Onarioxs axn Is Neaenas,
A, T. Murray. (Vol. IV 2nd Imp.) F
Desostneses VII: Fuwenar Sreeen, Enorie Essay,

Exonopra axp Lerrers. N. W.and N, J, DeWitt,

Dio Cassivs : Rosmaw Hesrony. E. Cary. 9 Vols. (Vols,
I and II 2ud fmp.)

Do Cusysosros. & Vols. Vols [ and II. J. W. Cohoon.
Vol. III. J. W. Cohoon and H. Lamar Crosby. Vols, [V
and V. H. Lamar Crosby. (Vols. | and I1 nd Finpr)

Dioponys Stevnvs. 12 Vols.  Vols, -V, C. H. Oldfather.
Vol. IX. Russel M. Geer, (Vol. lﬂ'nd Tmip ]

Dicoexes Lagrrivs. . R. D, Hicks, 2 '-Euls. (Val. I 4th
Twp., Vol. I Srd Tmp.)

Diosvsivs or Havicanvassvs : Hosaw Asmiavimes.  Spel-
;::;; h-n.::nllhun revised by E. Cary. 7 Vols. (Vol. IV

.

Ericrervs. 'W. A, Oldfather. 2 Vols. (Vol. I 2ad fﬁt}.j

Evammpes. A. S. Way. 4 Vols. (Vol. I Tth Imp., Vols,
II-IV 6th Imp.) Verse trans.
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Evsesws: Eccumsuasmicar Hisronv,  Kirsopp Lake and

i. E] L. Oulton. 2 Vols. (Vol. I 2nd fmp., Vol. II Srd
.

Lacex: Ox vie Naronar Facvrres, AL, Brock. (Srid Imp.)

Tue Guexx Axtnovoor, W, R. Paton. & Vols. (Vols, I
and IT &4 fmp., Vols. 111 and IV Srd .fmﬁ.}

Tux Guexx Bucore Porrs (Tueocurrvs, 1ox, Moscuus),

. M. Edmonds.  (7¢h fmp. revised.)

Guexx Eveoy axo Lamnvs witn e Asacaroxrea, J. M.
Edmonds, 2 Vols. (Vol. I 2ad Imp.)

Gueex Maruesmamicar Wouxs, Ivor Thomas. ¢ Vols.
(2nd Fmp.)

Henooes,  Cf, Turorumasros : Cramacrens,

Henovorus, A. D, Godley, 4 Vols. (Vols. I-ITT 4tk Imp.,
Vol. IV 3rd Jmp.)

Hesion axp tae Howmemic Hymxs. H. G. Evelyn White.
(Tth Tmp. revised and enlargad.)

Hirrocwates axo mue Fusosests or Henacterros, 'W. H, S,
Jones and E. T. Withington. 4 Vele, (Vol. I 3rd Tp.,
Vols, 11-IV 2ud Fmp.)

Homen : Traan. A.'F Murray. 2 Vols., (6th Tmp.)

Houzn ¢ Oovssey, A, T. Mormy., 2 Vols. (7th fmp.)

lssxus. E. S. Forster. (2ad Jmp,

Isocnares, George Norlin nndul?; ue Van Hook. 3 Vols,
St. Jouw Dasascexe: Banvaas axo loasarn, Rev. G. R
Woodward and Harold Mu:ﬁugrs,ﬂéﬂﬂd Imp, revisad.)
Joswravs. H. St. J. Thackeray n h Marcus. 9 Vols,

Vols, I-VIL. (Vols. I, V and V1 2nd mp, )

Juiiax, Wilmer Cave Wright. 3 Vols. (Vol. I 2ad Imp.,
Vol. II Srd fmp.)

Lovovs: Darmxas asxn Ceror.  Thomley's translation
revised hy}.l. M. Edmonds ; and Pantuesios. 5. Gaseles,
(Sred Tmp.

Luctax, ﬁ M. Harmon. 8§ Vols, Vols. I-V. (Vols. 1 and
11 2nd Imp., Vol 111 Srd fmp.)

Lycormmox. Cf. Cavtimacnus,

Lyna Guaxca, J. M. Edmonds. 3 Vols. (Vol. 1 3rd fmnp.,
Vol. 11 2nd Ed. revised and enlarged, Vol. 111 3rd lup,
revized,

Lysias, « R M. Lamb., }End fmp.)

Maszrne, W. G, Waddell ; Procesy : Trraammios, F, E.
Robbins, (2nd fmp.)

T
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Mawces Avmenivs,  C. B. Haines. (3rd fp. revised.)

Mexaxpen, F. G. Allinson. (2ad Jmp. recised.)

Mmvor Armic Onatons. 2 Vols. Vol I (Antiphon, Ando-
cides). K. J. Maidment.

Nowwos: Droxvsiaca. W. H. D, Rouse. 3 Vols. (Vol.
111 2nd Fmp.)

Orriax, Corcornes, Tevemononus, A, W, Mair.

Parval. Nox-Litemawy Serzcrioss. A, 5. Hunt and C. C.
Fﬂf"' 2 Vols, (Vol. I 20d Jfmp.) Livenany Sziecriows.
Vol 1( ). D. L. Page. (3rd fmp.)

Pantaestvs,  Of, Loxaus,

Pa‘t??:::;é cﬂllmrurinui ulr Gl::;:l h“'. H. 5. J'onﬂ::h 5

o m on Vol, arm y K. E. Wycherley.
(Vols. T and Til 3nd Zmp. 4

Pmro. 11 Vels. Vols. I-V. F. H, Colson and Reyv. G. H.
Whitaker; Vels. VI-IX. F. Il Colson. (Vols. I, I1, V,
VI and VII 2ad Imp., Vol IV 3rd finp. recissd.)

Puitostnares: Tue Live or Arortoxios oF Tyaws. F. G
Conybeare. 2 Vols. (8rd fmp.)

PuitosTraTos :© Inacises 3 Cavcrsroares i Descumerioss.
A, Fairbanks,

Puitostaatus avn Evwarmos: Lives or toe Sormmrs,
Wilmer Cave Wright. (2nd finp.)

Prspan. Sir J. E. ¥5. (Tth Jmp. revised,

Pravo : Coansooes, Aveistanes, Horrancoes, Tae Lovens,
Tueaces, Mixos axo Emsoans, W, H. M. Lamb,

Praro: Cratvivs, Pasuesioes, Gueaten Hirrias, Lessen
Hirrias. H. N. Fowler, (3rd fmp.)

Praro : Evroyenno, Arorosy, Curro, Poaxno, Piusenrus.
H. N. Fowler. (9th fmp.)

Praro: Lacwrs, Pnotacomas, Mewo, FEoravoesvs
W.R. M. Lamb. (2ad J'mg. revised.)

Prato: Laws. Rev. R. G. Bury. 2 Vols éhd fua]

Prarvo: Lyss, Svurosiom, Gongras. W. R. M. Lamb,
(deh Inﬁ:ﬂmd’ L)

Prito: vnric.  Paul Shorey, 2 Vols, (Vol. I 4th fmp.,
Vaol. Il 8rd fmp.)

Prato: Svaressaw, Pmeesvs. H. N, Fowler; Iow.
W. R. M, Lamb. (3rd Fmp.)

Pravor Tuvarrerus axo Sornsr, H. N, Fowler. (3rd fup.)

Praro: Tiwaxvs, Currias, Crirorito, Mesexovus,
stutar. Kev. R. G. Bury. (2nd Imp.)

8
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Proramcn : Morsira. 14 Vols. Vols, [-V. F, C. Babhbitt ;
Vol VI. 'W.C. Helmbold ; Vol. X. H. N. Fowler. (Vols.
1, 111 and X 2ad Imp.)

Prvramcis : Tug Panmavcer Lives, B. Perrin. 11 Vols.
(Vols, I, Il and VII 83rd Jmp., Vols, 111, IV, VI, VIII-XI
2nd fmp,)

Porymuws,. W. K. Paton. '6 Vols

Panocorivs 1 Histony or vie Wanms, H. B, Dewing. 7 Vols.
(Vol. I 2nd fmp.)

Proreuy : Termanmeos.  OfF. Maxeruo.

QuisTus Svyvaxarvs. A. 5. Way, (9nd fmp.) Verse trans.

Sextis Ewrinrevs. Rev. It. G. Bury. 4 Vols. (Vols. I and
111 2nd ."mig.j

Sormocrex. F. Storr. 2 Yols. (Vol. I 8eh fmp., Vol. II 5tk
imp.) Verse trans.

Stuane : Groanaray. Horace L. Jones. B Vols. (Vols. I
and VIII 8rd Imp., Vols. 11, V and VI 2ad Inpﬁn

Turoranastvs : Ciamacrens. J. M. Edmonds ; ODES,
ete. A, D Knox, (2nd fmp.)

Turornuastrs : Evauiny wro Prawrs, Sir Arthor Hort
2 Vols. (2nd Imp.)

Tuveymopes. C, F. Smith. 4 Vols. (Vol. I 3rd Imp,, Vols,
-1V 2nd Imp. revired.)

Tayruroponvs, Cf. Orrias.

Xexormoxs : Creoraxora. Walter Miller, @ Vols. (Vol. I
2nd Imp., Vol. I 3rd fmp.)

Xexornox : Hervesica, Avanasis, Arorooy, a¥p Syuro-
sivs. C. L. Brownson and (). J. Todd. 3 Vels. (Vols. I
and I11 Srd frap., Vol. 11 4th Tmp.) o

Xexormon 1 Mesonamiria axp Oxcovomers., E. C. Mar-
chant. (2nd fmp.)

Xexornoy : Scurrra Mmxona. E. C. Marchant. (2nd Imp.)

VOLUMES IN PREPARATION
GREEE AUTHORS
Anpsrorie: De Moxopo, ete.  D. Furley and E. 5, Forster,

Amsroree: Hisroar or Asmvars, A, L. Peck,
']
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Amsrorie Mereonotosrca. H. D, P. Lee,

LATIN AUTHORS
—_—

Sr. Avsostive s Crry ar Gop,

g‘:zmm] Ap Heneswros, H. Caplan.
wcERe : Pro Sesrio, [y Vit Pro Carerro, De Pro-
E!mn Coxsvranmus, Pug Batno. J. H. Freese and R

Puaxoans axn oTien Fanvusrs, B, E. Perry.

DESCRIPTIVE PROSPECTDS oN APPLICATION

LOXDOX CAMBRIDGE, MASS,
WILLIAM HEINEMANY LTn HARVARD UNIV, PRESS
Cloth 15, Cloth g2.50
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